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Electromagnetic wave is radiated when a charge 
particle is accelerated

• The retarded potentials are the electromagnetic potentials for the 

electromagnetic field generated by time-varying electric current or charge 

distributions in the past. 

2https://jseldredphysics.files.wordpress.com/2018/04/lecture18.pdf



• The coulomb force experienced by the electron is:

=>

Bremsstrahlung emission
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• When an electron collides with a nucleus 

via coulomb interaction, the electron is 

accelerated and thus radiates, called 

Bremsstrahlung radiation.

• In the non-relativistic limit, the 

Bremsstrahlung radiation power is:

𝑷𝐁,𝐞𝟏,𝐢𝟏 =
𝒆𝟐

𝟔𝛑𝛜𝐨

ሶ𝒗𝟐

𝒄𝟑

ሶ𝒗 =
𝑭

𝒎𝐞
=

𝐳𝐞𝟐

𝟒𝛑𝛜𝐨𝒎𝐞𝒓𝟐 =
𝒛𝒆𝟐

𝟒𝛑𝛜𝐨𝒎𝐞 𝒑𝟐 + 𝒗𝒕 𝟐 ≈
𝐳𝐞𝟐

𝟒𝛑𝛜𝐨𝒎𝐞𝒑𝟐

p: Impact parameter

𝑷𝐁,𝐞𝟏,𝐢𝟏 =
𝒛𝟐𝒆𝟔

𝟗𝟔𝝅𝟑𝝐𝐨
𝟑𝒄𝟑𝒎𝐞

𝟐

𝟏

𝒑𝟒  (𝐖)



Bremsstrahlung emission
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• For multiple ion species: nj, zj

ഥ𝑷𝑩 =
𝟐𝟏/𝟐

𝟑𝛑𝟓/𝟐

𝒆𝟔

𝝐𝐨
𝟑𝒄𝟑𝒉𝒎𝐞

𝟑/𝟐
𝒏𝐞𝐓𝐞

Τ𝟏 𝟐 

𝐣

𝒛𝐣
𝟐𝒏𝐢,𝐣

𝑾

𝒎𝟑

=
𝟐𝟏/𝟐

𝟑𝛑𝟓/𝟐

𝒆𝟔

𝝐𝐨
𝟑𝒄𝟑𝒉𝒎𝐞

𝟑/𝟐
𝒁𝐞𝐟𝐟𝒏𝐞

𝟐𝐓𝐞
Τ𝟏 𝟐 𝑾

𝒎𝟑

𝒁𝐞𝐟𝐟 ≡


𝒋

𝒛𝒋
𝟐𝒏𝒋

𝒏𝒆
=


𝒋

𝒛𝒋
𝟐𝒏𝒋


𝒋

𝒛𝒋𝒏𝒋

𝒏𝒆 = 

𝒋

𝒛𝒋𝒏𝒋where

ഥ𝑷𝑩 = 𝟓. 𝟑𝟓 × 𝟏𝟎−𝟑𝟕𝒁𝐞𝐟𝐟𝒏
𝐞 (𝐦−𝟑)
𝟐 𝑻𝐞 (𝐤𝐞𝐕)

𝟏/𝟐 𝑾

𝒎𝟑

ഥ𝑷𝑩 ≡ 𝑪𝐁𝒁𝐞𝐟𝐟𝒏
𝐞 (𝐦−𝟑)
𝟐 𝑻𝐞 (𝐤𝐞𝐕)

𝟏/𝟐 𝑾

𝒎𝟑



SB: Bremsstrahlung radiation

Sk: heat conduction lost

Ignition condition (Lawson criterion) revision

• Steady state 0-D power balance:

 Sα+Sh=SB+Sk

 Sh: external heating

 Sα: α particle heating
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𝑺𝐟 = 𝑬𝐟𝒏𝟏𝒏𝟐 𝛔𝐯 Τ𝐖 𝐦𝟑

𝑺𝑩 = 𝑪𝐁𝒁𝐞𝐟𝐟𝒏
𝐞 (𝐦−𝟑)
𝟐 𝑻𝐞 (𝐤𝐞𝐕)

𝟏/𝟐 𝑾

𝒎𝟑

𝑺𝜿 =
𝟑

𝟐

𝒑

𝝉
𝑺𝜶 =

𝟏

𝟒
𝑬𝜶𝒏𝟐 𝛔𝐯 =

𝟏

𝟏𝟔
𝑬𝜶

𝒑𝟐 𝛔𝐯

𝑻𝟐

=
𝟏

𝟒
𝑪𝐁

𝒑𝟐

𝑻 Τ𝟑 𝟐

Eα = 3.5 MeV

 𝒑 = 𝒑𝐞 + 𝒑𝐢 = 𝟐𝒑𝐞 = 𝟐𝒏𝒆𝑻 ≡ 𝟐𝒏𝑻

𝟏

𝟏𝟔
𝑬𝛂

𝒑𝟐 𝛔𝐯

𝑻𝟐 ⩾
𝟏

𝟒
𝑪𝐁

𝒑𝟐

𝑻 Τ𝟑 𝟐
+

𝟑

𝟐

𝒑

𝝉

𝑫 + 𝑻 ⟶ 𝑯𝒆𝟒 𝟑. 𝟓 𝐌𝐞𝐕 + 𝒏 (𝟏𝟒. 𝟏 𝐌𝐞𝐕)



