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Fusion doesn’t come easy
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Course Qutline

« Brief background reviews
— Electromagnetics
— Plasma physics
 Introduction to nuclear fusion
— Nuclear binding energy (Fission vs Fusion)
— Fusion reaction physics
— Some important fusion reactions (Cross section)
- Main controlled fusion fuels
- Advanced fusion fuels

— Maxwell-averaged fusion reactivities



Course Qutline

 Introduction to nuclear fusion (cont.)
— Collisions (Bremsstrahlung radiation)
— Columb scattering. Cross section of the Columb scattering
— Beam-target fusion vs thermonuclear fusion
— Lawson criteria, ignition conditions

— Magnetic confinement fusion (MCF) vs Inertial confinement fusion
(ICF)



Charged particles collide with each other through
coulomb collisions

 Relation between @ and tis
B 0 = coso I
X = —rcosf = ey = v
 Therefore,
© n 2 v
mv, = j dtF (t) v, = To J dOsinf = T4o = oPo
— oo muvgop Jy mvop p
e Coulomb force: 2qq,
where Po = >
mvy
= 4qo
mr = —21" o )
r * Note that this is valid only
a9, when v, <<wvy ,l.e., p>>Dpy.

F, = ——sin30
1 pz



Cumulative effect of many small angle collisions is
more important than large angle collisions
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Consider a variable Ax that is the sum of many small random variables
Ax;, 1=1,2,3,...,N, N

Ax = Axq + Axy + Ax3 + -+ Axy = ZAxi

* Suppose < Ax; >=< Ax;AX; >i¢i: 0 i=1
N

(a5)?) = Zﬂxl = {ax)?) = N{@ax?)
i=1

For one collision:

2 2 1 2 2
(9:2) = (@v?) + ((av,)*) = 2220 {(@v?) = {(avy)") =5 =

The total velocity in X

N 2 2
<(Avxtot)2> _ N((Avx)2> == v0plz70



The collision frequency can be obtained by
Integrating all the possible impact parameter

d 2 d 2
— (A, tot >=2—<A tot >
dt<( 1) #t (dvx )
= 2Ny V> Po> a@r
Pmin p
3.2 Pmax
= 2TTNnyvy° Py ln( )
* Number of collisions in a time T;mm
interval: ~ 2nn0v03p021n<|pnl>
0
dN = ny2mp dp v, dt B Y
l.e., — =2mpdpnyv
Th ?t P apToto - Note that
. erefore 1/2
d 1 vopy% dN Ap = KT
_<(Avxt0t)2> _ = 0 pO 4‘””062
dt 2 p? dt ,
Ap  Apmeve®  ApKT. ;
3 2 dp ~ 2 ~ 2 =~ 4‘””0).1)
=T NoVo Po” —- [Pol 2e e

p ~ A



Comparison between the mean free path and the
system size L determines the regime of the plasma
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A reasonable definition for the scattering time due to small angle
collisions is the time it takes <(Avﬁ°t)2> to equal v,2. The collision
frequency v, due to small-angle collisions:

2qq, B 8nnge*lnA

2

tot _

<(Al ) > ~ 2MNgve3po?Inad = vy?v,, Po = o2 = Ve =
e

d
dt

my2v,3

 With more careful derivation, the collisional time is obtained:
4+/21tne*InA

_1 _ —
© 3ym(KT,)3/2

 Mean free path: Infp = VeTe

Lntp < L Fluid Theory
Imtgp > L Kinetic Theory



Electromagnetic wave is radiated when a charge
particle is accelerated

 The retarded potentials are the electromagnetic potentials for the

electromagnetic field generated by time-varying electric current or charge
distributions in the past.
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https://jseldredphysics.files.wordpress.com/2018/04/lecture18.pdf



