Course Outline

« Magnetic confinement fusion (MCF)
— Gyro motion, MHD
— 1D equilibrium (z pinch, theta pinch)
— Drift: ExB drift, grad B drift, and curvature B drift
— Tokamak, Stellarator (toroidal field, poloidal field)
— Magnetic flux surface

— 2D axisymmetric equilibrium of a torus plasma: Grad-Shafranov
equation.

— Stability (Kink instability, sausage instability, Safety factor Q)
— Central-solenoid (CS) start-up (discharge) and current drive

— CS-free current drive: electron cyclotron current drive, bootstrap
current.

— Auxiliary Heating: ECRH, Ohmic heating, Neutral beam injection.
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Charged particles gyro around the magnetic field line

- Assuming B = Bz and the
electron oscillates in x-y plane

mvy = qBvy,
mt}y = —qBvy

mv, =0 v, = V| = constant
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Charged particles spiral around the magnetic field line

GUIDING

CENTER B = B%

ION ELECTRON
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Charge particles drift across magnetic field lines when
an electric field not parallel to the magnetic field occurs

y o
m— (Vg + Tac () = q|XE, + (Vg + Dac (1)) X ZB]

m dv Ve (1)
dt

:
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= q[XE, + Vg X ZB + U, (t) X ZB]

dv

No E field case: m- - = qv7 x B

B ,RE, + Py x2B=0
x2B/ (CxB)xA=(A-C)B-(4-B)<C

XE, x2B _E X B | ExB drift velocity

Vg = —
mdv” _ qE” B2 B2
dt dv
ds v;(t:( ) =q VU, (t) xZB Gyro motion
1 — ~ RN A
M at q(XE, + 7V, X ZB) V() =2 (t) + Vg + Vac (B)
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Electrons and ions drift in the same direction.

TJ\L (t) = 7_7\E + T7\ac (t)




No current is generated in ExB drift

:
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Electrons and ions drift in the same direction.




Gravitational drift

Charge particles drift across magnetic field lines when
an external field not parallel to the magnetic field occurs_

dv”_ E
m-— = 4%
dv

1 (T
(Ty‘(t)):T—j v (t) dt =zv,(t) + Vg
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Gravitational drift velocity

« Electrons and ions drift in the opposite directions in the gravitational drift.
Therefore, currents are generated.




Drift in non-uniform B fields

Charge particles drift across magnetic field lines when

the magnetic field is not uniform or curved
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Gradient-B drift

Charge particles drift across magnetic field lines when
the magnetic field is not uniform or curved

* In the case with no gradient B

X, = Fr.sin(fw.t + P)
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Charge particles drift across magnetic field lines when

the magnetic field is not uniform
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Curvature drift

Charge particles drift across magnetic field lines when
the magnetic field line is curved
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Drift in non-uniform B fields

Charge particles drift across magnetic field lines when
the magnetic field is not uniform or curved
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« Electrons and ions drift in the opposite directions in the grad-B and
curvature drifts. Therefore, currents are generated.




Quick summary of different drifts
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ExB drift: 3 = Independent to charge

- Gravitational drift: 7 = 1 F;(ZB Depended on charge
q
. mv,’BxVB
 Grad-B drift: Vy = 3 Depended on charge
2q B
oy . mv?’R.xB
* Curvature drift: Vg = qH RZsz Depended on charge
* Non-uniform B drift:
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Plasma can be confined in a doughnut-shaped chamber
with toroidal magnetic field

« Tokamak - "toroidal chamber with magnetic coils” (ToponpanbHas

Kamepa C MarHUTHbIMM KaTywlkamu) |

Relatively Constant Electnic Current

Nature

L Toroidal
Field

\\
\'»,%l/»\ . B
»j A
.4/

Constant Toroidal Field \\\\ %(<<\\<<\\<< MY \\\ /////,

Measurement of the Electron Temperature by Thomson
Scattering in Tokamak T3 T.=100 ~ 1 keV

by
N. J. PEACCCK
D. C. ROBINSON

M. J. FORREST
P. D. WILCOCK

UKAEA Research Group,

Culham Laboratory,
Abingdon, Berkshire

V. V. SANNIKOV

I. V. Kurchatov Institute,

Moscow

/ n,=1-3 x 10" cm3

Electron temperatures of 100 eV up to | keV and densities in
the range 1-3 x 10" cm=® have been measured by Thomson scattering
on Tokamak T3. These results agree with those obtained by other
techniques where direct comparison has been possible.

