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Course Outline

« Magnetic confinement fusion (MCF)
— Gyro motion, MHD
— 1D equilibrium (z pinch, theta pinch)
— Drift: ExB drift, grad B drift, and curvature B drift
— Tokamak, Stellarator (toroidal field, poloidal field)
— Magnetic flux surface

— 2D axisymmetric equilibrium of a torus plasma: Grad-Shafranov
equation.

— Stability (Kink instability, sausage instability, Safety factor Q)
— Central-solenoid (CS) start-up (discharge) and current drive

— CS-free current drive: electron cyclotron current drive, bootstrap
current.

— Auxiliary Heating: ECRH, Ohmic heating, Neutral beam injection.



Theta pinch — current in the azimuthal direction
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Theta pinch is an excellent option for producing radial
pressure balance in a fusion plasma
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Theta pinches provide good radial confinement but NOT
axially

 The gas is initially preionized.

« The coil current is provided by a capacitor
bank. The typical pulse length is 10-50 us.

* The rapidly rising magnetic field acts like a
piston, imparting a large impulse of
momentum and energy to the particles as
they are reflected.

This energy is ultimately converted to heat after repeated reflections off
the converging piston.

T.~1-4 keV, n~1-2 x 1022 m-3, Bo ~ 0.7-0.9, B ~ 0.05.

Plasma

The plasma simply flowed out the end of the device along field lines in a
characteristic time T = L/V1;~10ps for L =5 m.

Main issue: end loss.




Charged particles can be partially confined by a
magnetic mirror machine
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« Charged particles with small v, eventually stop and are reflected
while those with large v, escape.

5 Mv" =5my +Emvl Invarient: u = > R

= 1 — cin?
. . . = = sin“0,,
* Large v;, may occur from collisions between particles. B,, R,

 Those confined charged particle are eventually lost due to collisions.

https://i.stack.imgur.com/GlzGZ.jpg 7



Z pinch — current in the axial direction. The radial
confinement of the plasma is provided by the tension force
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Z pinch — there is no flexibility in achieving small to
moderate 3
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Huge instabilities occur in a z pinch

« A capacitor bank is discharged across two

electrodes located at each end of a cylindrical
quartz or Pyrex tube.

« The gas is ionized by the high voltage and
produces a z current flowing along the
plasma.

- Disastrous instabilities occurs often leading
to a complete quenching of the plasma after
1-2 us.

Main issue: unstable.

Facebook@ZFRAER (https://www.facebook.com/share/p/18N8x8kFmu/ )
https://en.wikipedia.org/wiki/Pinch_%28plasma_physics%29
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General screw pinch — linear superposition of the theta
pinch and the z pinch
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General screw pinch is flexible with varies range of 8
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An equilibrium state may not be stable

A B C
NO EQUILIBRIUM NEUTRALLY STABLE (METASTABLE)
EQUILIBRIUM
%
4 g
D E
STABLE EQUILIBRIUM UNSTABLE EQUILIBRIUM

F G
EQUILIBRIUM WITH LINEAR EQUILIBRIUM WITH
STABILITY AND NONLINEAR LINEAR INSTABILITY

INSTABILITY AND NONLINEAR

STABILITY
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A cylindrical plasma column

may not be stable

Instabilities of theta pinch

Q)
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(a) Unperturbed
(b) m=2, k=0
(c) m=3, k=0
(d) m=0, k¥0
(e) m=1, k#0

Instabilities of z pinch

a_\ /.

Sausage Kink
instability instability
(m=0) (m=1)

{((T) ={(r)exp(im0 + ikz)
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A cylindrical plasma column is stable when the safety
factor is greater than unity (Kruskal-Shafranov limit)

« Sausage instability (m=0) * Kink instability

Bg small plasma

lasma .
p surface
&

surface

By large

By small

I.
N

- _rB ) « The tension of B,
« MHD Safety factor: q(r) = ———= provides the stabilizing
ROBB(r)

force and suppresses
* Kruskal-Shafranov limit: q(r) > 0 : stable the instabilities.



Kink instability in action in a 3 by 25-cm pyrex tube at
Aldermaston

https://en.wikipedia.org/wiki/Kink_instability
R A Bingham et al 2026 Plasma Phys. Control. Fusion 68 030201



Sawtooth oscillation is initiated when the core is heated
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« Current is less diffused.
« Current density with a higher peak is formed.

t = B, 1= q@) = 210
e e = ——
/ P qr Ron(r)
 For a certain radius a,
rBy(a)
a) =——— < 0 = kink unstable
q(a) RoB, (@)



The helical field component B* is opposite across the
surface of =1

BN Field line, g < 1
M Field line, g > 1
¢ Marker on g < 1 line

e Marker on g > 1 line

B Helical component on g < 1 line

B Helical component on g > 1 line
B Total Bon g < 1 line

B Total Bon g > 1 line

B, = §-V(m9 —ng)

i e T

Forqg <1, B,>0
Forgq=1, B,=0
Forq > 1, B, <0
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Kink instabilities occur at g <0 leading to reconnection

events

q(r)
1

4 Kadomtsev
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Te = constant

Regiong =1

E. G. Zweibel and M. Yamada, Annu. Rev. Astron. Astrophys., 47, 291 (2009) 20



Reconnection converts the magnetic field energy to
kinetic energy of particles

plasma reconnection
diffusion region

current
layer

https://www.youtube.com/watch?v=7sS3Lpzh0Zw

* Energetic particles are thermalized when they collide with the
surrounding particles.

21



Reconnection
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Magnetic field B_y(x) at two times
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Time derivative dB_y/dt(x)
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Reconnection — electric field is generated due to
faraday’s law

dB
dt
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Temperature and safety factor oscillates during the

sawtooth crash
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Theta pinch is stable while z pinch is unstable
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« Theta pinch « Z pinch « Screw pinch

Plasma

B =B,
qg= © q,= 0 q can be controlled.
Stable Unstable Stable/Unstable

B, (r)

1) = BBy
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Stellerator

* Figure eight shape

« Oval shape (racetrack)

* Torsatron

* Heliotron

* Heliac (Helical Axis stellarator)
* Helias (W7-x)

26



Charged particles drift across field lines

ION

Grad-B drift
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J. P. Freidberg, ldeal Magnetohydrodynamics
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The particle drifts back to the original position if a smali
poloidal field is superimposed on the toroidal field

Magnetic line
Pressure

contour

Magnetic axis

o Ky
& .
> %
z m
2 &
Ty &
rsa

Guiding center
trajectory

Nested
surfaces

e Points with no drift

28



Stellarator uses twisted coil to generate poloidal
magnetic field

Tokamak Stellarator

Inner poloidal field coils
(Primary transformer circuit)

Poloidal magnetic field Outer poloidal field coils
(for plasma positioning and shaping)

Resulting helical magnetic field Toroidal field coils

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)

https://www.euro-fusion.org/2011/09/tokamak-principle-2/
https://en.wikipedia.org/wiki/Stellarator 29



A figure-8 stellarator solved the drift issues

Introduction to Plasma Physics and Controlled Fusion 3 Edition, by Francis F. Chen 30



A figure-8 stellarator solved the drift issues

31



Lyman Spitzer, Jr. came out the idea during a long ride
on a ski lift at Garmisch-Partenkirchen

https://www.snowtrex.de/magazin/skigebiete/garmisch-classic-zugspitze/ 32



Concept of figure-8 stellarator

CLAMPING SWITCHING
iGNITRON IGNITRONS
CONFINING ! @
INTEGRATING e FIELD
CIRCUIT |, SIGNAL CONFINING |,
- FIELO I
CAPACITOR [__l
- BANK L
——

T. Coor, et al., Phys. Fluids 1, 411 (1958)
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Figure-8 stellarator with ohmic heating apparatus

PLASMA CONFINED IN FIGURE EIGHT GEOMETRY

OPTIONAL
CONSTANT CURRENT
RESISTANCE

SWITCHING
IGNITRON

HEATING
CAPACITOR +

BANK =
'—-——.-T < CROWBAR |IGNITRON

T. Coor, et al., Phys. Fluids 1, 411 (1958)



Schematic diagram of B-1 stellarator
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T. Coor, et al., Phys. Fluids 1, 411 (1958)
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Figure-eight (Princeton Model A) — 1953-1958
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Model A stellarator
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Model A stellarator

https://www.autoevolution.com/news/stellarator-reactors-the-once-
forgotten-all-american-approach-to-nuclear-fusion-209478.html#agal_2 38



