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Fusion doesn’t come easy
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Santarius, J. F., “Fusion Space Propulsion — A Shorter Time Frame Than You
Think”, JANNAF, Monterey, 5-8 December 2005. 2



It takes a lot of energy or power to keep the plasma at

100M °C

* Let the plasma do it itself!

@ The neutron leaves
because is neutral
Tritium

O + @
® o Helium (alpha particle)

Deuterium 'Q ® stays in the plasma because
® js charged and collides with

®  the electrons

 The a-particles heat the plasma.

*R. Betti, HEDSA HEDP Summer School, 2015



Under what conditions the plasma keeps itself hot?
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- Steady state 0-D power balance:
S, +S,=Sg+S,
S,: a particle heating
S,: external heating
Sg: Bremsstrahlung radiation

S,: heat conduction lost

Ignition condition: Pt > 10 atm-s = 10 Gbar - ns

« P: pressure, or called energy density
* Tis confinement time



To control? Or not to control?

« Magnetic confinement fusion (MCF) -+ Inertial confinement fusion (ICF)

Laser light shines The target
on the target is compressed
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« Plasma is confined by toroidal - ADT ice capsule filled with DT
magnetic field. gas is imploded by laser.



Course Outline

« Brief background reviews
— Electromagnetics
— Plasma physics
* Introduction to nuclear fusion
— Nuclear binding energy (Fission vs Fusion)
— Fusion reaction physics
— Some important fusion reactions (Cross section)
- Main controlled fusion fuels
- Advanced fusion fuels

— Maxwell-averaged fusion reactivities



Course Outline

* Introduction to nuclear fusion (cont.)
— Collisions (Bremsstrahlung radiation)
— Columb scattering. Cross section of the Columb scattering
— Beam-target fusion vs thermonuclear fusion
— Lawson criteria, ignition conditions

— Magnetic confinement fusion (MCF) vs Inertial confinement fusion
(ICF)



Electromagnetic wave is radiated when a charge
particle is accelerated

« The retarded potentials are the electromagnetic potentials for the
electromagnetic field generated by time-varying electric current or charge
distributions in the past.
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Bremsstrahlung emission

« When an electron collides with a nucleus
via coulomb interaction, the electronis e-

accelerated and thus radiates,called -~ = | ——  —
Bremsstrahlung radiation. p
* In the non-relativistic limit, the ‘ ‘
Bremsstrahlung radiation power is: +z.e Y
1
e? v?
Pge1i1 = 6re, 3 p: Impact parameter

 The coulomb force experienced by the electron is:

F ze? ze? ze?

m, N 4TtE, M T2 N 4me,m.[p? + (Wt)?]  4me,m p?

z%e®

Pget1i1 = W
Bel,il 9611'3603C3me2 p4 ( )

v =




Bremsstrahlung emission

* The electron begins to accelerate when it

is about a distance p from the ion. It e

. ____________
continuous to accelerate until it travels a P
distance p away from the ion. p P
2p
At = —
” ®
* Therefore, the energy loss by one electron +tze z
colliding one ion is:
d z%e® 1
Ege1i1 = Ppe1,i1dt = 183e.33m.2 vp3 4))
» With careful integration:
Egoti1 = joop de = — 22 ]OO ! dt
el ) PV T 3(ame ) me2ed ), [p? + (v
nz*e® 1

N 3(4me,)3my2c3 vp3
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Bremsstrahlung emission

. . q: . Ve — vildt
« To consider the electron colliding with all - A N
A
ions with impact parameter p from 0 to « /,//T\\ 77 \
. . . . . VY TR
and include the distribution function of Tt Tt
| |
ions £(v)). e T T
R 1 B i
* Number of ions within the cylinder p T p\;‘\'f;\
. . . . . I | I
collided with the incident electron is: P i wo
\\ // \\ //
RN — \ \
N; = n;2mp dp|v, — v;|At \\“/::::::iz::‘i\i’// .
© ~ tze | z
= jj fiv)| v, — v;|At2np dp dv; dp
0

 The averaged radiation power is:

PB,el —

EBelllN fj EBelllfl(vl)lve llAtZﬂpdpdvl
At

= f dvij Eperi1lVe — Vilfi(w)2mp dp
0
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Bremsstrahlung emission

V., — V;|At

 Power of the electron colliding with all /L\____f‘_____/;\

ions with impact parameter p from 0 to « ////f\:\_\ ________ /_’f\t\

and include the distribution function of ’,’,,' \\‘ ’,’,,' \\‘

ions f(v)): €e } ‘l:‘. ____Ji__lllrll___
B © IO e S
Ppe1 = jdiij Ege1i1lVe — Vilfi(v)2np dp P ,'I;' P l\\/\\ :'I,"I

0 \\\\\ /’// i \\\\\ /,’//

 In addition, we need to consider the \&’::::::\g’/ .

distribution function of electrons f (v,). +z.e 2 z

The total power loss is: o0 P

I_’B = J dvijdl_jej EB,el,illT}e - T7\i|fi(§i)fe(§e)27ﬂ9 dp
0
+ Since |v, [>> [vil, [T - Til ~ v, .
« In addition: jfi(T’\i) d%, = n,

dv, = dv,dv,dv, = v,* sin0 dvd0d¢$ - 4mv.*dv,

3/2 2
. me . MeVe
fe — Me <21’[Te> exp < ZTe > 12




Bremsstrahlung emission

(0 0) p |
P v v E v v |
Pp = jdvijdveJ Ege1i1lVe — Vilfi(wi) fe(We)2mp dp | A
0 W i W
0 \&/—————_____\L// R