Bremsstrahlung emission

« When an electron collides with a nucleus
via coulomb interaction, the electronis e-

accelerated and thus radiates, called  —~ [ — —
Bremsstrahlung radiation. P
* In the non-relativistic limit, the “
Bremsstrahlung radiation power is: +76 Y
|
P et I
Belil = 6Te, C3 p: Impact parameter

« The coulomb force experienced by the electron is:
F  ze* ze? ze?
me 4me,m.r? 4me,mq[p? + (vt)2] = 4me,m.p>

z%e®

Pge1i1 = w
B,el,il 9611'3603C3me2 p4 ( )

v =




Bremsstrahlung emission

 The electron begins to accelerate when it

N> y

is about a distance p from the ion. It e'.
continuous to accelerate until it travels a 5
distance p away from the ion. P P
2p
At = —
” @
« Therefore, the energy loss by one electron tze
colliding one ionis:
J z%e® 1
Ege1i1 = Ppe1,i1dt = 3 )

3¢ 303m 2
48m€e,°c°my“ vp

» With careful integration:

Epoir = joop di=__ 2%€ joo 1 dt
B,el,il — o B,el,il - 3(4n60)3mezc3 o [pZ + (vt)Z]Z

rz%e® 1

N 3(4me,)3my2c3 vp3
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Bremsstrahlung emission

. .- : Ve — vildt
* To consider the electron colliding with all e — N
: : : ST \
ions with impact parameter p from 0 to « Ay AN
. . . . . I \\\ I \\\
and include the distribution function of T T
ions f,(v). e T T
. L . ® i E. ﬂ*;'ﬂ“\
« Number of ions within the cylinder 0 p |
. . . . . | | |
collided with the incident electron is: Pl W
\\ /I \\ /I
LN N V] \
N; = ni2mp dp| 7, — 7;|At . VA
° . +ze | z
- [ [ r@o1w. - viatzmp ap as, dp
0

 The averaged radiation power is:

PB,el —

EBelllN fj EBelllfl(vl)lve |At21‘tp dpdvl
At

= f dvij Eperi1lVe — Vilfi(w)2mp dp
0
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Bremsstrahlung emission

 Power of the electron colliding with all
lons with impact parameter p from 0 to «
and include the distribution function of

Pper = jdiij Ege1i1lVe — Vilfi(w;))2np dp
0

ions f(v)):

(0.0]

In addition, we need to consider the
distribution function of electrons f (v,).

The total power loss is:

Since |v, |>> |v|],

In addition:

sz

v, — V;lAt
A Al
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117\ 1717\
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| | I
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| 1! 1
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Wy \\
W[, i/ Wy
\&/__________\l//
rze |
dp

oo

|7_7\e_7_7\i| ~ Ve -

]fi(T’\i) d7v; =n,

dv, = dv,dv,dv, = v,* sin0 dvd0d¢$ - 4mv.*dv,

m 3/2
: ) exp (_

fe:ne<

2nT,

meve
2T,

2

)

j 4%, j d%, j EgeritlPe — Bilfi@)f e @o)2mp dp
0



Bremsstrahlung emission

(0 0) p |
P v v E FY) 7 \
ik j v, j dveJ Ege1i1lVe — Vil fi(i)fe(Ve)2mp dp Wl W)
’ - I\
o s — — >

= znjfi(ii) dviJ‘l'nvezdvej pdpEB,el,ilvefe(ve) tze gp z
0

[oe) 3/2 2
m m.,v
= 81t2nijve3dvej P dpEge1i1ne <2ﬂ';e> eXp (_ ZeT: )
0
3/2 o *
= 8m’nn —e / j v 3dv d e - €Xp _mevez
iNe 21'[Te . e e pap 4-877:3603C3me2 vep3 ZTe
0

= i voiexp | — v —
TMile 48m3e,3c3m 2 ) \ 21T, . e CXP 2T, ¢l P?
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Bremsstrahlung emission

» Notice that we are using classical physics. We are not taking account

of quantum effects which happen on a length scale of deBroglie
wavelength Ax = A/(m_v) . Therefore, we have p,,;, = A/(m_V).