Exhibit model of a figure-8 stellarator for the Atoms for
Peace conference in Geneva in 1958

L N
1% \RECTV P/
LRSCRY) " Uz |

Introduction to Plasma Physics and Controlled Fusion 3" Edition, by Francis F. Chen
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Racetrack Stellarator (Project Matterhorn)

FIG. 4: SCHEMATIC “RACETRACK"” STELLARATOR

OHMIC HEATING MAGNETIC PUMPING

TRANSFORMER colL .
ADDITIONAL "CORKSCREW

REGULAR MAGNETIC FIELD WINDINGS ADD'TWISTAN':;O
COILS PRODUCE MAIN FIELD ‘ MAGNETIC FIELD
XN . IMPROVE STABILITY

N

CURRENTS IN ADJACENT
WIRES FLOW IN
*DIVERTOR" SKIMS OFF OUTER

ITE DIRECTIONS
LAYER OF IONIZED GAS, T0 VACUUM OPPOS

REDUCES CONTAMINATION PUMPS

& \‘\l"i * Divertor

SEPTEMBER 19 1938 & 9

https://twitter.com/quantumwriters/status/1724959216966775270
L. Spitzer, Jr., Phys. Fluids 1, 253 (1958)
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Racetrack Stellarator

https://www.autoevolution.com/news/stellarator-reactors-the-once-forgotten-all-
american-approach-to-nuclear-fusion-209478.html#agal_2
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B-65 stellarator

e PRINCETON

| 1
‘

== ALUMNI WEEKLY

Vol. LIX « SEPTEMRBER 19. 1958 - No. 1

STELLARATOR ...

https://www.pppl.gov/timeline
Elizabeth Paul, An introduction to stellarators,
Princeton Alumni Weekly, Sep. 19, 1958 42



Racetrack (Princeton Model C) — 1962-1969

https://www.autoevolution.com/news/stellarator-reactors-the-once-
forgotten-all-american-approach-to-nuclear-fusion-209478.html#agal_2
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Different types of stellarators

rrrrr

« Original Stellarator: — « Torsatron:

Field cancels
out on axis

 Helias:

44



Helical coils with toroidal field coils can be replaced by
smoothed twisting coils

« Superposition of helical windings * Realization of the smoothed
(blue) and the TF-coils (black) twisting coils
and mapped into the 0-® plane.

A A
%/ > 9
o
g = & //'
Y il e : P
o _—W] o _—V
P

Toroidal angle Toroidal angle

Fusion Physics, by IAEA 45



Auburn torsatron — winding of both helical and
poloidal coils can be seen

https://www.energyencyclopedia.com/en/glossary/torsatron

46



Construction of a pair of helical magnetic coils for the
Advanced Toroidal Facility torsatron

https://www.energyencyclopedia.com/en/glossary/torsatron

47



LHD stellarator in Japan (Heliotron)

https://en.wikipedia.org/wiki/Compact_Toroidal Hybrid

https://www.energyencyclopedia.com/en/glossary/heliotron

48

Helical_Device

https://en.wikipedia.org/wiki/Large




Twisted magnetic field lines can be provided by toroidal
coils with helical coils

toroidal

. coil

\:‘ :"‘1 ;.' .

-~

., |

{

~

é '\'l 7
flux surface G \helich
and coil
plasma field line

Wagner, F., Fusion energy. MRS Energy & Sustainability, 5, E8 (2018) 49



Heliac (Helical Axis stellarator)

rrrrr

Central Conductor
&  TJ-Il (Spain’s National Fusion
| : Laboratory):

{
Magnetic Flux
Surfaces

* H-1 (Australian Plasma Fusion
Research Facility):

A. H. Boozer, Phys. Plasmas, 5, 1647 (1998)
https://wiki.fusion.ciemat.es/wiki/TJ-II
B. D. Blackwell, et. al, 23rd IAEA Fusion Energy Conference, 2010
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Wendelstein 7-X is a (Helias) stellarator built by Max
Planck Institute for Plasma Physics (IPP)

outer vessel ports and domes

7

1 . > L )
i plasma %"‘
H iy

—gA\\S
vacuum field b

Poincaré sections

« Wemdelstein 7-x is now
installing new diverters.

o o,
An" X
3 %

:
1 2
3 3
3 &
Ty £
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Advantages of Stellarator

* No need to drive plasma current. It is intrinsically steady state.

« With zero net current, one potentially dangerous class of MHD
instabilities, the current-driven kink modes, is eliminated.

« Magnetic configuration is set by external coils, not by currents in the
plasma. Stellarators do not suffer violent disruptions.

« Potential for greater range of designs and optimization of fusion
performance.

52



Disadvantages of Stellarator

S
e 2
> a3
z m
s 5
%, 5
it

« Complicated coil configurations. It’s difficult to design. The precision
requirement is high. It is expensive to build coils for stellarators.

« Achieving good particle confinement in stellarators is more difficult than
that in tokamaks.

* Divertors and heat load geometry in stellarators is more complicated than
those in tokamaks.

53



Course Outline

« Magnetic confinement fusion (MCF)
— Gyro motion, MHD
— 1D equilibrium (z pinch, theta pinch)
— Drift: ExB drift, grad B drift, and curvature B drift
— Tokamak, Stellarator (toroidal field, poloidal field)
— Magnetic flux surface

— 2D axisymmetric equilibrium of a torus plasma: Grad-Shafranov
equation.

— Stability (Kink instability, sausage instability, Safety factor Q)
— Central-solenoid (CS) start-up (discharge) and current drive

— CS-free current drive: electron cyclotron current drive, bootstrap
current.

— Auxiliary Heating: ECRH, Ohmic heating, Neutral beam injection.

54



Ideal MHD

d
« Continuity eq: % +V-(pp,?)=0

0V
« Momentumeq: p,, [W + (v V) T)‘] =jxXB—-Vp
« Ohm’s law: E+TXB~0

« Equation of state: i P —0
dt \pm"

« Maxwell’s eqs:

V-E~0 - Requirement:
v.B =0 * High collisionality — fluid model
2T « Small gyro radius — low frequency
N 0B « Small resistivity — a perfect conductor
VXE =——
Jat
VX B = Ho T
V-7 =0

J. P. Freidberg, ldeal Magnetohydrodynamics 55



When forces are balances, the system is in the
equilibrium state, or called “Magnetohydrostatics”

« Equilibrium state:
0D -~ -
pmlﬁ+(v MV|=jxXxB-Vp=0
T X B = Vp
j xB=—(|7xB)xB=—[(B-|7)B——|7B2 =Vp +—
Ho Ho 2
V<P+ BZ)— ! (B-V)B
21,/ Ho
Magnetic Magnetic — Forces caused by
pressure tension curvature of the field lines

— jLVp Bivp m) j Vp=0 B-Vp=0

* The surfaces with p = constant are both magnetic surfaces (i.e., they
are made up of magnetic field lines) and current surfaces (i.e., they are
made of current flow lines).
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2D axisymmetric equilibrium of a torus plasma:
Grad-Shafranov equation

—_ RN
Inner poloidal field coils ] X B = Vp
(Primary transformer circuit)
Poloidal magnetic field Outer poloidal field coils
(for plasma positioning and shaping)

RN
Resulting helical magnetic field Toroidal field coils V . B = 0

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)

« The surfaces with p = constant are both magnetic surfaces (i.e., they

are made up of magnetic field lines) and current surfaces (i.e., they are
made of current flow lines).

https://www.euro-fusion.org/2011/09/tokamak-principle-2/

57



Pressure can be written as a function of flux

B-vy=0
B-Vp=0
for Vp + 0O:

p=p@)

58



Magnetic lines lying on pressure contour

SRy
< ‘S
& <
> 1
% F
2 i
“, s
o »