= anfi(ii) dviJ‘l'nvezdvej pdpEB,el,ilvefe(ve) +ze jfp z
0

[oe) 3/2 2
m m.,v
= 81t2nijve3dvej P dpEge1i1ne <2ﬂ';e> eXp (_ ZeTee )
0
3/2 o *
= 8m’nn —e / j v 3dv d e - ex _mevez
iNe 21'[Te . e e pap 48n3603c3me2 vep3 p ZTe
0

= i voiexp | — v —
TMile 48m3e,3c3m 2 ) \ 21T, . e CXP 2T, ¢l P?

13



Bremsstrahlung emission
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* Notice that we are using classical physics. We are not taking account
of quantum effects which happen on a length scale of deBroglie
wavelength Ax = i/(m_v) . Therefore, we have p,;, = /(m_v).

j"odp j‘x’ dp 1 m.,v, 2mm,v,
7 = = =
o P

p2 Pmin h h

Pmin

2 6 3/2 (7 2 o
_ zZ°e m m.v d
48m3€,>c’my% ) \ 21T, 2T, o P?
0

2,6 3/2 2
= 8m’n;n z° e Zmm, Velexp _BeVe ) aw
"e\48m3¢,3¢c3m, 2 ) \ 27T, h ¢ 2T, €
0

0 1 21/2
« With j e dx = > a better value: ( >
0

31-[5/2

P 21/2 e 2,0 20 T 1/2 (W)
= (—5 z’nin —
B~ \6mn3/2) \ €,3c3hm,3/2 ree m3




Bremsstrahlung emission

* For multiple ion species: n;, z;

_ 21/2 e’ w
Pp = n.T.V? ) z2n;;
315/2 ) \ €,3c3hm,3/2 R R A V]
j
1/2 6
_ (2 / e n2T, 12 ( W)
315/2 ) \ €,3c3hm,3/2 ZegeTle m3

2 2
Z.Zi n; Z.Zi n;
J J

where  Z ¢ =

T1/2 (W)
e(m3)" e (keV) \ )3

1/2 W
PB = CBZeffn e (m _3)Te (keV)

P =5.35 X 10—37zeffn

= n, = z Z]n]
ne N - ;

15



Ignition condition (Lawson criterion) revision

- Steady state 0-D power balance: Sg: Bremsstrahlung radiation
S, +S,=Sg+Sy 5 1/2 w
. Sp = CpZesin -3 Te (keV) (_3)
S,.: external heating e (m™) m
S, a particle heating 1 p?
RALE
D+ T — He* (3.5 MeV) + n (14.1 MeV)
1 :
S¢ = Egnyny(ov)(W/m3) np =ngp = SN S\: heat conduction lost
1 1 p%*ov) _3p
— 2 _ S =_ =
Sa—ZEan (O’V)—16Ea 2 k=57
E,=3.5 MeV
P = Pe + Pi = 2Pe = 2n,.T = 2nT
1 “(ov) 1 2 3
£ ( >>_ P3P
16 T? 4 °°T3/2 271



Ignition condition (Lawson criterion) revision

- Steady state 0-D power balance:
S, +S,=Sg+S,

1Ep\lxav) 1. N
16°% T2 ~a B3z 27
6

1. (ov) c 1
1k ~ Coar

pT >

nTt >

1
Z (GV)Ea — CB\/T

3T
1
Z(O‘V)Ea — CgVT

nt >

P =P+ Pi =2Pe =2n,T = 2nT
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Temperature needs to be greater than ~5 keV to ignite
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Temperature of 100 eV is the threshold of radiation

barrier by impurities

L [Wm?]

Line and recombination-induced
radiation

o L W VI WY

AR R Y LW T L R W}
oW A T L N Y
LSRN AU T \ T WY
\ \\\I v \I\ AN

_ Bremsstrahlung
| radiation

H. Lux, etc., Fusion Eng. Des. 42, 101 (2015)
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Under what conditions the plasma keeps itself hot?
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- Steady state 0-D power balance:
S, +S,=Sg+S,
S,: a particle heating
S,: external heating
Sg: Bremsstrahlung radiation

S,: heat conduction lost

Ignition condition: Pt > 10 atm-s = 10 Gbar - ns

« P: pressure, or called energy density
* Tis confinement time



The plasma is too hot to be contained

« Solution 1: Magnetic confinement fusion (MCF), use a magnetic field to
contain it. P~atm, T~sec, T~10 keV (108 °C)

Tokamak Stellarator

Inner poloidal field coils
(Primary transformer circuit)

Poloidal magnetic field Outer poloidal field coils
(for plasma positioning and shaping)

Resulting helical magnetic field Toroidal field coils

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)

https://www.euro-fusion.org/2011/09/tokamak-principle-2/
https://en.wikipedia.org/wiki/Stellarator 21



Don’t confine it!

