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Methods of plasma production

* DC electrical discharges
— Dark electrical discharges in gases
— DC electrical glow discharges in gases
— DC electrical arc discharges in gases
« AC electrical discharges
— RF electrical discharges in gases
— Microwave electrical discharges in gases
— Dielectric-barrier discharges (DBDs)
« Other mechanism
— Laser produced plasma

— Pulsed-power generated plasma
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 Industrial plasma engineering, volume 1, by J. Reece Roth, Chapter 8 - 13.

* Plasma physics and engineering, by Alexander Fridman an Lawrence A.
Kennedy.

* Plama medicine, by Alexander Fridman and Gary Frideman.
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Methods of plasma production

« AC electrical discharges

— RF electrical discharges in gases



RF can interact with plasma inductively or capacitively
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The plasma is generated by the induced electric field
from the oscillating magnetic field
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How an electromagnetic wave interacts with a plasma
depends on its frequency

ELECTROMAGNETIC WAVE FREQUENCY, GHz
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RF energy is strongly absorbed within the skin depth if
the frequency is below the electron plasma frequency
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Skin depth is calculated using Maxwell's equations

V- E =~ O(quasi —neutral) yv.B =0
3 o 7 = o E (Ohm'slaw)
= _ OB UxB=uT °=
VX E o Mo J + Ho€o Y

—%(Vxﬁ)=V><(fo)=v(v-f)—vzf~—v2f

a2F 0F 92 F L . i
922 _Hoaﬁ—ﬂoeo 3¢2 =0 E = Eyexp[—i(kz — wt)] =« 3
- 1/2

j 7 OlUyw |we WE 2

(—k* + iwpgo + poegw?) E = 0 a= / Ho 0_|_\/1_|_( 0)
: 21/2

10



Skin depth is calculated using Maxwell's equations

1/2 1/2
oUW |we WEQ 2 1 OloW WEN2  weE
a=/ﬂ0 0+ 1+(—°) - 2K 1+(—°) -2
2 o o o 2 o o
2 2
. . én €Egw
* In most industrial plasma, %0 f=—F 5o
2 - . g eVe V¢
Vew<< wpe” is required.
cmow
a (m

2 Ve € 2mgq€qy (Vv
skin depth: ’ / . / il / . / (m)
auow Wpe vape

 The skin depth & ~ the distance that an electromagnetic wave propagates
into a medium during one period of the electron plasma frequency.



Skin depth needs to be carefully considered in the
design of inductive industrial plasma reactors

 Boulos et al showed that the
energy coupling parameter is
maximum when 1.50 € a < 30.
However, it doesn't mean the
plasma will be uniformly
heated.
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A kilowatt-level inductively coupled plasma torch is
shown
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High voltage initiation is usually required for inductive
RF plasma torches
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The power supplies are relatively inefficient

PLASMA TORCH
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Operating regimes of inductively coupled plasma
torches

Parameter Low Characteristic High
Frequency 10 kHz 13.56 MHz 100 MHz
Power 1 kW 30 kW IMW
Efficiency 20% 35% 50%
Pressure 10 Torr 1 atm 10 atm

Gas temperature 1000 K 10* K 2 x 10 K
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Inductive RF coupling provides a plasma with less
contamination from the electrode
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Several cooling configurations are shown

&) COUNTER CURRENT
WATER FLOW

a) RADIANT COOLING
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Inductive parallel plate reactor
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* Uniform plasma source

* Higher power (2 kW) leading to higher
plasma density (up to 1018 electrons/m3)

 Lower gas pressure, i. e., longer mean
free paths and little scattering of ions
and is desired in deposition and
etching applications.
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Rotamak
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« The rapidly rotating magnetic field generates large plasma currents, thus
heating the plasma to densities and temperatures of interest in many

industrial applications



Inductively heated toroidal plasmas
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« Large currents are induced in the plasma by transformer action from a
ramped current in a pulsed primary induction circuit.
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Applications of inductive plasma torches

* High purity materials production
— Silica and other refractories
— Ultrafine powder
— Spherical fine power
— Refining/purification
* High temperature thermal treatment
— Heat treatment
— Plasma sintering
« Surface treatment
— Oxidation

— Nitriding
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Applications of inductive plasma torches