« Contours of constant pressure <+ Magnetic lines lying on pressure contour

Magnetic line
Pressure

contour

Magnetic axis

* Pressure gradient is balanced by the j x B force

j-vp=0
B-/p=0
B-vy=0

magnetic axis

* A magnetic (or flux) surface is one that is everywhere tangential to the
field, i.e., the normal to the surface is everywhere perpendicular to B.
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Derivation of Grad-Shafranov equation

=0 V-B =

— d

B = (BR, By, Bz) Axisymmetric: EY p =0
V-B=0

% aiR (RBR) ‘|‘ o % aB

1 0

Represent the magnetic field using a
vector potential A:
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A
)
N\ 5
—_RO_ | R
oY
(1 @ a) 19
“\Rar\""® "R Fo
Y
__¢ _ -



Pressure can be written as a function of flux

. o
- z _ Vp 7y
R AR (RBg) + az %‘%: p(tl))A
0A Y
_ ¢ 3 P3
Br = dz () — :\b\pz
B—la(RA) i /15 a /
2 ROR ¢ N\ g
| >
1 (s . 1 — R~ 4
:ﬁJB-dS—ﬁj(VXA) dS B
1S =52
1 N —_— —_— —~
:—rAZnR-dlzJA-c,l)Rdl:RAq,C E—
21 d1 =dlp
__1w o 19y e
R R 0z 2 R OR B- V=0
_’E\'VII)=B a_¢+B la +B a_¢=B a_lp_|_Ba_lp E\.V =0
RoR " PR " P79z~ "RoR " "% 4z p
[ 10y a¢+ 1 9y a¢_0 forVp +#0
"\ Rdz)0R \ROR)oz p=pQ)
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Pressure can be written as a function of flux

B-vy=0
B-Vp=0
for Vp + 0O:

p=p@)
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Derivation of Grad-Shafranov equation

. Let’s see the ¢ component of the force-balance equation:
SN . : 1 dp
(] ><B:l7p)¢ ]zBR_]RBz:E%EO ¢

« Ampére’s law:

j
o B _g(l08. 0By - (9By 0B\ (1 0 - 1 0B
=Rk 7o "9z ) T%\ 8z “or ) T\ rar\RBY) Tk Fop

JB . (0B JB 10
__”¢ R_T7z)\, 52
( az>+¢<az 6R>+Z<R aR(RB"’))
o]R + ¢”o]<|) + Zﬂo]z

1B, . 119 )

= ® = ——_—(RB
JR Ko 0z Jz I’lOR OR (I)/
B JB
—R (RB¢)+B —%_p

'R AR Z 0z




Magnetic field can be decomposed into the poloidal
component and the toroidal component

BR an)
— 35 (RBo)+B,— =0 B Bp— e (RB¢)+BZ— (RBg)=0
OF _ OF N
F=RB, ®) B,—+B,—=0 ®B) B-VF=0
RAOR 0z P IR
@98 i
g _ 04 _ 10y p=p¥)
R dz R 0z F=F(y)
19 1 ayY
B.=gor RAe) =g op (¥ =FRdy)
F(y)
Bq) — T A
o _ A NERTAW F(t/)) 1 9y
% _ F@) .
( ¢> <P+ (IIJ) 3 —
R By
Poloidal Tor0|dal
Component P\P component P\T Do 64




Alternative way to express magnetic field

ﬁ:(%"’%w@a:wxvaw(ww 7

_‘)’A ~
Bp Br  Poloidal Toroidal A
component component R
vd - 1.
$=—0
: — ron-1(Y 2 _ 22 4 a2
X = Rcos¢p y = Rsing zZ=12Z ¢ = tan (;) R =x“+y
R e
— 2 2] T T 42 2 ~
ox 1+ (y/x) x X2ty ¢ = —singXx + cos¢y
aPp 1 <1> X
= —_ = — X
dy 1+ @y/x)*\x) x*+y? cosp =—  sing = %
a¢p

k) v



Arbitrary integration constant associated with flux can

be chosen such that flux equals to zero on the field axis
- The poloidal flux of the area of a washer- <,
shaped surface lying in the z =0 plane
from R = R, to an arbitrary y contour Y cont
defined by ¥ = Y(R,, 0): SR
1 v =y (Ap,0)
2n R /’—A"—v—1 > A
b N _ R
— » e Polodial
T . d¢ fRa dRRBZ(R; O) \\\ Rbl: \:’I\ﬂux o
= lI)(Rbr O) - ¢(Rar O) : 'l
= P (Ryp, 0) ' '.'

where Y(R,,0) = 0 is chosen.
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Derivation of Grad-Shafranov equation

- Let’s see the R component of the force-balance equation: 1 a;p
Lo ap Pr="Raz
(J x B =vp), JoBz =By =235 1 9y
N P<“RaR
* Ampére’s law:
P Fy)
B(I, -

VXﬁzﬂo? R
- . 8By\ . (dByx 4B\ (1 8 o
VXB=R{-—"|+¢|o=——-0|+2| 5 o5 (RBy) | = Ritojr + Plojo + 2ol

., 0By 4B, 04 ( 10y d (1 0y 10%y 10%°y 1 9y
Holo =75, 73R ~ 9z

_I_
R 3z2 ROR? R?0R

Rdz) OR\R AR
1 0% d (1Y vy
= ——A" ) = —— — |- )= R2p .| L
RAY where A"y = —— +R0R(R aR) R*V <R2)
10 19F 1 dF dy

Holz =g 55 (RBo) = % 3R = R dw oR
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Derivation of Grad-Shafranov equation

. . dp
](I)Bz_]chl):a_R :
B _7 i = AT
*= R Jo =~ gAY op _dp oy
5 19y _ 1 dF oy dR dy dR
2~ R R J2 =4 R dp oR
1 A* 10 1 dFoyp F dpa
R ¥ u,RdpAR R dy AR
.. 11 1 FdF dp
—AII) 2— > =
Ho R poR* dyp dyp
dp 1 dF?
_ ion: A*Y=— 2_- F =RB
Grad — Shafranov equation: A"Y=—u,R av 2z dy ¢
vy = (Vp\ .  FQ@)_
* — R2py . | T = | — _—
where A*y = R?V <R2> B (R>><¢+ R ¢
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Derivation of Grad-Shafranov equation

dp 1 dF? Y\ . (vp\ . F@).
kol 2 - - * — 2 N — |
A"Y=—pu,R a2 dp where A"y = R“V (RZ B P X¢+—R )
. 1 . 1 0F
Ilo]q,:—EAll) ﬂo]z:Ea—R FERB(I)
an,_ 10 10F

Holn = =5, = “Raz RBe) = "Rz

I S(_10F\ (1. \ _(10F
Ho J = Ruojr + ¢ﬂo]¢ +2Zp,j, = <_E£> + ¢(—EA 1[)) + Z(E ﬁ)
_(VF\ 1 .\, z
=(7)X"’+<‘§A"’)¢
N N 2m Ry ol w Contours
Ip=jjp~dS=—j0 do 0 dRRj,(R,0)

Rp 1 dF(R,0) m
= —Zﬂfo dRRE T = —ZHF(II)) @ .

\— |

Poloidal
current Ip
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Plasma condition can be obtained by solving
Grad-Shafranov equation

@
dp 1 dF? vy _ 1
*ofy— 2 _ * — 2 N — __A*
A*Y=—pu, R i 2 aw where A*y = R?V (R2> Hol R Y
dp 1 dF?

Jo =R a9 " 2u,R ap
« The usual strategy to solve the Grad-Shafranov equation:

1. Specify two free functions, the plasma pressure p = p(y) and the
toroidal field function F = F().

2. Solve the equation with specified boundary conditions to
determine the flux function Y (R, z).

3. Calculation the magnetic field using the following equations:

19y F) 199
Br="%3;,  Be=k  B:Tgum

4. The pressure profile can then be obtained from p = p(y¥(R, z)).
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Application of solving Grad-Shafranov equation for
designing a tokamak

S
e 2
> a3
z m
s 5
%, 5
it

* Given /. ma P(W), (W), I, free boundary of plasma, perfect conductor
as the chamber.

* Given /. ma P(W), (W), |, free boundary of plasma, insulator chamber.

* Given |, ma P(W), (W), .., free boundary of plasma, chamber with eddy
current.