Solution 2: Inertial confinement fusion (ICF). Or you can say it is confined
by its own inertia: P~Gigabar, T~nsec, T~10 keV (108 °C)

Laser light shines The target
on the target is compressed
4
" ug@ My ¥
T | = ' 4 v [
- 4mn » > QD <€
. ‘ NL."
QY PR
-
The target is ignited The target
burns
n’ \‘
1\ 'v

U733J1

Inertial confinement fusion: an introduction, Laboratory
for Laser Energetics, University of Rochester



To control? Or not to control?
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« Magnetic confinement fusion (MCF) ¢ Inertial confinement fusion (ICF)

Laser light shines The target
on the target is compressed
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« Plasma is confined by toroidal - ADT ice capsule filled with DT
magnetic field. gas is imploded by laser.



We are closed to ignition!

1 0 ® Tokamak
X LaserICF (0N
+  Stellarator \\ &
A MagLI.F OMEGA \
21 @ Spherical Tokamak \\\
10 1 | ZPinch \ § NIF
) ¢ ;R: ) Novﬁlcator C %QUF
=] pheromal ~e W7-X Y
% —  Mirror *LB( FIREX® 3 8 DIl DJET
v Vv RFP Alcator A —sg KSTAR C-Mod o
“ 19 | Pinch NSTX © pi1 g W7-AS ®aspex 1y
T 10 ASDEX g, MAST
€ TFR o o
— WrA GOL-3
r‘E g%’;:é ST \%stfrz IkFUZE
= 17 Y LS
< - IPA
* W \ T-3 § Yingguang-1 c-2w
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l: 15 mCTX
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13 | ETABETAI Tesd
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* maximum projected
0.01 1

Spheromak

Mirror
Samuel E. Wurzel and Scott C. Hsu, Phys. Plasmas, 29, 062103 (2022)

MCF

Large aspect ratio
(Standard tokamak)
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103 -
(Spherical)
10-4

tokamak

ICF

Laser ICF

Axial field compressed
by implosion

Sheared-flow Z pinch
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We are closed to ignition!

n(T),T (M3 keV s)

*
E

NioTioT

23
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QUST = = (nTD)

(a)

og"CFF = 1 0

MCF _ 7.
OSC! =0

ETA-BETAII
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BT

SPARC* ITER?

TMX-
ModeIC/ @® Tokamak ¢ FRC
X LaserICF [ Spheromak
% Stellarator —  Mirror
ETA-BETA | A MagLIF Vv RFP
® Spherical Tokamak Pinch
| ZPinch
"maximum projected ! I I I
1960 1980 2000 2020 2040
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Spheromak

B

Mirror
Samuel E. Wurzel and Scott C. Hsu, Phys. Plasmas, 29, 062103 (2022)

MCF

Large aspect ratio
(Standard tokamak)

!
I
I
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T
i

1
Low aspectradio !
(Spherical tokamak)

(Spherical)
tokamak

ICF

Laser ICF

Axial field compressed
by implosion,

Sheared-flow Z pinch
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(P)TE (atm X s)

We are closed to ignition!

103 E rorrTTT \ r T TTTTT r T T 5 1000; ITER target of T; = 18 keV, nTt = 3.4 atmosphere seconds
i Ignition = [gnition 3 JT-60Ug yT-60U
102 :E NIF m FRC 100% Fusion: Triple product nTt JT-60Ug ® o FT
E ITER V'S Sphel‘omak E doubles every 1.8 years TFTR
) C
101 F A RFP T _ |
F OMEGA (2009) JET v ST *E 10= JT-60U e .Permum 4
B 5 2
100 £ ® ® % Stellarator S - TFTR ‘ .Memed P7
- C-mod .t @ Tokamak o i Alcator C o 3 thentlt;)rg Pro P6
10-! F ©e TFTR @® Tokamak s JET e
- LHD* DIIID ® Tokamak % E Alcator A 80436
102 F Y NSTX @ Tokamak 0.1 LHC
- [SX ® Tokamak -
10—3 E "L (projected) 0.01 ; Tevatron
F AMST ® Laser DD e
] ] O Laser ID .
10_4 ? . T3 Accelerators: Energy doubles every 3 years
F SSPX (projected) 0.001
" 1 ’ E Moore's Law: Transistor number doubles every 2 years
L1l v 1ol L1 | | VISR | | | | |
—1 0 | 2 1965 1970 1975 1980 1985 1990 1995 2000 2005
10 10 10 10 Vour
(T) (keV)

Ignition condition: Pt > 10 atm-s = 10 Gbar - ns

A. J. Webster, Phys. Educ. 38, 135 (2003)
R. Betti, etc., Phys. Plasmas, 17, 058102 (2010) %



Course Outline

« Magnetic confinement fusion (MCF)
— Gyro motion, MHD
— 1D equilibrium (z pinch, theta pinch)
— Drift: ExB drift, grad B drift, and curvature B drift
— Tokamak, Stellarator (toroidal field, poloidal field)
— Magnetic flux surface

— 2D axisymmetric equilibrium of a torus plasma: Grad-Shafranov
equation.

— Stability (Kink instability, sausage instability, Safety factor Q)
— Central-solenoid (CS) start-up (discharge) and current drive

— CS-free current drive: electron cyclotron current drive, bootstrap
current.

— Auxiliary Heating: ECRH, Ohmic heating, Neutral beam injection.