Ignition condition (Lawson criterion) revision

• Steady state 0-D power balance:

 Sα+Sh=SB+Sk
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𝐩𝛕 ⩾
𝟔

𝟏
𝟒 𝑬𝛂

𝛔𝐯
𝑻𝟐 − 𝑪𝐁

𝟏
𝑻 Τ𝟑 𝟐

𝒑 = 𝒑𝐞 + 𝒑𝐢 = 𝟐𝒑𝐞 = 𝟐𝒏𝒆𝑻 ≡ 𝟐𝒏𝑻

𝟏

𝟏𝟔
𝑬𝛂

𝒑𝟐 𝛔𝐯

𝑻𝟐 ⩾
𝟏

𝟒
𝑪𝐁

𝒑𝟐

𝑻 Τ𝟑 𝟐
+

𝟑

𝟐

𝒑

𝝉

𝒏𝝉 >
𝟑𝑻

𝟏
𝟒 𝛔𝐯 𝝐𝜶 − 𝑪𝐁 𝑻

𝒏𝑻𝝉 >
𝟑𝑻𝟐

𝟏
𝟒

𝛔𝐯 𝝐𝜶 − 𝑪𝐁 𝑻



Temperature needs to be greater than ~5 keV to ignite
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𝒏𝝉 > 𝟐 × 𝟏𝟎𝟒 Τ𝐬𝐞𝐜 𝐜𝐦𝟑 𝒏𝑻𝝉 > 𝟑. 𝟓 × 𝟏𝟎𝟏𝟓 𝐤𝐞𝐕 − Τ𝐬𝐞𝐜 𝐜𝐦𝟑

𝒏𝝉 >
𝟑𝑻

𝟏
𝟒 𝛔𝐯 𝝐𝜶 − 𝑪𝐁 𝑻

𝟏

𝟒
𝑬𝜶𝒏𝟐 𝛔𝐯 > 𝑪𝐁𝒏𝟐𝑻 

𝟏/𝟐Sα>SB

𝛔𝐯

𝑻 
𝟏/𝟐

>
𝟒𝑪𝐁

𝑬𝜶

𝑻 > 𝟒. 𝟑 𝐤𝐞𝐕



We are closed to ignition!
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A. J. Webster, Phys. Educ. 38, 135 (2003)

R. Betti, etc., Phys. Plasmas, 17, 058102 (2010)

Ignition condition: Pτ > 10 atm-s = 10 Gbar - ns



Under what conditions the plasma keeps itself hot?

• Steady state 0-D power balance:

 Sα+Sh=SB+Sk

 Sα: α particle heating

 Sh: external heating

 SB: Bremsstrahlung radiation

 Sk: heat conduction lost
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Ignition condition: Pτ > 10 atm-s = 10 Gbar - ns

• P: pressure, or called energy density

• τ is confinement time



The plasma is too hot to be contained

• Solution 1: Magnetic confinement fusion (MCF), use a magnetic field to 

contain it. P~atm, τ~sec, T~10 keV (108 ⁰C)
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Tokamak Stellarator

https://www.euro-fusion.org/2011/09/tokamak-principle-2/

https://en.wikipedia.org/wiki/Stellarator



Don’t confine it!
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• Solution 2: Inertial confinement fusion (ICF). Or you can say it is confined 

by its own inertia: P~Gigabar, τ~nsec, T~10 keV (108 ⁰C)

Inertial confinement fusion: an introduction, Laboratory 

for Laser Energetics, University of Rochester



To control? Or not to control?
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• Magnetic confinement fusion (MCF) • Inertial confinement fusion (ICF)

• A DT ice capsule filled with DT 

gas is imploded by laser.
• Plasma is confined by toroidal 

magnetic field.



Course Outline

• Magnetic confinement fusion (MCF)

– Gyro motion, MHD

– 1D equilibrium (z pinch, theta pinch)

– Drift: ExB drift, grad B drift, and curvature B drift

– Tokamak, Stellarator (toroidal field, poloidal field)

– Magnetic flux surface

– 2D axisymmetric equilibrium of a torus plasma: Grad-Shafranov 

equation.