j"odp j‘x’ dp 1 m.,v, 2mm,v,
7 = = =
o P

p2 Pmin h h

Pmin

2 6 3/2 (% 2 -
_ zZ°e m m.v d
Py = 8m*n;n, 3 © v.lexp | — —— | dv, j —12)
48m3€,>c’my% ) \ 21T, 2T, o D
0

2,6 3/2 2
= 8m’n;n z° e Zmm, Velexp _BeVe ) aw
"e\48m3e,3c3m 2 )\ 2nT, h € 2T, ¢
0

00 1 21/2
« With j e dx = > a better value: ( )
0

31-[5/2

= z°nn —
B~ \6m3/2) \ €,3c3hm,3/2 ree m3

15



Bremsstrahlung emission

« For multiple ion species: n;, z;

_ 21/2 e® w
Pp = n.T,1/? E z2n;; | —
31>/2 | \ €,3c3hm,3/2 i Y A\m3

21/2 1/2 1174
- <31‘[5/2>< c3hm 3/2> ZesneTe <$>

W
-37 1/2

1/2 W
Pg = CBZeffne (m‘3)Te (keV)
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Ignition condition (Lawson criterion) revision

-« Steady state 0-D power balance: Sg: Bremsstrahlung radiation
SotS,=Sg+S, w
. Sp = CpZegn’ 3 Tl/i V) | 17,3
S,: external heating e(m™)" e (keV) | g3
S,. a particle heating 1 p?
=3
D+ T — He* (3.5 MeV) + n (14.1 MeV)
1 :
S = Efnlnz(av)(W/m3) np = Ny = En S,: heat conduction lost
1 1 p%*ov) _3p
_ 2 _ S, ==—
Sa—ZEan (O'V)—16Ea 2 k=57
E,=3.5MeV

P =Pe +Pi = 2P =20n,T = 2nT

1 2(ov) 1
Eqv( >>_ 4
16 T? 4
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Ignition condition (Lawson criterion) revision

« Steady state 0-D power balance:
S,+S,=Sg+S,

1Ep\lxav) 1. N
16°% T2 ~a B3z 27
6

1. (ov) c 1
1k ~ Coar

pT >

nTt >

1
Z (GV)Ea — CB\/T

3T
1
Z(O‘V)Ea — CgVT

nt >

P =P+ Pi =2Pe =2n,T = 2nT
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Temperature needs to be greater than ~5 keV to ignite
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Temperature of 100 eV is the threshold of radiation

barrier by impurities

L [Wm?]

Line and recombination-induced
radiation

o L W VI WY

AR R Y LW T L R W}
v AT W \ B T Y
AR R A AT T | T Y
\ \\\I v \I\ AN

| Bremsstrahlung
{radiation

H. Lux, etc., Fusion Eng. Des. 42, 101 (2015)
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Under what conditions the plasma keeps itself hot?
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« Steady state 0-D power balance:
S+S,=Sg+S
S, aparticle heating
S, external heating
Sg: Bremsstrahlung radiation

S: heat conduction lost

Ignition condition: Pt > 10 atm-s = 10 Gbar - ns

 P: pressure, or called energy density
* Tis confinement time



The plasma is too hot to be contained

« Solution 1. Magnetic confinement fusion (MCF), use a magnetic field to
contain it. P~atm, T~sec, T~10 keV (108 °C)

Tokamak Stellarator

Inner poloidal field coils
(Primary transformer circuit)

Poloidal magnetic field Outer poloidal field coils
(for plasma positioning and shaping)

Resulting helical magnetic field Toroidal field coils

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)

https://www.euro-fusion.org/2011/09/tokamak-principle-2/
https://en.wikipedia.org/wiki/Stellarator 22



Don’t confine it!