https://www.iter.org/mach/tokamak
https://en.wikipedia.org/wiki/Tokamak#cite_ref-4

Drawing from the talk “Evolution of the Tokamak” given in 1988 by B.B. Kadomtsev at Culham.
N. J. Peacock,et al., Nature 224, 488 (1969)
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Quick summary of different drifts

PN EXB
« ExBdrift: v = =
_ . mv,2BxVB
* Grad-B drift: Vy = 24 B3
2 —_—
- Curvature drift: Pp = mv,~ R. X B

& Yo
& <
¥ %
7 5
2 &
e i
Teat

Independent to charge

Depended on charge

Depended on charge
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Charged particles drift across field lines
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J. P. Freidberg, ldeal Magnetohydrodynamics
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The particle drifts back to the original position if a smali
poloidal field is superimposed on the toroidal field

Magnetic line
Pressure

contour

Magnetic axis

oo
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o 3
z m
2 *
Ty &
Taa

Guiding center
trajectory

Nested
surfaces

e Points with no drift
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A poloidal magnetic field is required to reduce the drift
across field lines

Inner poloidal field coils

Toroidal (Primary transformer circuit)

Direction Poloidal magnetic field Outer poloidal field coils

(for plasma positioning and shaping)

JG055371¢

7 J N\ &.’
‘\ lon gyro-motion A [N \

Resulting helical magnetic field Toroidal field coils

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)

https://www.davidpace.com/keeping-fusion-plasmas-hot/
https://www.euro-fusion.org/2011/09/tokamak-principle-2/ 19



A poloidal magnetic field is required to reduce the drift
across field lines

~

Outer poloidal field coils
or plasma positioning and shaping)

[ —

S5

9

T —
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Id Toroidal field coils

oidal magnetic field

20



Stellarator uses twisted coil to generate poloidal
magnetic field

Tokamak Stellarator

Inner poloidal field coils
(Primary transformer circuit)

Poloidal magnetic field Outer poloidal field coils
(for plasma positioning and shaping)

Resulting helical magnetic field Toroidal field coils

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)

https://www.euro-fusion.org/2011/09/tokamak-principle-2/
https://en.wikipedia.org/wiki/Stellarator 21



Magnetohydrodynamics description of plasma

d
« Continuity eq: % +V-(pp,?)=0

67_7\ N N RN — RN g
« Momentumeq: p, ﬁ+(v-|7)v =pgE+jxB—-V-P

* Ohm,s Iaw: 7\ — O.(E\ + T)\ x P\) / / Same net mass flow out
« Equation of state: i P —0 /
dt \p,?Y /

- Maxwell’s eqgs: /'/' 0Pm

V ) E\ = & Net mass flow in

€ /
V-B=0
V v E\ . a P\ . ]' i‘:
ot N o———
— —_ a E q
VXB:”O]‘l'eoﬂoﬁ

https://eaglepubs.erau.edu/introductiontoaerospaceflightvehicles/

chapter/conservation-of-mass-continuity-equation/
https://www.youtube.com/watch?v=luOEp8 Gp8U
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Magnetohydrodynamics (MHD) description of plasma w/
low-freq. and long-wavelength approximation
pm

Continuity eq: ¢ TV (m V) =0 w/ long wavelength ( 2 >> 1, )

67_7\ N N — RN g
Momentumeq: p, ﬁ+(v-|7)v =%§+1 XB—-V-P

Ohm’s law: j = a(f + T X 1‘;‘)

Equation of state: i P > —0

Maxwell’s egs:

- P .
V-E=—x=0 w/long wavelength ( 1 >> A4 ) => quasi neutral
o
V-B=0
VXE = 9B
- ot /.
E

VXB =p,J + €Ml 3t

w/ low freq. (w<< wp )
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Ideal MHD

Continuityeq: ——+V:(p,,?) =

Momentum eq;: pm[—t+(T7‘-|7)Ty‘ =7 xB -

Ohm’s law: E +

T X
Equation of state: i ( P > —0

Maxwell’s egs:

V-E~0  Requirement: Conflict!
« High collisionality — fluid model 7
V-B=0 « Small gyro radius — low frequency
3B « Small resistivity — a perfect conductor «—
VxXE=-35 ; 0 vnry T
Ui Ui Ti T'Li Li
- - ~— o~ —1 .= —— ~ = <<1
VXB=p,]j 7ot a Wi i @ a@ Vri  a
V-] =0 \

Scale length of nonuniformity.
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Region of validity for ideal MHD

15
y=1
1
y yo=x
x=1
0.5 Ideal
MHD
0
0 0.5 1 1.5
X
Mean free path: A;~v;t;;
1/2 -
mi\"'? vty « Requirement:
X = — p * High collisionality
. « Small gyro radius
y =2 « Small resistivity

x K1
y«K1

y*/x« 1
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Low resistivity requirement (small n)

| = ol E + v X B = £ ~7?
j =0 ) nj=E+DxB ——
. Vp| 1nT 1 nmvr’ d v Vi
j x B|~|Vp] j~m~— ~- T oL P =2
B a B a B it a TLi
e me 12 eB
~ e p_r W = ——
n neztel Tei~Tee m; Tij k~V a ci m,
1/
_ ﬁ UTiTii _E
m, a
njl nj m. 1nmyy® 1 mevy m me vy mi°  m. vy
lvx B| vpB Nneztei a B

vriB  Te; @ e2B?  myTy a e?B?2  m;T. aw?
1/2 1/2 2 1/2 2 1/2
me (mi) Ui <me) Uri TLi” <me) 1 7y <me> 1 (rLi)Z
2~ 2 ~ P
m;T;; \me aw.; m; TjjA VT m; TjjA Vj m; wTj; ~ A
2
y

=—<K1
X
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Fusion plasma is not in the ideal MHD region!

1/2
m; V71iTii . rLi
X=|— y =—
a a

1018 m3 <n<10%m3
0.5keV<T<50KkeV

2u,nT
BZ

 Requirement:

+ High collisionality X = 3 x 10°

- Small gyroradius y=2.3x107? (
B

L] - - 2
- Small resistivity Y _ 1.8 X 10‘7?<< 1

X

T (keV)

102
Fusion
plasmas
109
_y=1
1072 x=1
Ideal
MHD
104
| yixoo
104 102 102 10! 10° 10" 102 100
n (10°°m=3)
TZ
—<<1
an
B 1/2
— <<1
na

a

« With strong B, the gyromotion mimic the collisional characteristics.
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Ideal MHD

Continuity eq:
* Momentum eq:

e Ohm’s law:

apm —
M. yp. —
a?+ -7 T =

—_

FxB-v-P

E+TxB=0

« Equation of state: i ( P > —0
Pm”

« Maxwell’s eqs:

V-E~0
V-B=0
V><T:"\=—iE
.o
VXB=p,j
V-7=0

dt

 Requirement:
* High collisionality — fluid model
« Small gyro radius — low frequency
« Small resistivity — a perfect conductor
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Additional simplification of the momentum equation

677\ N N N RN g
* Momentumeq: p, W+(v-|7)v =jxXB—-V-P

g
V-P =

>
v.p=(

0

d
dx 0y 0z

Pyx
Pzx

e

d a) P pO
yy

dx Jdy 0z 0 0
/apxx\ apyx n apzx\

ay 0z

apyy apxy n apzy

ay dx dz
apzz/ apxz n apyz/

0z dx ay

Pxy Pxz
Pyy pyz) =

Pzy Pz

OPxx +0pyx +6pzx\
dx ay dz
d d d
pxy_l_ pyy_l_ pzy
dx ay 0z
apxz apyz apzz/
dx ay 0z
0
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Additional simplification of the momentum equation

0 9 8 o
O 1+\ox 3y a2
X
P Y
a\[Px 0 0
0O p 0
ax @ az) Y
Y 0 0 p,
pXX
* Isotropic plasma: p,x =Py =P =P 0
L «—> O
V-P=Vp+V-II
pm[¥+(v-|7)v]=]xB—Vp—l7-H