« Surface coating
— Plasma flame spraying
— Surface coating of powder
» Chemical vapor deposition (CVD)
— At atmospheric pressure
— At reduced pressure

« Chemical synthesis and processing

« Experimental applications
— Laboratory furnace
— High intensity light source
— Spectroscopic analysis
— Isotope separation
— lon source

— High power density
plasma source
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AC electrical discharges deliver energy to the plasma
without contact between electrodes and the plasma

— Capacitive RF electrical discharges
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Capacitive RF coupling plasma without magnetic fields
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Capacitive RF coupling plasma with magnetic fields
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The coupling efficient for capacitive RF with magnetic
fields is less than DC electrical discharge
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Collision frequency can be measured using capacitive
RF electrical discharges
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Symmetrical capacitive RF discharge model
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Empirical scaling of electrode voltage drop
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Example of capacitively coupled RF plasma source 1
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Example of capacitively coupled RF plasma source 2
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Operating regimes of capacitively coupled plasma
reactors used for plasma processing

Parameter Low value Typical value High value
Frequency 1 kHz 13.56 MHz 100 MHz
(Gas pressure 3 mTorr 300 mTorr 5 Torr
Power level S50 W ~ 200 W 500 W

rms electrode voltage 100 V ~30V 1000 V
Current density 0.1 mA/cm?  ~ 3 mA/cm? 10 mA/cm?
Electron temperature, 7, eV A~ 5eV 8 eV
Electron density, n, 105 /m3 ~ 5 x 105 /m3 3 x 1077 /m?
Ion energy, &; 5eV 50 eV 500 eV

Electrode separation, d 0.5 cm 4 cm 30 cm
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AC electrical discharges deliver energy to the plasma
without contact between electrodes and the plasma

— Microwave electrical discharges
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Advantage of using microwave electrical discharges

* The wavelength of the microwave is in centimeters range. In contract, the

wavelength is 22 m for RF frequency f = 13.6 MHz.

« The electron number density can approach the critical number density.
(7x107¢ m-3) at a frequency of 2.45 GHz.

 The plasma in microwave discharges is quasi-optical to microwave.

 Microwave-generated plasmas have a higher electron kinetic temperature
(5~ 15 eV) than DC or low frequency RF-generated plasmas (1 or 2 eV).

« Capable of providing a higher fraction of ionization.
Do not have a high voltage sheath.

* No internal electrodes.
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Microwave frequency is determined for those used in
communications and radar purposes
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Internal of a magnetron
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Internal of a magnetron
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Magnetron is a forced oscillation driven by electrons
between the gap

Hot cathode emits

electrons which

travel outward Stable magnetic
field B

Electrons from a hot filament would

travel radially to the outside ring if

it were not for the magnetic field. The

magnetic force deflects them in the

sense shown and they tend to sweep

around the circle. In so doing, they

"pump" the natural resonant frequency

of the cavities. The currents around the Current around
resonant cavities cause them to radiate the cavity plays
electromagnetic energy at that resonant the role of an

frequency. inductor. Oscillating magnetic
and electric fields
produced in the
cavity.

The cavity exhibits
a resonance
analogous to a
parallel resonant
circuit.

C
g L Charge at ends

o of cavity plays

Electrons from the hot

I" the role of a center cathode arriving
— sapael at a negatively charged
pacitor. . LS
region tend to drive it
1 | back around the cavity,
- "pumping” the natural
resonance Qg \| [.C resonant frequency.

http://hyperphysics.phy-astr.gsu.edu/hbase/Waves/magnetron.html
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Strong oscillation occurs when the electron cyclotron
frequency match the LC oscillation frequency

Resonance condition: wc = w
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Resonance in a magnetron

http://cdn.preterhuman.net/texts/government_information/intelligence_and_espionage/homebrew.milit
ary.and.espionage.electronics/servv89pn0aj.sn.sourcedns.com/_gbpprorg/mil/herf1/index.html
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Magnetron schematic diagram
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Magnetron schematic diagram
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Magnetron schematic diagram
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The electrode of the microwave source is located at the
location with the highest electric field

o
S
Camera
Quartz tube
High voltage AC power supply \
i Plasma torch
Circulator water load Compressed waveguide