« Solution 2: Inertial confinement fusion (ICF). Or you can say it is confined
by its own inertia: P~Gigabar, T~nsec, T~10 keV (108 °C)

Laser light shines The target
on the target is compressed

4 .
i P f'?
~4mm »@« >Q< e
l n | 1 ‘AV

L PR
The target is ignited The target
burns
i’ \{
uﬁ 'w

U733J1

Inertial confinement fusion: an introduction, Laboratory
for Laser Energetics, University of Rochester



To control? Or not to control?
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« Magnetic confinement fusion (MCF) ¢ Inertial confinement fusion (ICF)

== & Laser light shines The target
4 on the target is compressed
4
U@ My ¢
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QY P=
3
The target is ignited The target
burns
v
3’%;6
lb‘ l‘
r Y P
*
- Plasmais confined by toroidal ¢ A DT ice capsule filled with DT

magnetic field. gas is imploded by laser.



We are closed to ignition!
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(Spherical tokamak)

(Spherical)
tokamak

ICF

Laser ICF

Axlal field comprased

Sheared-flow Z pinch

Samuel E. Wurzel and Scott C. Hsu, Phys. Plasmas, 29, 062103 (2022)
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We are closed to ignition!

n(T),T (M3 keV s)
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Samuel E. Wurzel and Scott C. Hsu, Phys. Plasmas, 29, 062103 (2022) 26
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ICF

Laser ICF

Axial field compressed
by implosion,

Sheared-flow Z pinch



(P)Tg (atm X s)

We are closed to ignition!
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Course Qutline

« Magnetic confinement fusion (MCF)
— Gyro motion, MHD
— 1D equilibrium (z pinch, theta pinch)
— Drift: ExB drift, grad B drift, and curvature B drift
— Tokamak, Stellarator (toroidal field, poloidal field)
— Magnetic flux surface

— 2D axisymmetric equilibrium of a torus plasma: Grad-Shafranov
equation.

— Stability (Kink instability, sausage instability, Safety factor Q)
— Central-solenoid (CS) start-up (discharge) and current drive

— CS-free current drive: electron cyclotron current drive, bootstrap
current.

— Auxiliary Heating: ECRH, Ohmic heating, Neutral beam injection.

28



Charged particles gyro around the magnetic field line

/ \,V
p 14 \!
o [
// \ B® vxB 1
\ A
)} \ /
N ? L/
d7v IR
m——=q7v x B

« Assuming B = Bz and the
electron oscillates in x-y plane

mvy = qBvy,
mt}y = —qBvy

mv, =0 v, = V| = constant

m
qB qB\’
i e

_|q|B Cyclotron frequency or
®c ="  gyrofrequency

Vy + w2

vy =0

.o 2 _

Vy + vy =0

vy = v, cos(tw .t + P)
vy = —v, sin(w.t + P)
v, = v”
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Charged particles spiral around the magnetic field line

GUIDING 9%
®B CENTER B = B%

ION ELECTRON

vy = v, cos(tw.t + P)
vy = v, sin(tw.t + )

v, =V
’ ! x = +rsin(Fw gt +P) + (x, — resinyg)
B
W, = % y = xr.cos(zw.t+YP) + (y, + r.cosy)
2 —
mv . = zZ=2z,+ vt
2| = |q7 x B| = lqv.B o
v mv : :
r, = = = = Larmor radius or gyroradius

w. |q|B

30



Charge particles drift across magnetic field lines when
an electric field not parallel to the magnetic field occurs

y &
m— (Vg + Tac () = q|XE, + (Vg + Dac (1)) X ZB]

m dv Ve (1)
dt

:
™ 000000000

= q[XE, + Vg X ZB + U, (t) X ZB]

dv

No E field case: m- - = qv7 x B

B ,RE, + Py x2B=0
x2B/ (CxB)xA=(A-C)B-(4-B)<C

ZE, x2B _E x B | £y grify velocity

T)E = =

mdv” _ qE” BZ BZ

dt dv .