Pyx
Pzx

[

[a KUy
e o
& <
5 1
z m
2 4
“, S
v v

0 py,
Pzy O

d i
Pyx n pzx\

> 0 pyy Pxz

ay

OPxy

0z
0P,y

—

ax
0P«

+az

ax

apyz/

+0y

~

Viscosity V- n

= pl
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Viscosity is negligible in a collision-dominated plasma
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Y component of momentum transfer through the surface A.

ylk
( )d di dv,
mvyn ~— 2
o | T~

u~mnvdl~mnv(vt;)~mn

dl
> X

M~p(2v,- 2v. 7 ) ~p 20

~ V) —=V-T|~u—

H Y13 u a
v-II| Ha nTyyvr tyvn A

- - itiPT MvT M « 1 Ai"'vTiTii

Vp ap ap a a

0D o
pm[¥+(TJ‘-V)TJ‘]=jXB—Vp—V'H

a? —_ —_ ]
pmlﬁ+(v'|7)v]=] XB—-Vp
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Ideal MHD

« Momentum eq: Pm[

e Ohm’s law:

« Equation of state:

 Maxwell’s egs:

V-E~0
V-B=0
vxE=-258
I
VXB =, j
V-] =0

Continuity eq: ——

Requirement:
* High collisionality — fluid model
« Small gyro radius — low frequency
« Small resistivity — a perfect conductor
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When forces are balances, the system is in the
equilibrium state, or called “Magnetohydrostatics”

« Equilibrium state: il
0T ] o = ;F Ps3
- = jXB-Vp=0 — D2

d T/ﬁ P1
j XB=Vp
VxB = u T
j xB=—(|7xB)xB=—[(B-|7)B——VB =Vp +—
Ho Ho 2
V<P+ BZ)— 1 (B-V)B
21,/ Ho
Magnetic Magnetic — Forces caused by
pressure tension curvature of the field lines

— jLVp Bivp m) j Vp=0 B-Vp=0

* The surfaces with p = constant are both magnetic surfaces (i.e., they
are made up of magnetic field lines) and current surfaces (i.e., they are

made of current flow lines).
33




Magnetic lines lying on pressure contour

SR
4 ‘S
& <
A 3
% F
C3 &
“, s
o »

« Contours of constant pressure <+ Magnetic lines lying on pressure contour

Magnetic line
Pressure

contour

Magnetic axis

* Pressure gradient is balanced by the j x B force

J-vp=0
B-/p=0
B-vw=0

magnetic axis

* A magnetic (or flux) surface is one that is everywhere tangential to the
field, i.e., the normal to the surface is everywhere perpendicular to B.
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Course Outline

« Magnetic confinement fusion (MCF)
— Gyro motion, MHD
— 1D equilibrium (z pinch, theta pinch)
— Drift: ExB drift, grad B drift, and curvature B drift
— Tokamak, Stellarator (toroidal field, poloidal field)
— Magnetic flux surface

— 2D axisymmetric equilibrium of a torus plasma: Grad-Shafranov
equation.

— Stability (Kink instability, sausage instability, Safety factor Q)
— Central-solenoid (CS) start-up (discharge) and current drive

— CS-free current drive: electron cyclotron current drive, bootstrap
current.

— Auxiliary Heating: ECRH, Ohmic heating, Neutral beam injection.
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Theta pinch — current in the azimuthal direction

VX B = Ho ]
IR 1 0B, 0By
(VxB), =1 %0 "oz = °
— 0B, 0B, 0B,
(VXB)B_ dz ar  or
N d 1 0B
Plasma (V X B) — _(rBe) - r
z rdr r 200
Symmetry: 0dy=0,=0 | 3B
- ~ . T y2
B =B,z Jo = n, or
All quantities are only functions )
1 B 1 —\ A\ —
of the radius r. V(P+2 >=—(B-|7)B=O
V- E‘ —0 ﬂoz ﬂoz
19 1py4+198, 95 P+sz=zBo
ar = T 20 ' 0z Ho  “Ho
—_— —_— d
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Theta pinch is an excellent option for producing radial
pressure balance in a fusion plasma

« Example: 2u,p(r) A 212
_1_1[1_ 2
| | . r . 5 " 1-[1-B(1-p?)’|
B,(r —~
0.8F B, ;( ) _ 1—ﬂ(1—p2)2
o
0.61 g d ( )
: _ap apojo(r 5
ol | JeBz = dr » B—o = —4-[3p(1 — pz)
i _ 2 r
0.2 B = Bo B, = ”01270 p= -
. 1+ (1 — ﬂo) Bo
OO 0.2 0.4 0.6 0.8 1
P
2u,(p)  4n, (° f 1( Bz2> - (2 B)
=P = = rdr = 2 1-— dp=p\|\z——
ﬁ Bt Boz aZBOZ 0 p 0 BOZ pap ﬁ 5
Bo Bo
() ~— ,f = —
Bo B~ 3 0<pB<1

Bo—1 = B-1B~—¢
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Theta pinches provide good radial confinement but NOT
axially

 The gas is initially preionized.