7\g/ 4+ }\.g/ 8 7\g / 8 Magnetron

Ag/2

Cold circulating water tank Air compressor RF power supply

V. Surducan, etc., AIP Conference Proceedings 1425, 89 (2012)
Dan Ye, etc., AIP Advances 10, 055002 (2020 45



A 3-port circulator combining with a dump can be used
as a isolator

eps _r(30)=1.29 Surface: Electric field norm (V/m) Arrow Surface: Power flow, time average
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Microwave plasma reactor configurations
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« Waveguide coupled reactor  Resonant or multimode cavity —

if the impedance matching is

good, more energy can be fed
into the cavity.
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Strong absorption occurs when the frequency matches

the electron cyclotron frequency

« Electron cyclotron resonance (ECR) plasma reactor
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Electron cyclotron frequency depends on magnetic field

only

 Assuming B =Bz and the
electron oscillates in x-y plane

 Therefore
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Electrons keep getting accelerated when a electric field
rotates in electron’s gyrofrequency
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Electric field in a circular polarized electromagnetic
wave keeps rotating as the wave propagates

* Right-handed polarization « Left-handed polarization

https://en.wikipedia.org/wiki/Circular_polarization



Electric field rotates in a circular polarization
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A linear polarized wave can be decomposed by a left-
handed and a right-handed polarized wave
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* Right-handed polarization « Left-handed polarization
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Only right-handed polarization can resonance with
electron’s gyromotion
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FIGURE 13.5. Basic principle of ECR heating: (a) continuous energy gain for right-
hand polarization; (b) oscillating energy for left-hand polarization (after Lieberman and
Gottscho, 1994).
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Strong absorption occurs when the frequency matches

the electron cyclotron frequency

« Electron cyclotron resonance (ECR) plasma reactor

RESONANT SURFACE
W= weg

MAGNETIC NOZZLE
MAGNETIC TRIM COIL
RESONANCE COIL

TARGET
MATERIAL

CERAMIC
WINDOW

INPUT WAVEGUIDE

—— \\\\\\/

& 8

z m

2 &
it

55



Electron cyclotron resonance (ECR) microwave

systems

microwave systems
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Immersed ECR plasma source

* High particle fluxes on targets for diamond or other thin film deposition

* The ions in the plasma flux can be used for etching.
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Distributed ECR system
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* Function of the multipolar magnetic
field at the tank boundary:

— Provide a resonant surface for
MICROWAVE ECR absorption

ANTENNAE

— Improve the confinement of the
plasma
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Microwave plasma torch deposit a much faster rate than
other types of plasma source for diamond film deposition
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Microwave-generated plasmas have the capability of
filling very large volumes with moderately high density
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« Advantages

— Lower neutral gas pressure, i.e., longer ion and neutral mean free
paths.

— Higher fraction ionize.
— Higher electron density.
- Disadvantages
— Lower ion bombardment energies.
— Less control of the bombarding ion energy.
— Difficult in tuning up and achieving efficient coupling.
— Much more difficult and expensive to make uniform over a large area.

— More expensive.
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AC electrical discharges deliver energy to the plasma
without contact between electrodes and the plasma

— Dielectric-barrier discharges (DBDs)
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Dielectric-barrier discharges (DBDs)
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Space charge effect enhance the electric field
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The foundation of AC discharge in plasma display panel
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The plasma can be sustained using ac discharged In
plasma display panel
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Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University
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Plasma-needle discharge

Matching
network RF source

Helium
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Atmospheric-pressure cold helium microplasma jets
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There are three different modes: chaotic, bullet, and
continuous mode

Dissipated power (W)
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In bullet mode, the plasma jet comes out as a pulse
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« wavelength-integrated optical « Images of bullet mode
emission signal (350-800 nm)
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AC electrical discharges deliver energy to the plasma
without contact between electrodes and the plasma

— Laser produced plasma
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Laser is absorbed in underdense plasma through
collisional process called inverse bremsstrahlung

« Bremsstrahlung :“aﬂw
" hi=E €,
+
E"-,_,E}_
\,
* Inverse bremsstrahlung (For I < 1018 w/cm?) v
E
v
i [
@ ®
hv P 4 o ®
, =) o mmp e,
/ K °
/ °o°
B* °
Electrons accelerated Electrons collide with

by electric fields other electrons / ions
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Electric field of a high-power laser can perturb the

potential of a nuclear and thus ionize the atom directly

- Yo

e Forl~101~10'% w/cm?2

E cuiots = Ip +3.17U, I, : ionization potential

Source
IR field gas cell

\/\\/\*

(h)