A7 v;(t:( ) _ q T, (t) xzZB Gyro motion

1 ~ RN A

—— =q(XE X ZB R R IR

M at q(XE, + 7V, X ZB) U (t) = 2v)|(t) + Vg + Ty ()
E N 1 Tc_\ _ R
@ ="le+v, B =7 | TOde=29© + 7
c J0

Electrons and ions drift in the same direction.

TJ\L (t) = 7_7\E + T7\ac (t)
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No current is generated in ExB drift

:

OQQQQQQQQQ d J jjjﬁﬁ

=T—J0 v (1) dt—Zv||(t)+vE

c

RE, x2B E xB

ExB drift velocity

BZ

BZ

Electrons and ions drift in the same direction.

ExB

/E

32



Gravitational drift

Charge particles drift across magnetic field lines when
an external field not parallel to the magnetic field occurs

dv”_ E
m-— = 4%
dv

1 (T
(Ty‘(t)):T—j v (t) dt =zv,(t) + Vg
0

Cc

XE, x2B E xB
BZ = B?

—_—
Vg =

ExB drift velocity

5 3

z m

2 &
et

1 (T
(T (b)) :T—j V() dt =2zv,(t) + Vp
cJ0

X(F, /@) x2B 1F xB
B2 q B2

—_—
Vg =

Gravitational drift velocity

Therefore, currents are generated.

« Electrons and ions drift in the opposite directions in the gravitational drift.
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Drift in non-uniform B fields

Charge particles drift across magnetic field lines when

the magnetic field is not uniform or curved

s Ki
)

& <

p 2

z

7 5

2 &
% &
v 5

Teat

« Gradient-B drift « Curvature drift

.
" 000000009 -

mv,2 B xVB
2q B3

R . . BxvB{ , 1 ,\ mRxB/ , 1 ,
Viotal = VR T Vy = w. B2 17” +-v, = — v” +-v,
C

T;V:
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Gradient-B drift

Charge particles drift across magnetic field lines when
the magnetic field is not uniform or curved

* In the case with no gradient B

Xe = tresin(wct + P)

I Y. = tr.cos(tw.t + P)
VB

v, =v,cos(tw.t+ P)

200000000 &

= q(7 x B) = 2qu,B, — yqv\B, o5
~ JB, _ dB, <B0 + 7, 7 )
~ xqu ot Y—— 3 — yquy oty p
0B, g , 1 0%B Y Fy = —qv, cos(fw.t + ) X
= B,
B,(y) = +y 3y 2 3y7 Z 4 ] o8,
JB, o T T 3y
Fy =qvy| B, +Yy 3y o
1F XB
_ JdB, T = — !
Fy=—quy(B,+Yy 3y q B

35



Charge particles drift across magnetic field lines when
the magnetic field is not uniform

. dB,
[ F,~—qv sin(zw.t+¢Y)| B, + . 3y
v oB,
~ —qv,cos(tw.t + P)| B, + r.cos(tw, 3
@ l_} y
(F.) = . A 0B, mv, % 0B, v, _lq|B
yr 2 ady 2B ay Te = W, ®e="m
R _1T'\><l_?\ > _l(Fy)?xiBz__vaZ asz\
VF= 4T B2 Y7q B2 2qB, 8y

mv,2 B x VB
2q B3

 More general: Dy =
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Curvature drift

Charge particles drift across magnetic field lines when
the magnetic field line is curved

_ 1FxB
Vg =—
F q Bz
N 1F\cf><§\ mv”Z R\CXP\
’vR=— =

q B2 2q R_.B?

s Ku
AN

& <

J %

7 8

2 4

% &
) v
T3t
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Drift in non-uniform B fields