« The coil current is provided by a capacitor
bank. The typical pulse length is 10-50 us.

* The rapidly rising magnetic field acts like a
piston, imparting a large impulse of
momentum and energy to the particles as
they are reflected.

This energy is ultimately converted to heat after repeated reflections off
the converging piston.

T.~1-4 keV, n~1-2 x 1022 m-3, Bo ~ 0.7-0.9, B ~ 0.05.

Plasma

The plasma simply flowed out the end of the device along field lines in a
characteristic time T = L/V1;~10ps for L =5 m.

Main issue: end loss.
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Charged particles can be partially confined by a
magnetic mirror machine

« Charged particles with small v, eventually stop and are reflected
while those with large v, escape.

5 Mv" =5my +Emvl Invarient: u = > R

= sin%0,,

* Large v, may occur from collisions between particles. By, "R,

 Those confined charged particle are eventually lost due to collisions.

https://i.stack.imgur.com/GlzGZ.jpg 39



Z pinch — current in the axial direction. The radial
confinement of the plasma is provided by the tension force

V X E\ = HUo ]
. 10B, 0B,
(VxB), =36 "7 =°
0B, 0B,
(VXB)G_ 9z or
10 1 0B 10
(VX B) ==—Bg) — = — =— —(rBy)
« Symmetry: 9,=0,=0 7;57”0 r a0 ror
B = BgH Ja = 5(7‘39)
« All quantities are only functions L dp
of the radius r. J XB=Vp j,Bg = _d_/_
Pr20 2 4B)=0
0( )+1aBg+aBz dr pu,r or
ror-or a0 0z d B2 B2
108y _ E<p+2ﬂo>+ﬂor_0
r 00

Magnetic pressure = Magnetic tension
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Z pinch — there is no flexibility in achieving small to

moderate 3
3.5 « Example:
3 2 r 2
: 2RI _2 (5 - 297)(1 - p?)’
ol BOa
150 B.(1 2
1 By ;()—2P<1_%>
05 ba
% 02 04 06 08 1 1 0 apoj, (1)
. B _
3 d | : J2 = Ut OT ar "Be) - By, 4(1 P )
o l— _p e | Ho |
dr _B, dBy By, = Bg(a) = oma
i dr
0 2
-B, By _ B%) ﬂ = ﬁp = u0<129> = 2 j prd‘r =1
Ml B/ wor By, a Bea
oo Bennett pinch relation: g =1
d B; ) B;
—(p+ +——=0
d (p 200)  HoT




Huge instabilities occur in a z pinch

« A capacitor bank is discharged across two

electrodes located at each end of a cylindrical
quartz or Pyrex tube.

« The gas is ionized by the high voltage and
produces a z current flowing along the
plasma.

- Disastrous instabilities occurs often leading
to a complete quenching of the plasma after
1-2 us.

Main issue: unstable.

Facebook@ZFHRER (https://www.facebook.com/share/p/18N8x8kFmu/ )
https://en.wikipedia.org/wiki/Pinch_%28plasma_physics%29
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General screw pinch — linear superposition of the theta
pinch and the z pinch
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- Nonzero field: B = By0 + B,2 2 ror r 00 ror
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10 o), 1980 0B, JAZ=P JeBa T )P = T gy
rore Y00 ez B, 0B, B, O(B)_ dp
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General screw pinch — linear superposition of the theta
pinch and the z pinch