– Stability (Kink instability, sausage instability, Safety factor Q)

– Central-solenoid (CS) start-up (discharge) and current drive

– CS-free current drive: electron cyclotron current drive, bootstrap 

current.

– Auxiliary Heating: ECRH, Ohmic heating, Neutral beam injection.
13



Charged particles gyro around the magnetic field line

𝒎
𝒅 ֊𝒗

𝒅𝒕
= 𝒒 ֊𝒗 ⨯ ֊𝑩

֊𝑩 = 𝑩ො𝒛

𝒎𝒗
·

𝐱 = 𝒒𝑩𝒗𝐲

𝒎𝒗
·

𝐲 = −𝒒𝑩𝒗𝐱

𝒎𝒗
·

𝐳 = 𝟎

ሷ𝒗𝐱 = −
𝒒𝑩

𝒎
𝒗
·

𝐲 = −
𝒒𝑩

𝒎

𝟐

𝒗𝐱

ሷ𝒗𝐲 = −
𝒒𝑩

𝒎
𝒗
·

𝐱 = −
𝒒𝑩

𝒎

𝟐

𝒗𝐲

𝝎𝐜 ≡
𝒒 𝑩

𝒎
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• Assuming                   and the 

electron oscillates in x-y plane

𝒗𝐳 = 𝒗|| = 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭

ሷ𝒗𝐱 + 𝝎𝐜
𝟐𝒗𝐱 = 𝟎

ሷ𝒗𝐲 + 𝝎𝐜
𝟐𝒗𝐲 = 𝟎

𝒗𝐱 = 𝒗⊥ 𝐜𝐨𝐬 ±𝝎𝐜𝒕 + 𝝍

𝒗𝐲 = −𝒗⊥ 𝐬𝐢𝐧 ±𝝎𝐜𝒕 + 𝝍

𝒗𝐳 = 𝒗||

Cyclotron frequency or 

gyrofrequency

Gyro motion



Charged particles spiral around the magnetic field line

֊𝑩 = 𝑩ො𝒛

𝝎𝐜 ≡
𝒒 𝑩

𝒎
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𝒗𝐱 = 𝒗⊥ 𝐜𝐨𝐬 ±𝝎𝐜𝒕 + 𝝍

𝒗𝐲 = 𝒗⊥ 𝐬𝐢𝐧 ±𝝎𝐜𝒕 + 𝝍

𝒗𝐳 = 𝒗||
𝒙 = ∓𝒓𝐜𝒔𝒊𝒏 ±𝝎𝐜𝒕 + 𝝍 + 𝒙𝐨 − 𝒓𝐜𝒔𝒊𝒏𝝍

𝒚 = ±𝒓𝐜𝒄𝒐𝒔 ±𝝎𝐜𝒕 + 𝝍 + 𝒚𝐨 + 𝒓𝐜𝒄𝒐𝒔𝝍

𝒛 = 𝒛𝐨 + 𝒗||𝒕𝒎𝒗⟂
𝟐

𝒓
= 𝒒 ֊𝒗 ⨯ ֊𝑩 = 𝒒𝒗⟂𝑩

𝒓𝒄 =
𝒗⟂

𝝎𝒄
=

𝒎𝒗⟂

𝒒 𝑩
Larmor radius or gyroradius



Charge particles drift across magnetic field lines when 
an electric field not parallel to the magnetic field occurs
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֊𝑬 = ֊𝑬⟂ + ො𝒛𝑬|| = ෝ𝒙𝑬⟂ + ො𝒛𝑬||

𝒎
𝒅 ֊𝒗 ⟂

𝒅𝒕
= 𝒒 ෝ𝒙𝑬⟂ + ֊𝒗 ⟂ × ො𝒛𝑩

𝒎
𝒅𝒗||

𝒅𝒕
= 𝒒𝑬||

֊𝒗 ⟂ 𝒕 = ֊𝒗 𝐄 + ֊𝒗 𝐚𝐜 𝒕

𝒗|| 𝒕 =
𝒒𝑬||

𝒎
𝒕 + 𝒗||,𝒐

𝒎
𝒅

𝒅𝒕
֊𝒗 𝐄 + ֊𝒗 𝐚𝐜 𝒕 = 𝒒 ෝ𝒙𝑬⟂ + ֊𝒗 𝐄 + ֊𝒗 𝐚𝐜 𝒕 × ො𝒛𝑩

𝒎
𝒅 ֊𝒗 𝐚𝐜 𝒕

𝒅𝒕
= 𝒒 ෝ𝒙𝑬⟂ + ֊𝒗 𝐄 × ො𝒛𝑩 + ֊𝒗 𝐚𝐜 𝒕 × ො𝒛𝑩

𝒎
𝒅 ֊𝒗

𝒅𝒕
= 𝒒 ֊𝒗 ⨯ ֊𝑩No E field case:

ෝ𝒙𝑬⟂ + ֊𝒗 𝐄 × ො𝒛𝑩 = 𝟎

֊𝒗 𝐄 =
ෝ𝒙𝑬⟂ × ො𝒛𝑩

𝑩𝟐 =
֊𝑬 × ֊𝑩

𝑩𝟐
ExB drift velocity

𝒎
𝒅 ֊𝒗 𝐚𝐜 𝒕

𝒅𝒕
= 𝒒 ֊𝒗 𝐚𝐜 𝒕 × ො𝒛𝑩 Gyro motion

֊𝒗 𝒕 = ො𝒛𝒗|| 𝒕 + ֊𝒗 𝐄 + ֊𝒗 𝐚𝐜 𝒕

֊𝒗 𝒕 =
𝟏

𝑻𝒄
න

𝟎

𝑻𝒄
֊𝒗 𝒕 𝒅𝒕 = ො𝒛𝒗|| 𝒕 + ֊𝒗 𝑬

• Electrons and ions drift in the same direction.

ExB drift



No current is generated in ExB drift
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֊𝒗 𝐄 =
ෝ𝒙𝑬⟂ × ො𝒛𝑩

𝑩𝟐
=

֊𝑬 × ֊𝑩

𝑩𝟐
ExB drift velocity

֊𝒗 𝒕 =
𝟏

𝑻𝒄
න

𝟎

𝑻𝒄
֊𝒗 𝒕 𝒅𝒕 = ො𝒛𝒗|| 𝒕 + ֊𝒗 𝑬

• Electrons and ions drift in the same direction.



Charge particles drift across magnetic field lines when 
an external field not parallel to the magnetic field occurs
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֊𝑬 = ֊𝑬⟂ + ො𝒛𝑬|| = ෝ𝒙𝑬⟂ + ො𝒛𝑬||

𝒎
𝒅 ֊𝒗 ⟂

𝒅𝒕
= 𝒒 ෝ𝒙𝑬⟂ + ֊𝒗 ⟂ × ො𝒛𝑩

𝒎
𝒅𝒗||

𝒅𝒕
= 𝒒𝑬||

֊𝑭 = ֊𝑭 ⟂ + ො𝒛𝑭|| = ෝ𝒙𝑭⟂ + ො𝒛𝑭||

𝒎
𝒅 ֊𝒗 ⟂

𝒅𝒕
= 𝒒 ෝ𝒙

𝑭⟂

𝒒
+ ֊𝒗 ⟂ × ො𝒛𝑩

𝒎
𝒅𝒗||

𝒅𝒕
= 𝑭||

֊𝒗 𝐄 =
ෝ𝒙𝑬⟂ × ො𝒛𝑩

𝑩𝟐 =
֊𝑬 × ֊𝑩

𝑩𝟐

ExB drift velocity

֊𝒗 𝒕 =
𝟏

𝑻𝒄
න

𝟎

𝑻𝒄
֊𝒗 𝒕 𝒅𝒕 = ො𝒛𝒗|| 𝒕 + ֊𝒗 𝑬

֊𝒗 𝐅 =
ෝ𝒙 𝑭⟂/𝒒 × ො𝒛𝑩

𝑩𝟐 =
𝟏

𝒒

֊𝑭 × ֊𝑩

𝑩𝟐

Gravitational drift velocity

֊𝒗 𝒕 =
𝟏

𝑻𝒄
න

𝟎

𝑻𝒄
֊𝒗 𝒕 𝒅𝒕 = ො𝒛𝒗|| 𝒕 + ֊𝒗 𝑭

• Electrons and ions drift in the opposite directions in the gravitational drift. 

Therefore, currents are generated.

Gravitational drift



Charge particles drift across magnetic field lines when 
the magnetic field is not uniform or curved
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Drift in non-uniform B fields

• Gradient-B drift • Curvature drift

֊𝒗 𝛁 =
𝒎𝒗⟂

𝟐

𝟐𝒒

֊𝑩 × 𝜵𝑩

𝑩𝟑
֊𝒗 𝑹 =

𝒎𝒗||
𝟐

𝟐𝒒

֊𝑹𝐜 × ֊𝑩

𝑹𝐜𝑩𝟐

֊𝒗 𝐭𝐨𝐭𝐚𝐥 = ֊𝒗 𝐑 + ֊𝒗 𝛁 =
֊𝑩 × 𝜵𝑩

𝝎𝐜𝑩𝟐 𝒗||
𝟐 +

𝟏

𝟐
𝒗⟂

𝟐 =
𝒎

𝒒

֊𝑹𝐜 × ֊𝑩

𝑹𝐜
𝟐𝑩𝟐

𝒗||
𝟐 +

𝟏

𝟐
𝒗⟂

𝟐



Charge particles drift across magnetic field lines when 
the magnetic field is not uniform or curved
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Gradient-B drift