Xe
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—| |=— half optical period = /o
i
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|=— twice laser frequency = 2w

Distance

M. Krager, etc., Appl. Sci. 9, 378 (2019)
Robert Boyd. Nonlinear optics.
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U, : ponderomotive energy
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AC electrical discharges deliver energy to the plasma
without contact between electrodes and the plasma

— Pulsed-power generated plasma - it will be introduced later.
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Diagnostics

« Single/double Langmuir probe — n_, T,
* Interferometer — n,

* Schlieren — dn_/dx

- Faraday rotator — B

- Bdot probe — B

« Charged particle — B

+ Spectroscopy — T, n,

 Thomson scattering - T, n_, T;, n;

« Faraday cup — dn/dt

* Retarding Potential Analyzer - v,

Intensified CCD - 2D image |
Framing camera — 2D image
Streak camera — 1D image
VISAR - shock velocity
Neutron time of flight (NToF)
— Neutron yield, T,
Thomson parabola — e/m

Data analysis using Pulse
Shaping

Stimulated Brillouin scattering

— Laser pulse compression
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All plasmas are separated from the walls surrounding
them by a sheath
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« When ions and electrons hit the wall, they recombine and are lost.

» Since electrons have much higher thermal velocities than ions, they are
lost faster and leave the plasma with a net positive charge.

* Debye shielding will confine the potential variation to a layer of the order
of several Debye lengths in thickness.

» A potential barrier is formed to confine electrons electrostatically.

» The flux of electrons is just equal to the flux of ions reaching the wall.



The planar sheath equation
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nouy = n;(x)u(x)
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n;(x) = ng <1 —

mu?

Boltzmann relation:
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Poisson’s equation:
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The Bohm sheath criterion

2){ -1/2 2)( -1/2 Q%
x7= (1 + W) —e X xXx"=x (1 + W) —xe*
: /2
d (x*\ dyx 2x dx _ ,

X! %4 ~1/2
12
X 2y X
— - — —X

Xo’ 0

1/2

2x

<1 + _Z) -1

* Needs to be solved numerically

+eX—-1

1
E(X'Z — X0'%) = M?

« The right-hand side must be positive for all x .
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The Bohm sheath criterion - continued

7 ®
1., : 2x _
E(}(Z—XOZ):MZ <1+W> —1|l+e -1
« for |y|«1 2x 1/2 x 1 /,x.\2 x 1 ,/x\2
<1+W ~1=1+37-5Gp) +~1~32-3Gp)
- 1, 1,
eX—1=1—)(+E)( +~--—1z—x+5x
1/2
2x x 1 /,x\2 1 1 1
2 il _ x_1~m2| L _—(4)]|_ o R
M <1+M2> 1| +el—1~ M| Z(MZ) Xt+zxt=sxt | —amt1)>0

M? > 1 or | muy? > KT,

* lons must enter the sheath region with a velocity greater than the
acoustic velocity v..

 There must be a finite electric field in the plasma.

* The scale of the sheath region is usually much smaller than the scale of
the main plasma region in which the ions are accelerated.
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The potential variation in a plasma-wall system can be
divided into three parts

» Sheath: y
— ~Debye length, n, is appreciable. PLASMA |  PRESHEATK l SHEATH
| - _‘_ _____ V.
— A dark layers where no electrons ! | °
were present to excite atoms to : 45

emission.

— It has been measured by the
electrostatic deflection of a thin
electron beam shot parallel to a wall

* Presheath: ions are accelerated ne=; %N,
to the required velocity u, by a
potential drop
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Electrostatic probes
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* The electron current can be neglected if the probe is sufficiently negative
relative to the plasma to repel most electrons.

KT,\'/?
muy® > KT, J = enu I =n.eA (7)
1 KT,
|¢| - E e PLASMA
e
ng = ngexp <Kj,)> =noe 1% = 0.61n,
e

1/2

KT,
Bohm current: Iz =~ 0. 5nOeA( -~ )

« The plasma density can be obtained once the temperature is known.



Electrostatic probes

* The electron current can be neglected if the probe is sufficiently negative
relative to the plasma to repel most electrons.