27



Charged particles gyro around the magnetic field line

- Assuming B = Bz and the
electron oscillates in x-y plane

mvy = qBvy,
mt}y = —qBvy

mv, =0 v, = V| = constant

#® K
& ¢,
5 %
Z F
s 4
e i
Tea31

. _ qB. qB\?
Uy = — vy=—( ) Vy
. qB - qB 2
Vy = ———Vx = —(—) vy

_|lq|B Cyclotron frequency or
®c =" gyrofrequency

Vy + w2

vy =0

.o 2 _

Vy + vy =0

vy = v, cos(tw .t + P)
vy = —v, sin(w.t + P)
v, = v”
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Charged particles spiral around the magnetic field line

GUIDING

CENTER B = B%

ION ELECTRON

vy = v, cos(tw.t + P)
vy = v, sin(tw.t + )

v, =V
’ ! x = +rsin(Fw gt +P) + (x, — resinyg)
B
W, = % y = xr.cos(zw.t+YP) + (y, + r.cosy)
2 _

mv . = zZ=2z,+ vt

" | = g7 x B| = Iqv.B] o

v mv . :

r, = = = = Larmor radius or gyroradius

w. |q|B
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Charge particles drift across magnetic field lines when
an electric field not parallel to the magnetic field occurs

y o
m— (Vg + Tac () = q|XE, + (Vg + Dac (1)) X ZB]

m dv Ve (1)
dt

:
™ 000000000

= q[XE, + Vg X ZB + U, (t) X ZB]

dv

No E field case: m- - = qv7 x B

B ,RE, + Py x2B=0
x2B/ (CxB)xA=(A-C)B-(4-B)<C

XE, x2B _E X B | ExB drift velocity

Vg = —
mdv” _ qE” B2 B2
dt dv
ds v;(t:( ) =q VU, (t) xZB Gyro motion
1 — ~ RN A
M at q(XE, + 7V, X ZB) V() =2 (t) + Vg + Vac (B)
E —_— 1 TCA A —_
@ =Tl s, (7 (©) =T—j B (¢) dt = 20y (8) + T
c J0

Electrons and ions drift in the same direction.

TJ\L (t) = 7_7\E + T7\ac (t)
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No current is generated in ExB drift

:

™ 000000000

(T (1))

T)\E=

c

RE, x2B E xB

1 (T
=—J v () dt =2zv,(t) + Vg
T 0

ExB

/:
.
’
.
4
.
4 /
’
.
’
.
’
.
’
.
’
.
’
’
.
’
.
’
.
’
.
’
.
’
.
’
.
’
’
.
’
.

ExB drift velocity

BZ

BZ

Electrons and ions drift in the same direction.

#® K
& ¢,
5 %
Z F
s 4
e i
Tea31
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Gravitational drift

Charge particles drift across magnetic field lines when
an external field not parallel to the magnetic field occurs_

dv”_ E
m-— = 4%
dv

1 (T
(Ty‘(t)):T—j v (t) dt =zv,(t) + Vg
0

Cc

XE, x2B E xB
BZ = B?

—_—
Vg =

ExB drift velocity

> Z
z "
2 4
%, >
oh v
1831

1 (T
(T (b)) :T—j V() dt =2zv,(t) + Vp
cJ0

X(F, /@) x2B 1F xB
B2 q B2

—_—
Vg =

Gravitational drift velocity

Therefore, currents are generated.

« Electrons and ions drift in the opposite directions in the gravitational drift.
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Drift in non-uniform B fields

Charge particles drift across magnetic field lines when

the magnetic field is not uniform or curved

 Gradient-B drift e Curvature drift

mv,2 B xVB
2q B3

T;V:

B . .. BxVB{( ,
Viotal = VR + Vy = w52 \Yl +
C

s Xy
WS Ky,
& °
& <
B %
7 8
2 4
% &
) w
T3t
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Gradient-B drift

Charge particles drift across magnetic field lines when
the magnetic field is not uniform or curved

* In the case with no gradient B

X, = Fr.sin(fw.t + P)

I y. = tr.cos(tw.t + P)
VB

vy = v, cos(Fw.t+ YP)

000000000 -

Fy =~ —qv,sin(Fw.t + P)X
= q(TJ‘ X B) = XquyB, — yqvyB,

~ aB,\ _ B, <Bo T
= Xquy|Bo +y 57 |~ ¥qvx(Bo+y
F. =

d
A 0B, 1 32B + y —qv, cos(tw .t + P) X
aB BO— C
szqu<B +yay)

JdB,
Fy=—quy(B,+Yy 3y




Charge particles drift across magnetic field lines when

the magnetic field is not uniform

—qv,sin(w.t + )

VB

~ —qv, cos(tw.t + YP)

@ l_}
(F.y — _qv.T: 9B, _ _vaz 0B,
y 2 dy 2B dy
R _1T'\><l_?\ > _l(Fy)?szz__vaZ dB, _
VF= 4T B2 ""q B2 2qB,2 9y

B, X7

B0 + r.cos(tw,
Lo _ldlB
c W, c= "
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Curvature drift

Charge particles drift across magnetic field lines when
the magnetic field line is curved

_ 1FxB
Vg =—
F q Bz
N 1F\cf><§ mv”z R\CXP\
’vR=— =

q B2 2q R_.B?