* Given I, ,smas P(W), (), fixed boundary of plasma. Then, use [, free
boundary of plasma and match the plasma shape calculated in the fixed

boundary condition.

dp 1 dF? vy
Y 2 - * — 2 N
A Y=—pu,R a2 dap where A"y = RV <R2>
 _p dp s 1 dF?

Jo =% aw " 2u R dy Ip = —2mF ()

N VF\ _ 1 ~ — 74 .. F ~
uoi=(7)x¢+<—§m¢>¢ B=<7"’>x¢+@¢
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Example of the analytical solution of the
Grad-Shafranov equation

dp 1 dF? c,=1
A p=—poR? o~ 2 ——
dy 2 dy C, = -8
dp 1 dF?2 C; =-20
3
» For Moz =-C - —=¢
Y 2 diy Cy =20
Cq C, _
zp(R,z)_—7 2+ R*+ €3+ C4R? + C5(R* — 4R?Z?) (=02
1/c,
Br(R,z) = - (—Clz —8CsR?*z) B,(Rz) = = (7 R3 +2C4R + C5(4R3 — 8Rz2)>
4 I I T 4 ————— e —— ——— 44/ NN | NERUBNANRLENANE
Contours of A OO Y N ) @ontomrs'ot‘ '
constant ¥/ FA A O N 7 coristant W ¥
5k A ‘ffﬂ/\\\\y‘i' N SRR
27‘7‘?‘/‘/\\\1*‘1 “117 V\iiyv_
A A W TR TR TR W\ SRR
**T*“*ff/‘/\%'i'ﬁlv R Vo Voo
z 0k . . R Y | R Y
0 Z0 (R A N N R ivv*vlv 0 *"Y"*"' v
(O B B S S v‘v Ty R
kf‘f &\\\\/r Fror oy Foror oy
—2r 1 -2 \;R;\ \"‘/’r’r'i'r‘"r"ﬁ -2r V'/V*v" * '—_
k. s Y by L N
RN /’r'r'r by \ ‘ ///’,-”;' BPJT
_4 I 1 1 _4 L S R i / / _44 N ; - AR ;o
0 2 4 0 g 0 2 4 6 8 ” o 8
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Examples: Large Aspect Ratio Tokamak

2 , Large aspect ratio
A*II)__H RZ dp _ 1 dF : (Standard tokamak)
°Tdy 2 dy |
g
dp 1 dF e

-
Jo =" qpt 2urdy

Major
Radius

I
[

T Assuming: oo Ro
o
* Jo=J,= constant . ) vy 0%y 1 3y
© Fw)=B.R,=constant AV =RV:\37) =572+ R5p\R ok

d : 1, i 10
=>—p—COIlSt Ivlo]q):_EAlI) = —U.Rj,= a_lf-l_RaR(Ra_lII;)

dy
1 2 2 1 2 * .
1/J(R,Z)=EA(R — R, )+EBZ A*Y = A+ B = —u,Rj,
Letd = B = — -J° YR, Z) = —”ZO [(R? = R,") + 27]

2
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Equilibrium reconstruction

S
e 2
> a3
z m
s 5
%, 5
it

Magnetic Diagnostics (Essential for the Grad-Shafranov equation)
— Magnetic flux loops: Measure poloidal flux i at different locations.
— Poloidal field (PF) probes: Measure B,,.
— Toroidal field (TF) coils: Provide information on B,,.
— Rogowski coils: Measure total plasma current I,,.
— Hall probes: Measure local magnetic fields.

* Interferometry & Thomson Scattering - Provide electron density profile
n(r).

« X-ray & Spectroscopy - Measure soft X-ray emission, used to infer
internal plasma profiles.

« Motional Stark Effect (MSE) & Polarimetry - Measure the pitch angle of
the magnetic field, used to infer the safety factor profile g(y).

« Soft X-ray and ECE Imaging - Can give additional constraints on plasma
shape and profiles.
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Equilibrium reconstruction — conti.

dp 1 dF? _ dp 1 dF?
dy 2 dy dy " 2u.R dy

JoW) p(P) F(p) <=They are constrained with each other. When
two are given, the third can be calculated.

« Adjustable functions: F(y) and P(YP) are written in analytical forms.
« Solve Grad-Shafranov for y)(R,Z)

« Compute derived quantities (flux loops, magnetic probes, pitch angles)
« Compare to diagnostics

* Adjust profile parameters

* Repeat until residuals are minimized

« Calculate Jj¢@)
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Magnetically confined toroidal equilibrium

o
< 3
& 3
5 %
z m
s i
“, 5
i

1. Radial pressure balance in the poloidal plan needs to be provided so
that the pressure contours form closed nested surfaces. Both toroidal

and poloidal fields can readily accomplish this task.

2. The radially outward expansion force inherent in all toroidal geometries
needs to be balanced without sacrificing stability.

* Forces associated with toroidal force balance are usually than those
corresponding to radial pressure balance. However, they are more

difficult to compensate.

Z Z

n




Toroidal configuration with a purely poloidal magnetic field

o Ky
& <
o %
z m
s &
“, s
) ¥
Teat

 Hoop force: I » Tire tube force
Y=Y, =9y PL=D2=PpP
N B,2S, — B,%S B N .
Fygr < €g Y Frgp x —eg(pS1—pS2) >0

: . Constant pressure
m m contours
I
U{'s, .S - R S | Sz R

By 5 B, S, pS; pS;

B?S, > B2 S, pS;< pS,

— > Net force
Net force
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The outward force can be compensated by either a

perfectly conducting shell or externally applied vertical field

» Perfectly conducting shell

7 Perfectly conducting wall

Expanded flux
reduced B

Compressed flux

R

increased B Fp =

- Externally applied vertical field ~

V4

%@d B

Vertical field

Finite conductivity

With a finite conductivity wall, flux can only remain compressed for

about a skin time.

This configuration develops disastrous MHD instabilities (z pinch).
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Toroidal configuration with a purely toroidal magnetic
field, stable but NOT balanced

Plasma is
diamagnetic

Coil current

(B%—B%)Ss

(822 B?E)SZ

Net force

A~ Ro 24 I

B Bq)eq) B(I) = BO? o Z;Rc

o

(Ba1 i17)S1 — (Ba2* — Bi2”)S, >0

z 2p,
Perfectly conducting wall
Magnetic lines
R
J X B vert
B vert /._Q

j X Bvert

is not pointed along éy

M=
A 4 @ v

] X Bvert
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Coils in a tokamak

Inner poloidal field coils

(Primary transformer circuit)

Poloidal magnetic field Outer poloidal field coils

Resulting helical magnetic field Toroidal field coils

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)

« Toroidal field coils (in poloidal direction) — generate toroidal field for
confinement.
« Poloidal field coils — generate vertical field for plasma positioning and
shaping.
« Central solenoid - for breakdown and generating plasma current (in
toroidal direction) and thus generating poloidal field for confinement.
https://www.euro-fusion.org/2011/09/tokamak-principle-2/
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Plasma condition can be obtained by solving
Grad-Shafranov equation

dp 1 dF? vy Io
AY=—u.R? — — — — where A"y = R?V - | — _ __'p

 The usual strategy to solve the Grad-Shafranov equation:

1. Specify two free functions, the plasma pressure p = p(y) and the
toroidal field function F = F().

2. Solve the equation with specified boundary conditions to
determine the flux function Y (R, z).

3. Calculation the magnetic field using the following equations:

13y 5 _Fa g 10V

By = __-9¥
R R 0z ¢ R Z” R QR

4. The pressure profile can then be obtained from p = p(y¥(R, 2)).
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Application of solving Grad-Shafranov equation for
designing a tokamak

S
e 2
> a3
z m
s 5
%, 5
it

* Given /. ma P(W), (W), I, free boundary of plasma, perfect conductor
as the chamber.

* Given /. ma P(W), (W), |, free boundary of plasma, insulator chamber.

* Given |, ma P(W), (W), .., free boundary of plasma, chamber with eddy
current.

* Given I, ,smas P(W), (), fixed boundary of plasma. Then, use [, free
boundary of plasma and match the plasma shape calculated in the fixed

boundary condition.