KT,\'/?
muy® > KT, J = enu I =n.eA (7)
1 KT,
|¢| - E e PLASMA
e
ng = ngexp <Kj,)> =noe 1% = 0.61n,
e

1/2

KT,
Bohm current: Iz =~ 0. 5nOeA( -~ )

« The plasma density can be obtained once the temperature is known.
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Langmuir probe

A plasma sheaths is formed when plasma is contact to
a surface
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Floating voltage is determined when ion flux is
balanced by electron flux

 Wall flux of ions:

1 8KT;
I"i = Znovi =Ny

mwm;

 Wall flux of electrons due to random motion:

ed, .
Mew = Mo€XP | 7— (Boltzman equation)
e
1 . ed,\ (BKT,
r, = Znewve = ngexp KT, m,

« Balance between electron and ion flux (current)

I=eA(l;—T,)=0

KT m; T
®, =~ e n (i)
2e m,T;

83



Floating voltage can also be calculated using Bohm’s
velocity
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« Wall flux of ions using Bohm’s velocity: v
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Electron temperature can be determined by the slope of

the I-V curve between ion and electron saturation
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 Jlon saturation current:

I;is = AJjs = eAljg

1
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Electron temperature can be obtained alternatively by
finding the slope of I-V curve in Log-Linear plot

 Electron saturation
1 evp \ _
-T V = Vp I = Znsexp KT, v.eA
[ zg-.lln&wm.m.wii-'ﬂ
1 eV )\ _
I=1,+ I, = I, = nsexp Ve
1 (eV — eV + eV, ) )
= —ngsexp V,
4
1 eV — V
= Znsexp KT, exp KTe v.eA
V-V,
= I.cexp| e KT,
L, v
e(V-v,)

Te = KanI. — 1D




Plasma density can be obtained by finding the electron
saturation current

 Electron saturation current:

1 eV
I = Znsexp <KTp> v.eA
e

5% [In(2rr m, /m,)-1]

1 8KT,
= —ngeA
4 mm,

_ Mo | M,
" ="eA [8KT,

L
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Two Langmuir probes can be operated simultaneously

Single Probe
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Two Langmuir probes can be operated simultaneously
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Double Langmuir probe is not disturbed by the discharge

¥ Uy,
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Aq eV
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eV dl el;

The net current never exceeds the ion saturation current, minimizing the
disturbance to the discharge.

90



Interferometer

An electromagnetic wave is described using Maxwell’s
equation
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Dispersion relation is determined by the determinant of
the matrix of coefficient

—k x (fxE) — _[(!T E)f—(f f)]f] :—(f !T)EJrAQE
_ iy o= - - W = w? 2 .
w (,u.g o - FE — a:,ufg,u.oE) = wlpoo -E — —,ZE =—< |——Woo F+FE
c ¢ 1,
- S (T+Lw)E=52r
C Wep C
— )
Dielectric tensor: = = 1 + T?
WEep
ik x (ai? X E) = W (,u.o o - B — ewro,uof)
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Two mode can propagate in the plasma
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The reflective index is determined by the dielectric

wQ
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Conductivity tensor can be determined from equation of
motion for electron
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Dielectric tensor is obtained from conductivity tensor
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Assuming the wave is on the yz plane
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Reflective index
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=X = 3V2sin? 0 | (3V2sin?0)" + (1 - X)* Y2 cos20
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Wave is circular polarized propagating along the
magnetic field

y
« ParalleltoB, (¢ =0) By
—> 7
Y/ h
: X(1-X) X wp/w? “p
=1 s 172 12y 1+ 9w w(wEQ)
1—\’i[(_1—ﬁ\)~}2} -’
2 - X - XY
—n*+1 ~ ioye LT3 0 E
—1%} —n?cos?h+1-— —\}; 0 Ey = ()
0 0 1—-X E,
. X XY XY XY
2 - _ _ _
(_”H_l—} )E+"1 Toyzy = Toye i oyrhy =0

= 1 Left hang circular (LHC) or right hang circular (RHC) polarized.
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Electric field is not necessary parallel to the
propagating direction which is perpendicular to B,