WS Ky,

& °
& <
B %
7 8
2 4

% &
) w
T3t
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Drift in non-uniform B fields

Charge particles drift across magnetic field lines when
the magnetic field is not uniform or curved

‘ . mv,2BxVvB _ my?R.xB
e i I
/— (VXB)I‘ r ae az\ 0 ( )9 > o
R
C R 1aBr
VxB) = _10B,
. ( )Z (r 0) _—y:
10 X
ﬁ:Ba VXB (VXB) :__(TBB)—O BBOC;
Cylindrical coordinate B~ RZ
AN AN RN E\X VB 2 1 2 m R\CXP\ 2 1 )
Vtowal = VR ¥ Tv = w.B? L] +§vl = q R.2B2 4l +§vl

« Electrons and ions drift in the opposite directions in the grad-B and
curvature drifts. Therefore, currents are generated.




Quick summary of different drifts

(S Kl

< ‘S
& e
5 3
7 F
2 4
“, 5

it

ExB drift: 3 = Independent to charge

- Gravitational drift: 7| = 1 F;(ZB Depended on charge
q
. mv,’BxVB
« Grad-B drift: Vy = 24 B3 Depended on charge
2 —_—
« Curvature drift: = _Mmv" R.xB
VR 29 R.B? Depended on charge
* Non-uniform B drift:
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Plasma can be confined in a doughnut-shaped chamber
with toroidal magnetic field

« Tokamak - "toroidal chamber with magnetic coils” (ToponpanbHas

Kamepa C MarHUTHbIMM KaTywlkamu) |

Relatively Constant Electnic Current

Nature

L Toroidal
Field

\\
\'»,%l/»\ . B
»j A
.4/

Constant Toroidal Field \\\\ %(<<\\<<\\<< MY \\\ /////,

Measurement of the Electron Temperature by Thomson
Scattering in Tokamak T3 T.=100 ~ 1 keV

by
N. J. PEACCCK
D. C. ROBINSON

M. J. FORREST
P. D. WILCOCK

UKAEA Research Group,

Culham Laboratory,
Abingdon, Berkshire

V. V. SANNIKOV

I. V. Kurchatov Institute,

Moscow

/ n,=1-3 x 10" cm3

Electron temperatures of 100 eV up to | keV and densities in
the range 1-3 x 10" cm=® have been measured by Thomson scattering
on Tokamak T3. These results agree with those obtained by other
techniques where direct comparison has been possible.

https://www.iter.org/mach/tokamak
https://en.wikipedia.org/wiki/Tokamak#cite_ref-4

Drawing from the talk “Evolution of the Tokamak” given in 1988 by B.B. Kadomtsev at Culham.
N. J. Peacock,et al., Nature 224, 488 (1969)
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Quick summary of different drifts

PN EXB
« ExBdrift: v = =
_ . mv,2BxVB
* Grad-B drift: Vy = 24 B3
2 —_—
- Curvature drift: Pp = mv,~ R. X B

& Yo
& <
¥ %
7 5
2 &
e i
Teat

Independent to charge

Depended on charge

Depended on charge
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Charged particles drift across field lines

ION

Grad-B drift

VB

ExB drift
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J. P. Freidberg, ldeal Magnetohydrodynamics
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The particle drifts back to the original position if a smali
poloidal field is superimposed on the toroidal field

Magnetic line
Pressure

contour

Magnetic axis

oo
& .
o 3
z m
2 *
Ty &
Taa

Guiding center
trajectory

Nested
surfaces

e Points with no drift
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A poloidal magnetic field is required to reduce the drift
across field lines

Inner poloidal field coils

Toroidal (Primary transformer circuit)

Direction Poloidal magnetic field Outer poloidal field coils

(for plasma positioning and shaping)

JG055371¢

7 J N\ &.’
‘\ lon gyro-motion A [N \

Resulting helical magnetic field Toroidal field coils

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)

https://www.davidpace.com/keeping-fusion-plasmas-hot/
https://www.euro-fusion.org/2011/09/tokamak-principle-2/ 43



A poloidal magnetic field is required to reduce the drift
across field lines

~

Outer poloidal field coils
or plasma positioning and shaping)

[ —

S5

9

T —

-

Id Toroidal field coils

oidal magnetic field
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Stellarator uses twisted coil to generate poloidal
magnetic field

Tokamak Stellarator

Inner poloidal field coils
(Primary transformer circuit)

Poloidal magnetic field Outer poloidal field coils
(for plasma positioning and shaping)

Resulting helical magnetic field Toroidal field coils

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)

https://www.euro-fusion.org/2011/09/tokamak-principle-2/
https://en.wikipedia.org/wiki/Stellarator 45



Magnetohydrodynamics description of plasma

d
« Continuity eq: % +V-(pp,?)=0

67_7\ N N RN — RN g
« Momentumeq: p, ﬁ+(v-|7)v =pgE+jxB—-V-P

* Ohm,s Iaw: 7\ — O.(E\ + T)\ x P\) / / Same net mass flow out
« Equation of state: i P —0 /
dt \p,?Y /

- Maxwell’s eqgs: /'/' 0Pm

V ) E\ = & Net mass flow in

€ /
V-B=0
V v E\ . a P\ . ]' i‘:
ot N o———
— —_ a E q
VXB:”O]‘l'eoﬂoﬁ

https://eaglepubs.erau.edu/introductiontoaerospaceflightvehicles/

chapter/conservation-of-mass-continuity-equation/
https://www.youtube.com/watch?v=luOEp8 Gp8U
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Magnetohydrodynamics (MHD) description of plasma w/
low-freq. and long-wavelength approximation
pm