֊𝑭 = 𝒒 ֊𝒗 × ֊𝑩 = ෝ𝒙𝒒𝒗𝐲𝑩𝐳 − ෝ𝒚𝒒𝒗𝐱𝑩𝐳

≃ ෝ𝒙𝒒𝒗𝐲 𝑩𝐨 + 𝒚
𝝏𝑩𝐳

𝝏𝒚
− ෝ𝒚𝒒𝒗𝐱 𝑩𝐨 + 𝒚

𝝏𝑩𝐳

𝝏𝒚

𝑭𝐱 = 𝒒𝒗𝐲 𝑩𝐨 + 𝒚
𝝏𝑩𝐳

𝝏𝒚

𝑭𝐲 = −𝒒𝒗𝐱 𝑩𝐨 + 𝒚
𝝏𝑩𝐳

𝝏𝒚

𝑩𝒛 𝒚 = 𝑩𝒐 + 𝒚
𝝏𝑩𝒛

𝝏𝒚
+ 𝒚𝟐

𝟏

𝟐

𝝏𝟐𝑩𝒛

𝝏𝒚𝟐 +. . .

𝒙𝐜 = ∓𝒓𝐜𝐬𝐢𝐧 ±𝝎𝐜𝒕 + 𝝍

𝒚𝐜 = ±𝒓𝐜𝐜𝐨𝐬 ±𝝎𝐜𝒕 + 𝝍

𝒗𝐱 = 𝒗⟂𝐜𝐨𝐬 ±𝝎𝐜𝒕 + 𝝍

𝒗𝐲 = −𝒗⟂𝐬𝐢𝐧 ±𝝎𝐜𝒕 + 𝝍

• In the case with no gradient B

𝑭𝐱 ≃ −𝒒𝒗⟂𝐬𝐢𝐧 ±𝝎𝐜𝒕 + 𝝍 ×

𝑩𝐨 ± 𝒓𝐜𝐜𝐨𝐬 ±𝝎𝐜𝒕 + 𝝍
𝝏𝑩𝐳

𝝏𝒚

𝑭𝐲 = −𝒒𝒗⟂𝐜𝐨𝐬 ±𝝎𝐜𝒕 + 𝝍 ×

𝑩𝐨 ± 𝒓𝐜𝐜𝐨𝐬 ±𝝎𝐜𝒕 + 𝝍
𝝏𝑩𝐳

𝝏𝒚



Charge particles drift across magnetic field lines when 
the magnetic field is not uniform
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֊𝒗 𝛁 =
𝒎𝒗⟂

𝟐

𝟐𝒒

֊𝑩 × 𝜵𝑩

𝑩𝟑

𝑭𝐱 ≃ −𝒒𝒗⟂𝐬𝐢𝐧 ±𝝎𝐜𝒕 + 𝝍 𝑩𝐨 ± 𝒓𝐜𝐜𝐨𝐬 ±𝝎𝐜𝒕 + 𝝍
𝝏𝑩𝐳

𝝏𝒚

𝑭𝐲 ≃ −𝒒𝒗⟂𝐜𝐨𝐬 ±𝝎𝐜𝒕 + 𝝍 𝑩𝐨 ± 𝒓𝐜𝐜𝐨𝐬 ±𝝎𝐜𝒕 + 𝝍
𝝏𝑩𝐳

𝝏𝒚

𝑭𝐲 = ∓
𝒒𝒗⟂𝒓𝐜

𝟐

𝝏𝑩𝐳

𝝏𝒚
= −

𝒎𝒗⟂
𝟐

𝟐𝑩

𝝏𝑩𝐳

𝝏𝒚

𝑭𝐱 = 𝟎

𝒓𝒄 =
𝒗⟂

𝝎𝒄
𝝎𝐜 ≡

𝒒 𝑩

𝒎

֊𝒗 𝛁 =
𝟏

𝒒

𝑭𝐲 ෝ𝒚 × ො𝒛𝑩𝐳

𝑩𝐳
𝟐 = −

𝒎𝒗⟂
𝟐

𝟐𝒒𝑩𝐳
𝟐

𝝏𝑩𝐳

𝝏𝒚
ෝ𝒙

• More general:

֊𝒗 𝐅 =
𝟏

𝒒

֊𝑭 × ֊𝑩

𝑩𝟐



Charge particles drift across magnetic field lines when 
the magnetic field line is curved
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Curvature drift