X
« Perpendicular to B, (F) = —l) By
2 —
> Z
| X (1—-X) . X(1-X)
2 _ \
A T R g 1
—n*+1— = Yg 'IX}};O 0 Ex
—i 1— 5~ 0 Ey | =0
0 0 —n?+1-X E,
W‘Q
n?=1——- FE,=FE,=0 Ordinary wave (O-wave)

2 (- 2, 2 2 L 42 2
. ¥ ]_ — W /W ! ; W — W, — ..Q i}
HZ =1 — _p.( . P/ ) * — _-!'w' ( p Ez {J

wf} ()

Extraordinary wave (E-wave)
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5 1
z m
2 &
%, s
) ¥
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The electric field of an extraordinary wave rotates
elliptically

Ordinary wave (O-wave) Extraordinary wave (E-wave)
X X
> 7 > 7
AB, B
1%
/,/ / 2 Y
, >
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Electromagnetic wave can be used to measure the
density or the magnetic field in the plasma

 Nonmagnetized isotropic plasma (interferometer needed):

n? = 1-— aink.9 1/2
- X - 1y2sinf & [ (3y2sin? 0)° + (1 - X)? V2 cos? )]
L2
w _ 0N
— l-X=1--k_q_ T Y=—=0
W Ner w
2 oy 2
. .. ‘2 o HQ(J . f“OI”Qu&J
Note: Wy = o Ner = 2

« Magnetized isotropic plasma (Polarization detected needed):

Parallel to B, 9 5 B
‘ A 3 . ~ €

])2 = 1— P . = = 42 () = 0

w(w X 2) Ey Me

Faraday rotation: linear polarization rotation caused by the difference
between the speed of LHC and RHC polarized wave.
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Electromagnetic wave can be used to measure the
density or the magnetic field in the plasma

 Nonmagnetized isotropic plasma (interferometer needed):

; X (1—-X)
2 - 1 \ , -
1—X — %} 25in? @ + [(%} 2 5in? )" + (1 - X)?Y?2cos? H}

2

., W ., Te 0

= 1-X=1-—S=1--—" Y=—=0
W Ner w
2 2
Ne€ cQtileall
Note: w)=— ey = ——
€0Me e
5 w'% E}{ ; (BO
n® =1- ! — = % 1=
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There are two main style of interferometer

Michelson interferometer Mach-zehnder interferometer

. -
mirmor

mirror beam splitter 2
/ Lo
path A
half-silverad
coharent mirror screen
light source

Laser beam splitter mirror

detector
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Interference pattern are due to the phase difference
between two different path

.
o <3

bt <

: %

:

g 3

P é
v 4

mirror beam splitter 2
/ |
path A

E1 = Ejexp (—iwt)

screen
Ey = Ejexp (—iwt +i¢) [
Laser beam splitter mirror
E=F,+ FE>=E; + Esexp (io)] exp (—iwt)
I = |E|"=E*E = [E1 + Eyexp (—i¢)] exp (iwt) [Ey + Ey exp (i)] exp (—iwt)

= FE?+ E3+ E1Eyexp (i¢p) + E1Eyexp (—io)
= E}+ E; +2FE,Fycos¢

2E E-
— (E% +E22) (1 + EQiEQCObQ)
2 2
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The intensity on screen depends on the phase different
between two paths

s Ki
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The phase different depends on the line integral of the
electron density along the path

. mirror beam splitter 2
o= | kdl = | n—dl / [P
' C path A
2

screen

Ne EO?T?.BDJZ

n® =1-—

Ner

Ner 2 T

Laser beam splitter mirror

A /(A'plasma—kg)df - i_:/(n— 1) di

C

_ E/(,/1_”—e—1)dmf/(1—1”—6—1)dz
c Ne C 2 Ne
-  2ene / redl

: Ne 1 ne
Note that 7. << n. is assumed, S N .
Ner 2 Ter
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The phase is determined by comparing to the pattern

without the phase shift
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Fourier transform can be used to retrieve the data from
the interferometer image

o
e 3
& v,
B 1
z m
s '
“, S
e

eix + e—ix
2

I(x,y) = Iy(x,y) + m(x,y)cos[2mvox + ¢p(x,y)] cos(x) =

=1 (x y) + 11n(x y) (ei[ZTtva+qb(x,y)] + e—i[21tv0x+qb(x,y)])
) 2 )