Continuity eq: ¢ TV (m V) =0 w/ long wavelength ( 2 >> 1, )

67_7\ N N — RN g
Momentumeq: p, ﬁ+(v-|7)v =%§+1 XB—-V-P

Ohm’s law: j = a(f + T X 1‘;‘)

Equation of state: i P > —0

Maxwell’s egs:

- P .
V-E=—x=0 w/long wavelength ( 1 >> A4 ) => quasi neutral
o
V-B=0
VXE = 9B
- ot /.
E

VXB =p,J + €Ml 3t

w/ low freq. (w<< wp )
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Ideal MHD

Continuityeq: ——+V:(p,,?) =

Momentum eq;: pm[—t+(T7‘-|7)Ty‘ =7 xB -

Ohm’s law: E +

T X
Equation of state: i ( P > —0

Maxwell’s egs:

V-E~0  Requirement: Conflict!
« High collisionality — fluid model 7
V-B=0 « Small gyro radius — low frequency
3B « Small resistivity — a perfect conductor «—
VxXE=-35 ; 0 vnry T
Ui Ui Ti T'Li Li
- - ~— o~ —1 .= —— ~ = <<1
VXB=p,]j 7ot a Wi i @ a@ Vri  a
V-] =0 \

Scale length of nonuniformity.
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Region of validity for ideal MHD

15
y=1
1
y yo=x
x=1
0.5 Ideal
MHD
0
0 0.5 1 1.5
X
Mean free path: A;~v;t;;
1/2 -
mi\"'? vty « Requirement:
X = — p * High collisionality
. « Small gyro radius
y =2 « Small resistivity

x K1
y«K1

y*/x« 1
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Low resistivity requirement (small n)

| = ol E + v X B = £ ~7?
j =0 ) nj=E+DxB ——
. Vp| 1nT 1 nmvr’ d v Vi
j x B|~|Vp] j~m~— ~- T oL P =2
B a B a B it a TLi
e me 12 eB
~ e p_r W = ——
n neztel Tei~Tee m; Tij k~V a ci m,
1/
_ ﬁ UTiTii _E
m, a
njl nj m. 1nmyy® 1 mevy m me vy mi°  m. vy
lvx B| vpB Nneztei a B

vriB  Te; @ e2B?  myTy a e?B?2  m;T. aw?
1/2 1/2 2 1/2 2 1/2
me (mi) Ui <me) Uri TLi” <me) 1 7y <me> 1 (rLi)Z
2~ 2 ~ P
m;T;; \me aw.; m; TjjA VT m; TjjA Vj m; wTj; ~ A
2
y

=—<K1
X
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Fusion plasma is not in the ideal MHD region!

1/2
m; V71iTii . rLi
X=|— y =—
a a

1018 m3 <n<10%m3
0.5keV<T<50KkeV

2u,nT
BZ

 Requirement:

+ High collisionality X = 3 x 10°

- Small gyroradius y=2.3x107? (
B

L] - - 2
- Small resistivity Y _ 1.8 X 10‘7?<< 1

X

T (keV)

102
Fusion
plasmas
109
_y=1
1072 x=1
Ideal
MHD
104
| yixoo
104 102 102 10! 10° 10" 102 100
n (10°°m=3)
TZ
—<<1
an
B 1/2
— <<1
na

a

« With strong B, the gyromotion mimic the collisional characteristics.
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Ideal MHD

Continuity eq:
* Momentum eq:

e Ohm’s law:

apm —
M. yp. —
a?+ -7 T =

—_

FxB-v-P

E+TxB=0

« Equation of state: i ( P > —0
Pm”

« Maxwell’s eqs:

V-E~0
V-B=0
V><T:"\=—iE
.o
VXB=p,j
V-7=0

dt

 Requirement:
* High collisionality — fluid model
« Small gyro radius — low frequency
« Small resistivity — a perfect conductor

52



Additional simplification of the momentum equation

677\ N N N RN g
* Momentumeq: p, W+(v-|7)v =jxXB—-V-P

g
V-P =

>
v.p=(

0

d
dx 0y 0z

Pyx
Pzx

e

d a) P pO
yy

dx Jdy 0z 0 0
/apxx\ apyx n apzx\

ay 0z

apyy apxy n apzy

ay dx dz
apzz/ apxz n apyz/

0z dx ay

Pxy Pxz
Pyy pyz) =

Pzy Pz

OPxx +0pyx +6pzx\
dx ay dz
d d d
pxy_l_ pyy_l_ pzy
dx ay 0z
apxz apyz apzz/
dx ay 0z
0
0 0 o\ p(’)‘y
ax oy az)\ "
Pzx pzy

sy
< 3
& <
> %
z m
C3 &
“, S
e
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Additional simplification of the momentum equation

0 9 8 o
O 1+\ox 3y a2
X
P Y
a\[Px 0 0
0O p 0
ax @ az) Y
Y 0 0 p,
pXX
* Isotropic plasma: p,x =Py =P =P 0
L «—> O
V-P=Vp+V-II
pm[¥+(v-|7)v]=]xB—Vp—l7-H

Pyx
Pzx

[

[a KUy
e o
& <
5 1
z m
2 4
“, S
v v

0 py,
Pzy O

d i
Pyx n pzx\

> 0 pyy Pxz

ay

OPxy

0z
0P,y

—

ax
0P«

+az

ax

apyz/

+0y

~

Viscosity V- n

= pl
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Viscosity is negligible in a collision-dominated plasma