Charge particles drift across magnetic field lines when
the magnetic field is not uniform or curved

t N _vazl_?\XVB N _mv”zl_'ich_;\
; Fy V=29 BB YR="2q RB?
/\ 8 VX§=O
,/1; R 1032 ‘”39 . B, 0B,
= = VXB) = — =
/—‘ (VX B)r - 30 EPN ( )9 0z or
R
: - 3 198,
VxB) ==— ———
l ( )Z r or (rBy) r 00
10 1
B — RO VxB=(VxB ——(rBg) =0 —
B = B6 ( ) ar(r 9) BBOCr
VB = VBTr VlBl B T\’\c
Cylindrical coordinate Bl R
R . . BxvB{ , 1 ,\ mRxB/ , 1 ,
Viotal = VR + Vy = —chz L4l +E”L = E Rcsz L] +Evl

« Electrons and ions drift in the opposite directions in the grad-B and
curvature drifts. Therefore, currents are generated.




Quick summary of different drifts

o= Kby,
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« ExBdrift:  pp = E;ZB Independent to charge
 Gravitational drift: 3 = EF;(ZB Depended on charge
q

_ . mv,’BxVB

 Grad-B drift: Vy = 24 B3 Depended on charge
2 N —_—
I N mv,“ R.X B

« Curvature drift: Dy = — —C Depended on charge
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Plasma can be confined in a doughnut-shaped chamber
with toroidal magnetic field

« Tokamak - "toroidal chamber with magnetic coils" (TopounaanbHas

Kamepa C MarHUTHbIMM KaTywlkamu) |

Relatively Constant Electnic Current
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Nature Constant Toroidal Field

Measurement of the Electron Temperature by Thomson

Scattering in Tokamak T3 T, =100 ~ 1 keV
by

N. J. PEACCCK
D. C. ROBINSON
M. J. FORREST
P. D. WILCOCK

UKAEA Research Group,

Culham Laboratory,
Abingdon, Berkshire

V. V. SANNIKOV

I. V. Kurchatov Institute,

Moscow

/ n,=1-3x 103 cm

Electron temperatures of 100 eV up to | keV and densities in
the range I-3 x 10" cm= have been measured by Thomson scattering
on Tokamak T3. These results agree with those obtained by other
techniques where direct comparison has been possible.

https://www.iter.org/mach/tokamak

https://en.wikipedia.org/wiki/Tokamak#cite_ref-4

Drawing from the talk “Evolution of the Tokamak” given in 1988 by B.B. Kadomtsev at Culham.
N. J. Peacock,et al., Nature 224, 488 (1969)
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Quick summary of different drifts

. ExB
« ExBdrift:  pp = EBzB Independent to charge

« Grad-B drift: Dy =

24 B3 Depended on charge

 Curvature drift;

Depended on charge
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Charged particles drift across field lines
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Grad-B drift
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J. P. Freidberg, Ideal Magnetohydrodynamics
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The particle drifts back to the original position if a small
poloidal field is superimposed on the toroidal field

Magnetic line
Pressure

contour

Magnetic axis
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Guiding center
trajectory

Nested
surfaces

e Points with no drift
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A poloidal magnetic field is required to reduce the drift

across field lines

Toroidal
Direction

lon gyro-motion
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Inner poloidal field coils
(Primary transformer circuit)

Poloidal magnetic field Outer poloidal field coils
(for plasma positioning and shaping)

Resulting helical magnetic field Toroidal field coils

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)

https://www.davidpace.com/keeping-fusion-plasmas-hot/
https://www.euro-fusion.org/2011/09/tokamak-principle-2/
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A poloidal magnetic field is required to reduce the drift
across field lines

)

Outer poloidal field coils
or plasma positioning and shaping)
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Toroidal field coils

Q oidal magnetic field
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Stellarator uses twisted coil to generate poloidal
magnetic field

Tokamak Stellarator

Inner poloidal field coils
(Primary transformer circuit)

Poloidal magnetic field Outer poloidal field coils
(for plasma positioning and shaping)

Resulting helical magnetic field Toroidal field coils

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)

https://www.euro-fusion.org/2011/09/tokamak-principle-2/
https://en.wikipedia.org/wiki/Stellarator 46
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