֊𝒗 𝑹 =
𝟏

𝒒

֊𝑭 𝒄𝒇 × ֊𝑩

𝑩𝟐 =
𝒎𝒗||

𝟐

𝒒

֊𝑹𝐜 × ֊𝑩

𝑹𝒄
𝟐𝑩𝟐

֊𝑭 𝒄𝒇 = 𝒎𝒗||
𝟐

֊𝑹𝒄

𝑹𝒄
𝟐

֊𝒗 𝐅 =
𝟏

𝒒

֊𝑭 × ֊𝑩

𝑩𝟐
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֊𝒗 𝑹 =
𝒎𝒗||

𝟐

𝒒

֊𝑹𝐜 × ֊𝑩

𝑹𝒄
𝟐𝑩𝟐

֊𝒗 𝐭𝐨𝐭𝐚𝐥 = ֊𝒗 𝐑 + ֊𝒗 𝛁 =
֊𝑩 × 𝜵𝑩

𝝎𝐜𝑩𝟐 𝒗||
𝟐 +

𝟏

𝟐
𝒗⟂

𝟐 =
𝒎

𝒒

֊𝑹𝐜 × ֊𝑩

𝑹𝐜
𝟐𝑩𝟐

𝒗||
𝟐 +

𝟏

𝟐
𝒗⟂

𝟐

֊𝒗 𝛁 =
𝒎𝒗⟂

𝟐

𝟐𝒒

֊𝑩 × 𝜵𝑩

𝑩𝟑

𝜵 × ֊𝑩 = 𝜵 × ֊𝑩
𝒛

=
𝟏

𝒓

𝝏

𝝏𝒓
𝒓𝑩𝜽 = 𝟎 𝑩𝜽 ∝

𝟏

𝒓

|𝜵|𝑩

𝑩
= −

֊𝑹𝒄

𝑹𝒄
𝟐

𝜵 × ֊𝑩 = 𝟎

֊𝑩 = 𝑩𝜽

𝜵𝑩 = 𝜵𝑩ො𝒓

𝜵 × ֊𝑩
𝒓

= 𝜵 × ֊𝑩
𝜽

= 𝟎

Cylindrical coordinate

Charge particles drift across magnetic field lines when 
the magnetic field is not uniform or curved

Drift in non-uniform B fields

• Electrons and ions drift in the opposite directions in the grad-B and 

curvature drifts. Therefore, currents are generated.



֊𝒗 𝑹 =
𝒎𝒗||

𝟐

𝒒

֊𝑹𝐜 × ֊𝑩

𝑹𝒄
𝟐𝑩𝟐

Quick summary of different drifts

24

֊𝒗 𝐄 =
֊𝑬 × ֊𝑩

𝑩𝟐
• ExB drift:

֊𝒗 𝐅 =
𝟏

𝒒

֊𝑭 × ֊𝑩

𝑩𝟐
• Gravitational drift:

֊𝒗 𝛁 =
𝒎𝒗⟂

𝟐

𝟐𝒒

֊𝑩 × 𝜵𝑩

𝑩𝟑• Grad-B drift:

• Curvature drift:

• Non-uniform B drift:

֊𝒗 𝐭𝐨𝐭𝐚𝐥 = ֊𝒗 𝐑 + ֊𝒗 𝛁 =
֊𝑩 × 𝜵𝑩

𝝎𝐜𝑩𝟐 𝒗||
𝟐 +

𝟏

𝟐
𝒗⟂

𝟐 =
𝒎

𝒒

֊𝑹𝐜 × ֊𝑩

𝑹𝐜
𝟐𝑩𝟐

𝒗||
𝟐 +

𝟏

𝟐
𝒗⟂

𝟐

Independent to charge

Depended on charge

Depended on charge

Depended on charge



Magnetohydrodynamics description of plasma
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𝝏𝝆𝐦

𝝏𝒕
+ 𝜵 · 𝝆𝒎

֊𝒗 = 𝟎

𝝆𝐦

𝝏 ֊𝒗

𝝏𝒕
+ ֊𝒗 · 𝜵 ֊𝒗 = 𝝆𝐪

֊𝑬 + ֊𝒋 × ֊𝑩 − 𝜵 ·
՞
𝑷

֊𝒋 = 𝝈 ֊𝑬 + ֊𝒗 × ֊𝑩

𝒅

𝒅𝒕

𝑷

𝝆𝐦
𝜸

= 𝟎

𝛁 · ֊𝑬 =
𝝆𝐪

𝝐𝒐

𝛁 · ֊𝑩 = 𝟎

𝛁 × ֊𝑬 = −
𝛛 ֊𝑩

𝛛𝒕

𝛁 × ֊𝑩 = 𝝁𝐨
֊𝒋 + 𝝐𝐨𝝁𝐨

𝛛 ֊𝑬

𝛛𝒕

• Continuity eq:

• Ohm’s law:

• Equation of state:

• Momentum eq:

• Maxwell’s eqs: 𝝏𝝆𝐦

𝝏𝒕

https://eaglepubs.erau.edu/introductiontoaerospaceflightvehicles/

chapter/conservation-of-mass-continuity-equation/

https://www.youtube.com/watch?v=lu0Ep8_Gp8U



Magnetohydrodynamics (MHD) description of plasma w/ 
low-freq. and long-wavelength approximation
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𝝏𝝆𝐦

𝝏𝒕
+ 𝜵 · 𝝆𝒎

֊𝒗 = 𝟎

𝝆𝐦

𝝏 ֊𝒗

𝝏𝒕
+ ֊𝒗 · 𝜵 ֊𝒗 = 𝝆𝐪

֊𝑬 + ֊𝒋 × ֊𝑩 − 𝜵 ·
՞
𝑷

֊𝒋 = 𝝈 ֊𝑬 + ֊𝒗 × ֊𝑩

𝛁 · ֊𝑬 =
𝝆𝐪

𝝐𝒐
≈ 0

𝛁 · ֊𝑩 = 𝟎

𝛁 × ֊𝑬 = −
𝛛 ֊𝑩

𝛛𝒕

𝛁 × ֊𝑩 = 𝝁𝐨
֊𝒋 + 𝝐𝐨𝝁𝐨

𝛛 ֊𝑬

𝛛𝒕

• Continuity eq:

• Ohm’s law:

• Equation of state:

• Momentum eq:

• Maxwell’s eqs:

w/ low freq. (                 )𝝎<< 𝝎𝐩𝐞

w/ long wavelength (                 )𝝀 >> 𝝀𝒅

w/ long wavelength (                 ) => quasi neutral𝝀 >> 𝝀𝒅

𝒅

𝒅𝒕

𝑷

𝝆𝐦
𝜸

= 𝟎



Ideal MHD
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𝝏𝝆𝐦

𝝏𝒕
+ 𝜵 · 𝝆𝒎

֊𝒗 = 𝟎

𝝆𝐦

𝝏 ֊𝒗

𝝏𝒕
+ ֊𝒗 · 𝜵 ֊𝒗 = ֊𝒋 × ֊𝑩 − 𝜵 ·

՞
𝑷

֊𝑬 + ֊𝒗 × ֊𝑩 ≈ 𝟎

𝜵 · ֊𝑬 ≈ 𝟎

𝛁 · ֊𝑩 = 𝟎

𝛁 × ֊𝑬 = −
𝛛 ֊𝑩

𝛛𝒕

𝛁 × ֊𝑩 = 𝝁𝐨
֊𝒋

• Continuity eq:

• Ohm’s law:

• Equation of state:

• Momentum eq:

• Maxwell’s eqs:

𝒅

𝒅𝒕

𝑷

𝝆𝐦
𝜸

= 𝟎

𝛁 · ֊𝒋 = 𝟎

• Requirement:

• High collisionality – fluid model

• Small gyro radius – low frequency

• Small resistivity – a perfect conductor 

𝝎~
𝝏

𝝏𝒕
~

𝒗𝑻𝒊

𝒂
𝝎𝒄𝒊 =

𝒗𝑻𝒊

𝒓𝑳𝒊

𝝎

𝝎𝒄𝒊
~

𝒗𝑻𝒊

𝒂

𝒓𝑳𝒊

𝒗𝑻𝒊
=

𝒓𝑳𝒊

𝒂
<< 𝟏

Conflict!



Region of validity for ideal MHD
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𝒙 =
𝒎𝐢

𝒎𝐞

Τ𝟏 𝟐
𝒗𝑻𝒊𝝉𝒊𝒊

𝒂

𝒚 =
𝒓𝐋𝐢

𝒂

• Requirement:

• High collisionality

• Small gyro radius

• Small resistivity

𝒙 ≪ 𝟏

𝝀𝒊~𝒗𝐓𝐢𝝉𝐢𝐢

𝒚 ≪ 𝟏

Τ𝒚𝟐 𝒙 ≪ 𝟏



Low resistivity requirement
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𝝎~
𝝏