. dp 1 dF? . vy
AII):_%RZE_EW where A II)=R2|7'<F>
Ip = —2nF(Y)

N VF\ _ 1 ~ — 74 .. F ~
uoi=(7)x¢+<—§m¢>¢ B=<7"’>x¢+%)¢
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Application of solving Grad-Shafranov equation for
reconstructing a tokamak equilibrium state

« Measure

— boundary conditions, including y, B, etc., on the wall (using flux loop
and B-dot probe).

— Pressure.
— Plasma current (using Rogowski coil).

* Reconstruct y(r,z), j, p(y), (), etc.

. dp 1 dF? . vy
AII):_%RZE_EW where A II)=R2|7'<F>
Ip = —2nF(Y)

. VP 1 S _
Ko J =(?)X¢+<—EA*¢>¢ B=<?>x¢+T¢

S
e 2
s a3
z m
g 5
%, 5
it
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Fluxes and currents

Two neighboring
flux surfaces

Poloidal flux: Yy
Yp
Toroidal flux: Py

Poloidal current: I

Toroidal current: I,
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Normalized plasma pressure, 8

_ plasma pressure  2uy(p)
"~ magnetic pressure  BZ \
1 N |
- Plasma pressure: (p) = v jpd T «a
p
B2 -
 Magnetic pressure: Pg = Ao
21,
2
Hol 2
£ T 5 o "\Zma) 1712
B> =B,” B,=B@R=R, « Elongation:
g2 tol 2 (Bl 2 B, = Zﬂo(zp) g - 4m2a?(1 + k%)p
P \2ma) \ C, B, P TN
5 1 1 N 1
1+ K = T
C, ~ 2ma B B: By

2




6 =-0.5
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Different poloidal shapes

U
C

N e —————————— o o
~ —
[l |
) )
~
g
S
=
A KIS W
<
I_I
N ..
S\}m >
S & & £ £
s & 8 90 ©
77 Hq S
T ¥ 8 % o
=~ S 8 £ §
1w 2 -
~ N < W -




Safety factor

Kink Safety Factor:

aB, 2ma’kB,

q (r) =

R,B,  moR,I,

Inner poloidal field coils
(Primary transformer circuit)

Poloidal magnetic field Outer poloidal field coils
(for plasma positioning and shaping)
I

Resulting helical magnetic field Toroidal field coils

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)
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Kink instability in action in a 3 by 25-cm pyrex tube at
Aldermaston

https://en.wikipedia.org/wiki/Kink_instability
R A Bingham et al 2026 Plasma Phys. Control. Fusion 68 030201
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Safety factor

. g,
s
£
0]
2
1 &
Fazan®

z
£y

%

Teat
L]
L]

« Shear

Flux surface

e

POLOIDAL
PLASMA CURRENT | MAGNETIC

\
v\

TOROIDAL MAGNETIC
MAGNETIC FIELD B,
FIELD
LINE = ROTATIONAL
7 TRANSFORM
— ANGLE ¢
(@

N
* Rotational transform: ;= lim %2 40,

N

N—-oo
1
2 dy./dv
« MHD safety factor: q(V) = , (17:) = d:/I)); Tav Y= (V) o, =9,(V)
. | v dg _ . (d,/dv
Shear: sW) =205y W = 2n (g4

C. C. Baker, et al, Nuclear Technology/Fusion, 1, 5 (1981) 89



Global magnetic shear

N
e

Poloidal angle (0)
3

; /

-— |nner surface
- Quter surface

0 (4 21 3 41 51 61 7T 8w

Toroidal angle (¢)
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Volume of the constant flux

R =R, +rcosf

Z = rsinf

Y =Y(r,06)
A r=71(00,9)

L [ [ [sravaaa

RO ﬂl R
2n . 2 /(7
V(y) = nRof dor |1+ - (—|cos6
0 3 \R

o

Do
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A cylindrical plasma column is stable when the safety
factor is greater than unity

« Sausage instability (m=0) * Kink instability

.
I"r - \

BQ small plasma

lasma .
p surface
&

surface

By large

By small

rB,(r)

« MHD Safety factor: q(r) = m
o0

Kruskal-Shafranov limit
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Magnetic well

. X
R <

¢ <

> %

2

5 g

s &
%, &
&) i

rsa

m_, V d B? h >
~ By av\ 2 ’ 4

A B ¢
, V d B?
=2 — + — NO EQUILIBRIUM NEUTRALLY STABLE (METASTABLE)
(B?) dV HoD 2 EQUILIBRIUM

%
« A magnetic well is a quantity / //%%

that measures plasma stability
against short perpendicular D E

Wavelength mOdeS driven by STABLE EQUILIBRIUM UNSTABLE EQUILIBRIUM
the plasma pressure gradient.

F G
EQUILIBRIUM WITH LINEAR EQUILIBRIUM WITH
STABILITY AND NONLINEAR LINEAR INSTABILITY

INSTABILITY AND NONLINEAR

STABILITY



Variational formulation for checking stabilization

. Equilibrium state: j,xB,="Vp, -
N N RN RN g /
« Momentumeq: p, —+(v-|7)v =jxXB—-V-P
AN D
—_— —_— a |
pm — po _|_p1 p — p() +p1 T)\ — _\0 + "ijl — ﬁl — _f STABLE EQUILIBRIUM
j=j,+j, B=B,+B;=B,+Q /’%
62? N _\ = —_ N N — —_ g
Pm—z = F (3) F(3)=7,xQ+7,xB,—Vp, :
UNSTABLE EQUILIBRIUM

F (%) =”—(V><Bo)>< Q +H—(V>< Q) xB,+V(§ -Vp+ypV-¥)
o ()]
« The change in potential energy associated with the perturbation:

1 RN RN —
5W=_§jf -F(E)dT‘ - Stable requirement: W > 0
— (2
swy =L | a7 |19 +BZIV-? 27 % +yplv-Z|
F~=2 Ho Mo * N

_2(?J_ ' Vp) ('_c\ ' ?\J_*) —Jj (?J_* X T;) ' 6J_]
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Variational formulation for checking stabilization

Las Ku,
4 ‘o

& <.

o %

Z F

s i

- The change in potential energy associated with the perturbation:y;
1 ¥ N, N .
oW = ) ff - F (f)d T - Stable requirement: W >0 W

D
|Q\ |2 BZ STABLE EQUILIBRIUM
4

—_

—_— 2 —_—
+—|V-& +2& K| +yp|V-
q A

_2(?¢ ' Vp) (’_C\ ' ?_L*) —Jy (?J_* X T;) ' 6_1_
« Stabilization terms: ]
0.

o

ow —1 d7
F=75 r

E
UNSTABLE EQUILIBRIUM

: For bending magnetic field lines, (shear Alfvén wave).

B? N N 2
Il_o(||7 E, +2¢& - x|) : For compressing the magnetic field,

(compressional Alfvén wave).

2
yp||7- E| :  For compressing the plasma, (sound wave).

- Destabilization terms: _2(7)9L . Vp) (Tc‘ . ?L*) _, (?l* y Tf) | Ql
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Alfvén waves

* Shear Alfven wave: - The fast magnetosonic wave
— (Compressional Alfvén wave):

/_\k/_\ A 4AB 4

* Longitudinal sound wave
(the slow magnetosonic wave)




Alfvén waves

« Shear Alfvén wave:

@jed B field

Equilibrium
B field

= [

Y
Y
'
Y

- - - -]

B field

 The slow magnetosonic wave

(Shear + Compressional Alfvén wave):

Equilibrium

pressure

¥ L, - L, < K contours
™  Perturbed

z pressure
v Combined

pressure

contours

z

 The fast magnetosonic wave

& Xu,
R Yo
& <
% 3
5
49

4,
v

(Compressional Alfvén wave):

! J f
A } t Equilibrium
y </ B field
! J !
‘ 4 — 4
z \ Perturbed B field
” Total
y B field
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Classification of MHD instabilities

 Locations:

— Internal/Fixed boundary modes: mode structure does not require any
motion of the plasma-vacuum interface away from its equilibrium
position.

— External/Free-boundary modes: the plasma-vacuum interface moves
from its equilibrium position during an unstable MHD perturbation.

 Dominant destabilizing term

— Pressure-driven modes: the dominant destabilizing term is the one
proportional to Vp.

— Current-driven modes: the dominant destabilizing term is the one
proportional to J;,.