#® K
& ¢,
5 %
Z F
s 4
e i
Tea31

Y component of momentum transfer through the surface A.

ylk
( )d di dv,
mvyn ~— 2
o | T~

u~mnvdl~mnv(vt;)~mn

dl
> X

M~p(2v,- 2v. 7 ) ~p 20

~ V) —=V-T|~u—

H Y13 u a
v-II| Ha nTyyvr tyvn A

- - itiPT MvT M « 1 Ai"'vTiTii

Vp ap ap a a

0D o
pm[¥+(TJ‘-V)TJ‘]=jXB—Vp—V'H

a? —_ —_ ]
pmlﬁ+(v'|7)v]=] XB—-Vp
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Ideal MHD

« Momentum eq: Pm[

e Ohm’s law:

« Equation of state:

« Maxwell’s eqs:

V-E~0
V-B=0
vxE=-258
I
VXB =, j
V-] =0

Continuity eq: ——

Requirement:
* High collisionality — fluid model
« Small gyro radius — low frequency
« Small resistivity — a perfect conductor
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When forces are balances, the system is in the
equilibrium state, or called “Magnetohydrostatics”

« Equilibrium state: il
0T ] o = ;F Ps3
- = jXB-Vp=0 — D2

d T/ﬁ P1
j XB=Vp
VxB = u T
j xB=—(|7xB)xB=—[(B-|7)B——VB =Vp +—
Ho Ho 2
V<P+ BZ)— 1 (B-V)B
21,/ Ho
Magnetic Magnetic — Forces caused by
pressure tension curvature of the field lines

— jLVp Bivp m) j Vp=0 B-Vp=0

* The surfaces with p = constant are both magnetic surfaces (i.e., they
are made up of magnetic field lines) and current surfaces (i.e., they are

made of current flow lines).
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Magnetic lines lying on pressure contour

SR
4 ‘S
& <
A 3
% F
C3 &
“, s
o »

« Contours of constant pressure <+ Magnetic lines lying on pressure contour

Magnetic line
Pressure

contour

Magnetic axis

* Pressure gradient is balanced by the j x B force

J-vp=0
B-/p=0
B-vw=0

magnetic axis

* A magnetic (or flux) surface is one that is everywhere tangential to the
field, i.e., the normal to the surface is everywhere perpendicular to B.
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Course Outline

« Magnetic confinement fusion (MCF)
— Gyro motion, MHD
— 1D equilibrium (z pinch, theta pinch)
— Drift: ExB drift, grad B drift, and curvature B drift
— Tokamak, Stellarator (toroidal field, poloidal field)
— Magnetic flux surface

— 2D axisymmetric equilibrium of a torus plasma: Grad-Shafranov
equation.

— Stability (Kink instability, sausage instability, Safety factor Q)
— Central-solenoid (CS) start-up (discharge) and current drive

— CS-free current drive: electron cyclotron current drive, bootstrap
current.

— Auxiliary Heating: ECRH, Ohmic heating, Neutral beam injection.
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Theta pinch — current in the azimuthal direction

VX B = Ho ]
IR 1 0B, 0By
(VxB), =1 %0 "oz = °
— 0B, 0B, 0B,
(VXB)B_ dz ar  or
N d 1 0B
Plasma (V X B) — _(rBe) - r
z rdr r 200
Symmetry: 0dy=0,=0 | 3B
- ~ . T y2
B =B,z Jo = n, or
All quantities are only functions )
1 B 1 —\ A\ —
of the radius r. V(P+2 >=—(B-|7)B=O
V- E‘ —0 ﬂoz ﬂoz
19 1py4+198, 95 P+sz=zBo
ar = T 20 ' 0z Ho  “Ho
—_— —_— d
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Theta pinch is an excellent option for producing radial
pressure balance in a fusion plasma

« Example: 2u,p(r) A 212
_1_1[1_ 2
| | . r . 5 " 1-[1-B(1-p?)’|
B,(r —~
0.8F B, ;( ) _ 1—ﬂ(1—p2)2
o
0.61 g d ( )
: _ap apojo(r 5
ol | JeBz = dr » B—o = —4-[3p(1 — pz)
i _ 2 r
0.2 B = Bo B, = ”01270 p= -
. 1+ (1 — ﬂo) Bo
OO 0.2 0.4 0.6 0.8 1
P
2u,(p)  4n, (° f 1( Bz2> - (2 B)
=P = = rdr = 2 1-— dp=p\|\z——
ﬁ Bt Boz aZBOZ 0 p 0 BOZ pap ﬁ 5
Bo Bo
() ~— ,f = —
Bo B~ 3 0<pB<1

Bo—1 = B-1B~—¢
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Theta pinches provide good radial confinement but NOT
axially

 The gas is initially preionized.

« The coil current is provided by a capacitor
bank. The typical pulse length is 10-50 us.

* The rapidly rising magnetic field acts like a
piston, imparting a large impulse of
momentum and energy to the particles as
they are reflected.

This energy is ultimately converted to heat after repeated reflections off
the converging piston.

T.~1-4 keV, n~1-2 x 1022 m-3, Bo ~ 0.7-0.9, B ~ 0.05.

Plasma

The plasma simply flowed out the end of the device along field lines in a
characteristic time T = L/V1;~10ps for L =5 m.