𝝏𝒕
~

𝒗𝑻𝒊

𝒂
𝝎𝒄𝒊 =

𝒗𝑻𝒊

𝒓𝑳𝒊

𝜼𝒋

𝒗 × 𝑩
~?֊𝒋 = 𝝈 ֊𝑬 + ֊𝒗 × ֊𝑩 𝜼 ֊𝒋 = ֊𝑬 + ֊𝒗 × ֊𝑩

𝒋 × 𝑩 ~ 𝜵𝒑 𝒋~
𝜵𝒑

𝑩
~

𝟏

𝒂

𝒏𝑻

𝑩
~

𝟏

𝒂

𝒏𝒎𝐢𝒗𝐓𝐢
𝟐

𝑩

𝒌~𝜵~
𝟏

𝒂𝜼~
𝒎𝐞

𝒏𝒆𝟐𝝉𝐞𝐢

𝜼𝒋

𝒗 × 𝑩
~

𝜼𝒋

𝒗𝑻𝒊𝑩
~

𝒎𝐞

𝒏𝒆𝟐𝝉𝐞𝐢

𝟏

𝒂

𝒏𝒎𝐢𝒗𝐓𝐢
𝟐

𝑩

𝟏

𝒗𝑻𝒊𝑩
=

𝒎𝐞

𝝉𝐞𝐢

𝒗𝑻𝒊

𝒂

𝒎𝐢

𝒆𝟐𝑩𝟐 =
𝒎𝐞

𝒎𝐢𝝉𝐞𝐢

𝒗𝑻𝒊

𝒂

𝒎𝐢
𝟐

𝒆𝟐𝑩𝟐 =
𝒎𝐞

𝒎𝐢𝝉𝐞𝐢

𝒗𝑻𝒊

𝒂𝝎𝒄𝒊
𝟐

𝝉𝐞𝐢~𝝉𝐞𝐞~
𝒎𝐞

𝒎𝐢

Τ𝟏 𝟐

𝝉𝐢𝐢

~
𝒎𝐞

𝒎𝐢𝝉𝐢𝐢

𝒎𝐢

𝒎𝐞

Τ𝟏 𝟐
𝒗𝑻𝒊

𝒂𝝎𝒄𝒊
𝟐 =

𝒎𝐞

𝒎𝐢

Τ𝟏 𝟐
𝒗𝑻𝒊

𝝉𝐢𝐢𝒂

𝒓𝑳𝒊
𝟐

𝒗𝑻𝒊
𝟐 =

𝒎𝐞

𝒎𝐢

Τ𝟏 𝟐
𝟏

𝝉𝐢𝐢𝒂

𝒓𝑳𝒊
𝟐

𝒗𝑻𝒊
~

𝒎𝐞

𝒎𝐢

Τ𝟏 𝟐
𝟏

𝝎𝝉𝐢𝐢

𝒓𝑳𝒊

𝒂

𝟐

=
𝒚𝟐

𝒙
≪ 𝟏



Fusion plasma is not in the ideal MHD region!
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𝒙 =
𝒎𝐢

𝒎𝐞

Τ𝟏 𝟐
𝒗𝑻𝒊𝝉𝒊𝒊

𝒂
𝒚 =

𝒓𝐋𝐢

𝒂

• Requirement:

• High collisionality

• Small gyro radius

• Small resistivity

𝟏𝟎𝟏𝟖 𝐦−𝟑 < 𝒏 < 𝟏𝟎𝟐𝟐 𝐦−𝟑

𝟎. 𝟓 𝐤𝐞𝐕 < 𝑻 < 𝟓𝟎 𝐤𝐞𝐕

𝜷 ≡
𝟐𝝁𝐨𝒏𝑻

𝑩𝟐

𝒙 = 𝟑 × 𝟏𝟎𝟑
𝑻𝟐

𝒂𝒏
<< 𝟏

𝒚 = 𝟐. 𝟑 × 𝟏𝟎−𝟐
𝜷

𝒏𝒂𝟐

Τ𝟏 𝟐

<< 𝟏

𝒚𝟐

𝒙
= 𝟏. 𝟖 × 𝟏𝟎−𝟕

𝜷

𝒂𝑻𝟐 << 𝟏

• With strong B, the gyromotion mimic the collisional characteristics.



Ideal MHD
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𝝏𝝆𝐦

𝝏𝒕
+ 𝜵 · 𝝆𝒎

֊𝒗 = 𝟎

𝝆𝐦

𝝏 ֊𝒗

𝝏𝒕
+ ֊𝒗 · 𝜵 ֊𝒗 = ֊𝒋 × ֊𝑩 − 𝜵 ·

՞
𝑷

֊𝑬 + ֊𝒗 × ֊𝑩 ≈ 𝟎

𝜵 · ֊𝑬 ≈ 𝟎

𝛁 · ֊𝑩 = 𝟎

𝛁 × ֊𝑬 = −
𝛛 ֊𝑩

𝛛𝒕

𝛁 × ֊𝑩 = 𝝁𝐨
֊𝒋

• Continuity eq:

• Ohm’s law:

• Equation of state:

• Momentum eq:

• Maxwell’s eqs:

𝒅

𝒅𝒕

𝑷

𝝆𝐦
𝜸

= 𝟎

𝛁 · ֊𝒋 = 𝟎

• Requirement:

• High collisionality – fluid model

• Small gyro radius – low frequency

• Small resistivity – a perfect conductor 
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