— 2
B? N
d7T [o,] +—|

SW _1 v 2% R/ v. 2|
F_E uo ”O fJ_-l_ EJ_K| +yp| fl

_2(?J_ ' Vp) (’_c\ ' ?\J_*) —Jj (?J_* X T;) ' 6J_]

98



Classification of MHD instabilities

 Locations:

— Internal/Fixed boundary modes: mode structure does not require any
motion of the plasma-vacuum interface away from its equilibrium
position.

— External/Free-boundary modes: the plasma-vacuum interface moves
from its equilibrium position during an unstable MHD perturbation.

 Dominant destabilizing term
— Current-driven modes, e.g., kink instability, sausage instability.

— Pressure-driven modes, e.g., interchange mode, ballooning mode.
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External mode vs internal mode

* Predicted behaviors of the plasma in ITER

| n=1 external .
kink mode

N

_——

=

s

A~

vs1
- circuit

In-vessel

j VS coils .

lllllllllllllll

(A 5

csiL | cs1u] cs2u| csau|

D n=4 internal |
mode

B N

—— R
G N
N
- N
R
\
[ N
{ N N
\

Ccs3aL | cs2L

R [m]

2 3 4 5 6 7 8 9 10 11 12
Rm]

https://www.iter.org/newsline/-/3401
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External vs internal kink instability

« External kink instability * Internal kink instability

Reconnection
region

T = constant

e

Regiong=1

https://en.wikipedia.org/wiki/Kink_instability
R A Bingham et al 2026 Plasma Phys. Control. Fusion 68 030201
E. G. Zweibel and M. Yamada, Annu. Rev. Astron. Astrophys., 47, 291 (2009) 101



Current-driven instability

« Sausage instability (m=0) * Kink instability (m=1)
54 ns 70 ns

(a) Face-on Cathode

8.3 Face-on
mm

Side-on

35ns 60 ns 75ns
Side-on

F. N. Beg, et. Al.,, Plasma Phys. Control. Fusion 46, 1 (2004) 102



Kink instabilities in the lab

central object —20 cm—
or inner electrode \ unnulfys
- as feeds
'\;: disk gas feeds
\
bias field coil

[11]

(un)

poloidal field accretion disk or
outer electrode

i - Zernnlc break

magn (tic 'pr e | ==
/‘/vacuun wall

10.25 Us 10.75 us

=

15 s &S |is 1T8I5 s

S. C. Hsu, P. M. Bellan, Phys. Plasma 12, 032103 (2005)
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Kink instabilities in space

@024.571' @0:7.571' @0:9.071'
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T Torok et al, Plasma Phys. Control. Fusion 56, 064012 (2014) 104



Kink instability in Tokamak

https://en.wikipedia.org/wiki/Kink_instability 105



Pressure driven instability — interchange perturbations

oS Ky
& <
o %
% ]
2 &

 Unstable: bad curvature Tic . Vp <0 . stable: gOOd curvature Tz‘c | Vp> .

ExB

Sl

Re l}‘ic Curvature
&——>R.x B Curvature drift
B
Unstable Stable
plasma—vacuum plasma—vacuum
interface interface

Ben Dudson, Lecture note of Magnetic Confinement Fusion 2014 106



Rayleigh-Taylor instability

* Rayleigh-Taylor instability
Unstable

plasma—vacuum
interface

Plasma p

gravity

04/ 04 0.4 -0.4

-0.5 05 -0.5

05 .
0 0.1 0.2 0 0.1 02 0 0.1 02 0 0.1 0.2
x X X X

« Kelvin-Helmholtz instability

(c) (d)

https://en.wikipedia.org/wiki/Rayleigh%E2%80%93Taylor_instability
https://en.wikipedia.org/wiki/Kelvin%E2%80%93Helmholtz_instability
- Xie Lei et al, Energy Report 7, 2262 (2021)
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Pressure driven instability — interchange perturbations

oS Ky
& <
o %
% ]
2 &
o &4
Teat

Good curvature Unstable

R.-Vp<O

Bad curvature

Bt
« Suydam criterion for 2r2 1 _. 1 | r dq
cylindrical plasmas: Ho B_ez 2 Rc.-Vp>-—7 Shear: s = g dr

» Mercier criterion for tokamak: D — 2r 1 dp (1 2) - 1
~ "Hopz sz gy 1 4

108



Ballooning mode — show wavelength mode

- 2

1| |le.]
sWy== | d +
P2 " e

05 10 15 05 1.0 1.5 05 10 15 05 1.0 15
R
R. Khan et al, Phys. Plasmas 14, 062302 (2007) 109



Ballooning mode — show wavelength mode

Tokamak Ballooning Mode Visualization (Artificial)
(m=5, n=4) (m=10, n=8) (m=15, n=12)

https://blog.sciencenet.cn/home.php?mod=space&uid=222053&do=album&picid=308476#pic_block

rrrrr
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The Spherical tokamak

4 I I I

Contours of
constant Y

« Aspect ratio R /a ~ 1.6

(a) | Large aspect ratio Tk
' (Standard tokamak)

(] i » 2_ [:] | -
' Minor " Minor
radius radius
WL W
Major : -2F 7
Radius }
Low aspectradio |
(Spherical tokamak) 4 I I |
0 2 4 6 8
. (b) R
Z , Good curvature Bad curvatt
V Bt BAD
B _ LiUH}/f\TlJHf
¢ 2” _— REGION ——
—Vp —Vp
Zhe Gao, Matter and Radia. Extrem., 1, 153 (2016) B i T A

Y-k. M.Peng and D. J. Strickler, Nucl. Fusion 26, 769 (1986)
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The Spherical tokamak

« Aspect ratio R /a ~ 1.6
« Advantages:
— Higher B, limit.
— A compact design almost spherical in appearance.

« Challenges:

— Minimum space is given in the center of the torus to accommodate
the toroidal field coils.

— With a very compact design the technology associated with the
construction and maintenance of the device may be more difficult
than for a “normal” tokamak.

— Large currents will have to be driven noninductively, a costly and
physically difficult requirement.
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Limiter protects the vacuum chamber from plasma
bombardment and defines the edge of the plasma

DA

Poloidal limiter Toroidal limiter Rail limiter

w® K,
& <.
> %
Z F
S k4
i W
Te31

Interior magnetic line ~ ® Vertical field « Vertical field < Vertical field
Plasma surface is correct. is too small. is too large.

Exterior magnetic line

Limiter
Shadow region ’\ @ @

[ 1 || [ | | |
[} | |
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Limiter protects the vacuum chamber from plasma
bombardment and defines the edge of the plasma

A mechanical limiter is a robust piece of material, often made of
tungsten, molybdenum, or graphite placed inside the vacuum chamber.

Some of the particles of the limiter surface may escape. Neutral

particles can penetrate some distance into the plasma before being
ionized.

The high-z impurities can lead to significant additional energy loss in
the plasma through radiation.

In ignition experiments and fusion reactors, the bombardment is more
intense and extends over longer periods of time. In addition, if the
impurity level is too high, it may not be possible to achieve a high
enough temperature to ignite. Interior magnetic line

Plasma surface

Exterior magnetic line

Limiter
Shadow region
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The magnetic divertor — guide a narrower layer of
magnetic lines away from the edge of the plasma

 Single-null + Double-null -+ Island
poloidal-field poloidal-field  divertor for

divertors for divertors for stellerators
tokamak tokamak
y— Scrape-off layer
Separatrix
/ X-point
D
Diverter plates

 Standard  Snowflake

- 44 -
. - |
. »
- -
" o
.- e
- vy
- %

.~
.- d
- - f, =
.- [k
" .

.
.
» .

e B | | Y. Feng, Nucl. Fusion, 46, 807 (2006)

2.5 L Xue et al, Plasma Phys. Control. Fusion
R (m) 58, 055005 (2016)
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Pros and cons of a divertor

« Advantages:

— The collector plate is remote from the plasma. There is space
available to spread out the magnetic lines.

— A lower intensity of particles and energy bombard the collector plate
leading to a longer replacement time.

— It is more difficult for impurities to migrate into the plasma.

— There are longer distance distances to travel and if a neutral particle
becomes ionized before or during the time it crosses the divertor
layer on its way toward the plasma, its parallel motion then carries it
back to the collector plate.