Main issue: end loss.
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Charged particles can be partially confined by a
magnetic mirror machine

« Charged particles with small v, eventually stop and are reflected
while those with large v, escape.

5 Mv" =5my +Emvl Invarient: u = > R

= sin%0,,

* Large v, may occur from collisions between particles. By, "R,

 Those confined charged particle are eventually lost due to collisions.

https://i.stack.imgur.com/GlzGZ.jpg 63



Z pinch — current in the axial direction. The radial
confinement of the plasma is provided by the tension force

V X E\ = HUo ]
. 10B, 0B,
(VxB), =36 "7 =°
0B, 0B,
(VXB)G_ 9z or
10 1 0B 10
(VX B) ==—Bg) — = — =— —(rBy)
« Symmetry: 9,=0,=0 7;57”0 r a0 ror
B = BgH Ja = 5(7‘39)
« All quantities are only functions L dp
of the radius r. J XB=Vp j,Bg = _d_/_
Pr20 2 4B)=0
0( )+1aBg+aBz dr pu,r or
ror-or a0 0z d B2 B2
108y _ E<p+2ﬂo>+ﬂor_0
r 00

Magnetic pressure = Magnetic tension
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Z pinch — there is no flexibility in achieving small to

moderate 3
3.5 « Example:
3 2 r 2
: 2RI _2 (5 - 297)(1 - p?)’
ol BOa
150 B.(1 2
1 By ;()—2P<1_%>
05 ba
% 02 04 06 08 1 1 0 apoj, (1)
. B _
3 d | : J2 = Ut OT ar "Be) - By, 4(1 P )
o l— _p e | Ho |
dr _B, dBy By, = Bg(a) = oma
i dr
0 2
-B, By _ B%) ﬂ = ﬁp = u0<129> = 2 j prd‘r =1
Ml B/ wor By, a Bea
oo Bennett pinch relation: g =1
d B; ) B;
—(p+ +——=0
d (p 200)  HoT




Huge instabilities occur in a z pinch

« A capacitor bank is discharged across two

electrodes located at each end of a cylindrical
quartz or Pyrex tube.

« The gas is ionized by the high voltage and
produces a z current flowing along the
plasma.

- Disastrous instabilities occurs often leading
to a complete quenching of the plasma after
1-2 us.

Main issue: unstable.

Facebook@ZFRAER (https://www.facebook.com/share/p/18N8x8kFmu/ )
https://en.wikipedia.org/wiki/Pinch_%28plasma_physics%29
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General screw pinch — linear superposition of the theta
pinch and the z pinch

VXE\:ﬂoT
.. 1B, 0B,
X = — — =
(V B)l‘ r 200 0z 0
.. 4B, dB, 4B,
(VXB)B_az_ar__ar
N 10 1 0B 10
(VxB) ==—(Bg) —=—2 == —(rBp)
- Nonzero field: B = By0 + B,2 2 ror r 00 ror
T i 04is 1 dB : 1 0
J =JeO +j,2Z ;o 7z = — (rByp)
N Jo Ho or ’ ”orar ¢
v-B=0 TxB=v B, —j.By = — P
10 o), 1980 0B, JAZ=P JeBa T )P = T gy
rore Y00 ez B, 0B, B, O(B)_ dp
laBe_I_aBz:O H, Or p,r or o) = "4
r o8 oz d( +B§+B§>+B§_O
dr P 2u, UoT
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General screw pinch is flexible with varies range of 8

~ 0 P+B§_B§ d<+35>+33_0
21,  2H, dr\P " 2p,) Ter ~
+B§> Bg] B; 1
+ =0 =—4 B2 — (B?
Mor (p> 2”0 2”0 ( (4] < Z))
2 2
_ ﬂo<129> g = BBy _ Zuo<p>2 0< (B <1
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An equilibrium state may not be stable

A B C
NO EQUILIBRIUM NEUTRALLY STABLE (METASTABLE)
EQUILIBRIUM
%
4 g
D E
STABLE EQUILIBRIUM UNSTABLE EQUILIBRIUM

F G
EQUILIBRIUM WITH LINEAR EQUILIBRIUM WITH
STABILITY AND NONLINEAR LINEAR INSTABILITY

INSTABILITY AND NONLINEAR

STABILITY
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A cylindrical plasma column

may not be stable

Instabilities of theta pinch

Q)
D o

0 )
(b) (D\\Vﬂ
\/
» (e)

(a) Unperturbed
(b) m=2, k=0
(c) m=3, k=0
(d) m=0, k¥0
(e) m=1, k#0

Instabilities of z pinch

a_\ /.

Sausage Kink
instability instability
(m=0) (m=1)

{((T) ={(r)exp(im0 + ikz)
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A cylindrical plasma column is stable when the safety
factor is greater than unity

« Sausage instability (m=0) * Kink instability

.
I"r - \

BQ small plasma

lasma .
p surface
&

surface

By large

By small

rB,(r)

« MHD Safety factor: q(r) = m
o0

Kruskal-Shafranov limit
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Theta pinch is stable while z pinch is unstable

#® K
& ¢,
5 3
7 F
s &
“, s
W »
T3t

« Theta pinch « Z pinch « Screw pinch

Plasma

B =B,
qg= © q,= 0 q can be controlled.
Stable Unstable Stable/Unstable

B, (r)

1) = BBy
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