VXE\:ﬂoT
.. 1B, 4B,
X = — — =0
(V B)l‘ r 20 0z
.. 9B, aB, 0B,
(VXB)B_ dz ar  or
N 10 1 0B 10
(VxB) ==—(Bg) —=—2 == —(rBp)
- Nonzero field: B = By0 + B,2 2 ror r 00 ror
T i 04ig 1 0B : 1 0
J =JeO +j,2Z ;o 7z = — (rByp)
N Jo Ho or ’ ”orar ¢
v-B=0 TxB=v B, —j.By = — P
10 o), 1980 0B, JAZ=P JeBa T )P = T gy
rore Y00 ez B, 0B, B, O(B)_ dp
laBe_I_aBz:O H, Or p,r or o) = "4
r 00 dz d BZ_I_B% BZ
—(p+— +—==0
dr 2p, HoT

44



General screw pinch is flexible with varies range of 8

~ 0 P+B§_B§ d<+35>+33_0
21,  2H, dr\P " 2p,) Ter ~
+B§> Bg] B; 1
+ =0 =—4 B2 — (B?
Mor (p> 2”0 2”0 ( (4] < Z))
2 2
_ ﬂo<129> g = BBy _ Zuo<p>2 0< (B <1
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An equilibrium state may not be stable

A B C
NO EQUILIBRIUM NEUTRALLY STABLE (METASTABLE)
EQUILIBRIUM
%
4 g
D E
STABLE EQUILIBRIUM UNSTABLE EQUILIBRIUM

F G
EQUILIBRIUM WITH LINEAR EQUILIBRIUM WITH
STABILITY AND NONLINEAR LINEAR INSTABILITY

INSTABILITY AND NONLINEAR

STABILITY
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A cylindrical plasma column

may not be stable

Instabilities of theta pinch

Q)
D o

0 )
(b) (D\\Vﬂ
\/
» (e)

(a) Unperturbed
(b) m=2, k=0
(c) m=3, k=0
(d) m=0, k¥0
(e) m=1, k#0

Instabilities of z pinch

a_\ /.

Sausage Kink
instability instability
(m=0) (m=1)

{((T) ={(r)exp(im0 + ikz)
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A cylindrical plasma column is stable when the safety
factor is greater than unity (Kruskal-Shafranov limit)

« Sausage instability (m=0) * Kink instability

Bg small plasma

lasma .
p surface
&

surface

By large

By small

I.
N

- _rB ) « The tension of B,
« MHD Safety factor: q(r) = ———= provides the stabilizing
ROBB(r)

force and suppresses
* Kruskal-Shafranov limit: q(r) > 0 : stable the instabilities.



Sawtooth oscillation is initiated when the core is heated

sy
e 3
& <
> %
z m
C3 &
“, S
e

n«T,>? E =nJ
T, T=nl=]1

« Current is less diffused.
« Current density with a higher peak is formed.

' = B, 1= g(r) = ~210) |
= = = —
JT= B 1= a0 = g5 o
 For a certain radius a,
rBr(a
q(a) = ﬁ < 0 = kink unstable

R,By(a)
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The helical field component B* is opposite across the
surface of =1

BN Field line, g < 1
M Field line, g > 1
¢ Marker on g < 1 line

e Marker on g > 1 line

B Helical component on g < 1 line

B Helical component on g > 1 line
B Total Bon g < 1 line

B Total Bon g > 1 line

B, = §-V(m9 —ng)

i e T

Forqg <1, B,>0
Forgq=1, B,=0
Forq > 1, B, <0
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Kink instabilities occur at g <0 leading to reconnection

events

q(r)
1

4 Kadomtsev

[

model

o x
R Uy

& <

P z

g

| g

s &
% ‘s
v Ld

rsat

Te = constant

Regiong =1

E. G. Zweibel and M. Yamada, Annu. Rev. Astron. Astrophys., 47, 291 (2009) 52



Reconnection converts the magnetic field energy to
kinetic energy of particles

plasma reconnection
diffusion region

current
layer

https://www.youtube.com/watch?v=7sS3Lpzh0Zw

* Energetic particles are thermalized when they collide with the
surrounding particles.
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Temperature and safety factor oscillates during the

sawtooth crash
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Theta pinch is stable while z pinch is unstable

#® K
& ¢,
5 3
7 F
s &
“, s
W »
T3t

« Theta pinch « Z pinch « Screw pinch

Plasma

B =B,
qg= © q,= 0 q can be controlled.
Stable Unstable Stable/Unstable

B, (r)

1) = BBy
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