— The larger divertor chamber provides more access to pump out
impurities.

— The plasma edge is not in direct contact with a solid material such as
a limiter.

- Disadvantages: larger and more complex system and more expensive.
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Course Outline

« Magnetic confinement fusion (MCF)
— Gyro motion, MHD
— 1D equilibrium (z pinch, theta pinch)
— Drift: ExB drift, grad B drift, and curvature B drift
— Tokamak, Stellarator (toroidal field, poloidal field)
— Magnetic flux surface

— 2D axisymmetric equilibrium of a torus plasma: Grad-Shafranov
equation.

— Stability (Kink instability, sausage instability, Safety factor Q)
— Central-solenoid (CS) start-up (discharge) and current drive

— CS-free current drive: electron cyclotron current drive, bootstrap
current.

— Auxiliary Heating: ECRH, Ohmic heating, Neutral beam injection.
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Breakdown

Collisions play an important role in ionization process

« At the microscopic level, breakdown requires the presence of sufficiently
energy charge particles that have acquired enough energy from the
applied electric field between two energy-dissipating collisions to ionize
the material and to create more charge particles.

Energy > ionization level Gain energy
O o ©
E E E

& Xu,

R Yo

& <
% 3
7 o
2 &

i W

Teat
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In most cases, electrons dominate the breakdown
process since its mobility is much larger than that of ions

1 ’ZE
Ek=—mv2 v = 27k EkaT
2 m
-1/3
S n
Collision time: t= ~ vm n = #/ _#// son-1/3
ZEk \/T V 53
\/ m
m; . L
—~2000 X Atomic mass L ~45x+VA

m, te
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Mean free path is important in ionization process

* For an electron to acquire enough energy between collisions, its
mean free path in the material must be sufficiently long.

Mean free path, A

Cnll ®

@\ Ex=eXEXA=eV

E
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Electron impact ionization is the most important
process in a breakdown of gases

« Electron impact ionization: A+e- — A*+e +e-

— The most important process in the breakdown of gases but is not

sufficient alone to result in the breakdown.

eEZ.; = eV; V.: ionization potential

E

Excitation Excitation

lonization

lonization
Az

lonization lonization

Elastic

EA,

i, g |
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Collision cross-sections of elastic, ionizing collisions
between e- and H, and coulomb collisions

100

Cross-section 1020 m2
5
—_ o

o
—

0.01

---Ela.st‘ic:collis.iqns (e- VS H2)
—lonizing collisions (e-_l_ H2 — Ze-+H+ + H)

, = Total neutrals

—-Coulomb collisions (e- VS H+)

1.75 x 1016

 (Weey'® +750)/We oy

aelastic,mz

o= Kby,
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5 1
7 F
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“, s
) »
153y

20 0.66 1
O ionizingm2~3 X 10 Ine — 0.69 + c J€
€= We Eion~15 eV for H,
Eign
; € InA
| ‘ T O coulomb =
° Electronle(:\?ergy (eV) o0 1000 conon 4n€02me2ve2
et 5
_ = InA~10-16w ~
v ="nVgg 16me,2W,° ©
1
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P. C. de Vries and Y. Gribov, Nucl. Fusion, 59, 096043 (2019) 122



Townsend avalanche process for Tokamak breakdown

S
e 2

s a3
z m
g 5

» The first Townsend coefficient a: the number of ionizing collisions madg
on the average by an electron as it travels 1 m along the electric field:

1 Vei n0<o-ve>ne p (O'V>ne _ _ 1 <Gv>ne
aA~—=——= — = — — = Ap A=— -
A Ve Ve T v, T v,
 Number of primary electrons with energy higher than the
ionization potential:

dn, = —n dx = ne(X) = exp (— ﬁ)
° " A Meo %

#/ ionization collisions

X (#/electron with E > ionization potential)
per electron

(44

_ 1 ne(xi _ l ﬁ
A Me A eXp A A =3.83 m'Pa'=1060 m'Torr"’

1
a = Ap exp(—Apx;) B =96.6 Vm-'Pa' = 35000 m-'Torr"

AV~ B V*
a = Apexp <— E/p> = Apexp <_E_/p> Xj = T where V* > V;

 The parameters A and B must be experimentally determined. 123



Paschen’s curve for minimum breakdown voltage

o= Kby,
< ‘S
& <
5 1
7 F
2 4
“, s
) »
153y

1 i Amxp( B ) A =3.83 m'Pa' =1060 m-'Torr"
aA~— = = —_
2 P E/p B = 96.6 Vm-'Pa-! = 35000 m-'Torr"
A:
« Forp=1mPa, 1.~262m ,forlTER, 2nr.~38m —~7
! 0 2mr,
1000 ‘
* For breakdown to happen: | s - BPL
BpL 5 Z?I(APL)
alL >1 oL = ApLexp (——) >1 1
Vep s
< BpL) . 1 5
exp| ——— — )
Vep ApL 3 100
B L % < exp(1) B/A-
ad > —In(ApL) k- N
VeD -
BplL Bp
V — FE —_
BD > In(ApL) BD ~ In(ApL) 1A exp(1)/A
100.1 V 1 10
pxL (Pa m)

P. C. de Vries and Y. Gribov, Nucl. Fusion, 59, 096043 (2019) 124



Perpendicular stray-field (B,) needs to be as small as
possible

~7

* Forp=1 mPa, 4,~262m ,forlITER, 2nr,~38 m

27r,

B, B,
—Z.1073 A X—=0.26m
BT ' BT

 ForITER,

E~Ejgop = 0.3V/m
p=1mPa Lgp=357m
* Required loop field:

1.25 x 10%P
EBD > Torr
In(510PL,)

B,
Lc = 0. 25aeff B_T

« W/ preionization: ET? >100V/m

* Purely Ohmic discharges: Ey % >100V/m

C. de Vries and Y. Gribov, Nucl. Fusion, 59, 096043 (2019)
J.

P.
S. J. Doyle et al, Fusion Eng. Des. 171, 112706 (2021) 125



Examples or required loop electric fields

1.25 X 10*Pygr
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Central solenoid can be used to provide the required
loop voltage for breakdown

Central
Pole

Ring

Wrapping
|| Cylinder

o o,
Af X
3 %

:
1 2
3 3
3 &
Ty £

PEEK
Epoxy Electrical
Moulding break

Torque
Arms

Flexible
Joints

TFC Inner
Bars

74 _ Asol”Nsol dIsol
loop Lsol dt

J. Segado-Fernandez et al, Fusion Eng. Des. 193, 113832 (2023) 127



Solenoid can be used to drive the plasma current

dIsol
dt

8r,
Lior = UoTo | In a | 1.5

27tr,
nspiter
Ator

dl
Ltora + IR =Vigop = M

R spitzer

—_ -3/2
Nspiter = 52 X 1073Z InA T oy >/

Solenoid~
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Current is initially driven at the surface and then
diffuses into the plasma

Simplified Ohm’s law: E+7xB=n7]
| | .. B B,
Assuming a stationary plasma: pxF = T V X (11 j)
t

Assuming a constant n:

a N RN —_\ —_—
——VXB=nVXVXj =11(|7(|7']')—sz)

ot
aj N
J _ 1 vz
at
Assuming non-constant n:
aj 1 _, ~ r 1,
at—HOV(ﬂ])—V(V'(lU)) or = .7 i)

Since n a T3, resistance drops with higher temperature. The typical
limited temperature is ~3 keV.
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Eddy current needed to be considered
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The mutual inductance between inner chamber element
#200 and other elements

wS Ky,

Self-inductance of Inner chamber #200
/ Lyoo = 8.50E — 07 uH
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The mutual inductance between the central solenoid

and other chamber wall elements
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Height Z [m]

Poloidal coils are used to reduce the stray field during

breakdown
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Momentum exchange may be needed to drive plasma
current

Jy =Xqn7v = —en, UV, + en; U;

ECRH #1
ECRH #2

) ¥ ECRH#

Z[m]

HXR energy spectrum
nd intensity

00 05 10 15 20
Yuejiang Shi et al, Nucl. Fusion 62, 086047 (2022) 134
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The collisional re-distribution of the ECRH-driven

anisotropy in E, causes some parallel momentum to
flow from e- to ions

« Coulomb collisions are more efficient at lower energies.
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V. Erckmann and U. Gasparion, Plasma Phys. Control. Fusion 36, 1869 (1994)
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Temperature of 100 eV is the threshold of radiation

barrier by impurities

L [Wm?]

Line and recombination-induced
radiation

o L W VI WY
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\ \\\I v \I\ AN

_ Bremsstrahlung
| radiation

H. Lux, etc., Fusion Eng. Des. 42, 101 (2015)
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Strong absorption occurs when the frequency matches

the electron cyclotron frequency

« Electron cyclotron resonance (ECR) plasma reactor
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Electron cyclotron frequency depends on magnetic field

only

 Assuming B =Bz and the
electron oscillates in x-y plane

 Therefore
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Electrons keep getting accelerated when a electric field
rotates in electron’s gyrofrequency

dT]\ e RN RN LN ] ~ A~ =
me— =7 UVxB—eE B =B,z FE =Ey[xcos(wt) + ysin(wt)]
: e : e ] .
m,v, = — szy + Egcos(wt) mev, = EBvx + Epsin(wt) m v, =0
v, = — v, — —wsin(wt) = —w v, —— (w w)sin(w
X mec y me ce X me ce
.o eB . EO _ 2 EO
v, =— mecvx + m—ewcos(wt) = —We"Vy + E (wee + w)cos(wt)
eB
Wee =

m,c
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Electric field in a circular polarized electromagnetic
wave keeps rotating as the wave propagates

* Right-handed polarization « Left-handed polarization

https://en.wikipedia.org/wiki/Circular_polarizatiosn



Only right-handed polarization can resonance with
electron’s gyromotion

A e-
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FIGURE 13.5. Basic principle of ECR heating: (a) continuous energy gain for right-
hand polarization; (b) oscillating energy for left-hand polarization (after Lieberman and
Gottscho, 1994).
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Strong absorption occurs when the frequency matches

the electron cyclotron frequency

« Electron cyclotron resonance (ECR) plasma reactor
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The collisional re-distribution of the ECRH-driven

anisotropy in E, causes some parallel momentum to
flow from e- to ions

« Coulomb collisions are more efficient at lower energies.
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Bootstrap current

With poloidal fields, charged particles see nonuniform
toroidal magnetic field

wS Ky,

 Wi/o poloidal field

« W]/ poloidal field

Ry >R,

Bt < Bty

magnetic axis
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Charged particles can be partially confined by a
magnetic mirror machine
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« Charged particles with small v, eventually stop and are reflected
while those with large v, escape.

5 Mv" =5my +Emvl Invarient: u = > R

= 1 — cin?
. . . = = sin“0,,
* Large v;, may occur from collisions between particles. B,, R,

 Those confined charged particle are eventually lost due to collisions.
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Parallel velocity changes when particles follow field the
field line
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Particles may be trapped by nonuniform magnetic field
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* For v? = 0, particles are passing.

* Forv)* <0, particles are trapped.
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Charge particles drift across magnetic field lines when
the magnetic field is not uniform or curved

 Gradient-B drift e Curvature drift

mv,2 B x VB
2q B3

T;V:

Viotal = VR T Dy =
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For passing particles, they drift back to the original
position with a “semicircle” orbit

R . . BxvB{ , 1 )\ mRxB/ , 1 ,
Viotal = VRt Vy = 17” +EUJ_ = — U” +-v,

w B?

Guiding center
trajectory

Nested
surfaces
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For trapped particles, they drift back to the original
position with a banana orbit

* Wi/o drifting
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Trajectories of charged particles

Magnetic surface
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The trajectories of charged particles follow the toroidal
field lines
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A banana current is generated when there is a pressure

gradient in the plasma
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Bootstrap current is generated when passing particles
are scattered by the trapped particles

« Scattering smooths the velocity distribution and shifts it in the paraliel
direction, i.e., a current is generated. It is called the bootstrap current.
A V.

trapped — trapped
N o\
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f‘/ I‘I"_ f/ \\ ,
v \Y
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j = —enuj + enu; = 4€ B_pTE
ons V. - ’\\ _electrons
// ' - h . \\
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~ « The bootstrap current is vital for
\ / ” steady-state operation.
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Samuli Saarelma, Helsinki University of Technology, PhD Thesis 2015
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Neutral beam injector is one of the main heat
mechanisms in MCF
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D. Mazon, etc., NATURE PHYSICS, 12, 14, 2016 lon source
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Varies way of heating a MCF device

Overall Development /
System Frequency/ Maximum power system demonstration
energy coupled to plasma efficiency required Remarks
Demonstrated g 157 qpyy 2.8 MW, 0.2 5 Power somrees
in tokamaks : U Provides
ECRF 30-40%  and windows, Hoaxis CD
ITER needs  150-170 GHz 50 MW, SS off-axis CD Of-axis
Demonstra.ted 925190 Ml 22. I}IV\ 3 ; (L-mode);
in tokamaks 16.5 MW, 3 s (H—Illode) Provides ion
ICRF 50-60% SE‘E\:H:olerant heating and
ITER needs  40-75 MHz 50 MW, SS ° smaller ELMs
Demonstrated ‘ , 2.5 MW, 120 s;
in tokamaks 1.3 8 GHz 10 MW, 0.5 s Launcher, Provides
LHRF 45-55%  coupling to .
ITER needs 5 GHz 50 MW, SS Homode off-axis CD
Demonstrated 80-140 keV flo I\IV\ 2 CH
in tokamaks 20 MW, 8 s Not
+ve ion 35-45%  None appllicable
ITER needs None None '
NBI s
Demonstrated 0.35 MeV 52MW, D, 08s
in tokamaks (from 2 sources)
—ve ion

ITER needs

1 MeV

50 MW, S8

Ng?‘%l

System, tests
on tokamalk,
plasma CD

provides
rotation

‘SS’ indicates steady state

Nuclear Fusion, 39, 2495, 1999
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Neutral atoms are ionized by collisions in the plasma

Energy of hydrogen beam atoms
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Neutral beam absorption length increases with
tangential injection

« It is more difficult to access through the toroidal field coils with
tangential injection.

Tangential injection

@ Normal injection

field coils

John Wesson, Tokamaks 3™ edition 158



Neutral particles heat the plasma via coulomb collisions

. " Meutral beam Baam Baam Baam
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1. create energetic (fast) neutral ions

2. ionize the neutral particles
3. heat the plasma (electrons and ions) via Coulomb collisions
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Negative ion source is preferred due to higher
neutralization efficiency
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There are two ways to make negative ions — surface and
volume production

« Surface production, depends on : H
— Work function @
— Electron affinity level, 0.75 eV for H- H-

— Perpendicular velocity

— Work function can be reduced by covering the metal surface with
cesium

H+e — H™
H" +2e” — H
* Volume production:
H; + epg(>20 eV) — H," (excited state) + €fast:

H, (excited state) + egy(=1 €V) — H™ + H.
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Two-chamber method of negative ions in volume
production with a magnetic filter
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Adding cesium increases negative ion current
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Electrons need to be filtered out since they are extracted
together with negative ions
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Acceleration
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NBI system of the LHD fusion machine

=

INSULATOR

180 keV and 30 A
Arc chamber: 35 cm x 145 cm, 21cm in depth

Single stage accelerator
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Y. Takeiri, etc., Nucl. Fusion, 46, S199, 2006
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JT60U NBI system

JT-60 (Japan-Torus) is a tokamak in Japan.

550 keV, 22A
 2m in diamete

3-stage acceélergtt

167



Neutralization

« Gas neutralization
— Collisions between fast negative ions and atoms
H +H, -H+H,+e
— Fast ions can lose another electron after neutralized

H+H, > H*"+H,+e"

 Plasma neutralization

— Collisions with charged particles in plasma
H +X(e,Ar,H"  H,") > H+ X+ e~

— The efficiencies reach up to 85% for fully ionized hydrogen plasma
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Beam dump
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NBI for ITER
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Neutral beam penetration

- Parallel direction
* Longest path through the densest part of the plasma
« Harder to be built
 Perpendicular direction
« Path is short
« Larger perpendicular energies leads to larger losses
- Easier to be built https://www.iter.org 171
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