=Iy(x,y) + lm(x y)eid)(x,y)eiZm/ox + %m(x y)e—id)(x,y)e—ivaox
) 2 ) ,

= Io(x,y) + c(x, y)e®™0% + ¢* (x, y) e~ 210
1

_ . (Im[c(x,y)]
c(x,y) = Em(x’ y)ei*@y)  ¢(x,y) = tan 1 <Re[c(x, y)]>

9(frny) =FT[g(x,y)]

9(fx— Vo, y) = FT[g(x, y)el2™o7]

i(fxry) — iO(fx’y) + E(fx _VO’y) + E*(fx +V0,y)

M. Hipp etc., Measurement 36 (2004), 53. 109



Basic knowledge of Fourier transform

a(x) 4 9(fs)
>x fx
¢% O(fx) 4
] e,
A(fo) 4l h(fy) = FT|¢(x)e2™0*]
— i2mvyx
h(x) = ¢(x) x e /T\. f = ¢(fr— Vo)

Vo
g(x) = cos(2mvyx) g(fyx)
ei21tv0x 4+ e—i21tv0x
X 2
fx
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Procedure of retrieving data

. Ky
O
3 .
P H
% 3
% &
5

I(x) = Ip(x) + m(x)cos[2mvox + ¢(x)] = Io(x) + c(x)e'*™0* + ¢* (x)e‘i2ﬂv;§”

i(fx) = 70(fx) + 6(fx - VO) + 6*(fx + VO)

C% e(f) [
>X fx
1(x) 4 170 To(fy)
TR DL
/W (fx+vo) c(fx—vo)
1 > :

M. Hipp etc., Measurement 36 (2004), 53. 111



Example of retrieving data from 1D interferometer
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¢(x)

The retrieved data need to be modified if the phase
change is too much
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The final phase difference needs to be determined
manually since it may exceeds 21
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Example of retrieving data from 2D interferometer

I(x, y) = cos vaox + qb(x y)]

200F N
150 |
\
|
| |
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| I
100 '
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{
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50|
3 N
150

Filter
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P z
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1 i
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% ‘s
v L4
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Retrieved data

FT-

(x,y)]

¢(33:

(x,y)]
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The retrieved data may need to be modified if the phase

change is too large

Retrieved data

s Ki
SO

< <

p iz

z

7 o

2 &
% &
v 84

Teat

1D profile

.'{"" \}
/ \
J N~
M .-ﬂ—-—-"'|_"|_'|; i __I N _I_ ........
50 100 150 200
1.\
! . f \__.1 .'._

* Noise came from low spatial resolution.
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Schlieren imaging

Schlieren imaging system can detect density gradient
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Schlieren imaging

Angular spectrum of plane waves can be used for
diagnostic

Lens
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Rays with different angles go through different focal
points on the focal points

Fourier plane

Object plane Lens
Image plane

)

e s s Gl
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Parallel beams are deflected to different angles with
grating with different spatial frequencies

« Grating with low
spatial frequency

« Grating with high
spatial frequency
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A pinhole or a dot acts like a low-pass / high-pass filter

& Ny
& <
= %
7 o
2 &
Ty i
Teat

* Using pinhole:
Low-pass filter

 Using dot:
High-pass filter

Shadowgraph image
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A symmetric Schlieren image can be obtained if the
knife edge is replaced by a “floating dot”

* Khnife edge

Laser 4><‘

Plasma

Screen for
schlieren

* Floating dot

Laser 4><‘

Plasma

Screen for
schlieren

Floating
dot
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Angular filter refractometry

Angular filter refractometry (AFR) maps the refraction of
the probe beam at TCC to contours in the image plane

Fourier
Image
TCC plane
object plane

. e, F0|I target N
|

.-..-._.-.'.‘....._-_._._._

Foil target !
X,y 0(xY)

The edges of the rings map a certain refraction
angle to the spatial location in the object plane.

123



Interferometer

Angular spectrum of plane waves can be used for
diagnostic

Lens

f
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Angular spectrum of plane waves can be used for
diagnostic

Lens
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Rays with different angles go through different focal
points on the focal points

Fourier plane

Object plane Lens
Image plane

)

e s s Gl
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Rays with different angles can be selected by blocking
different focal points

Fourier plane

Object plane Lens
Image plane
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Rays with different angles go through different focal
points on the focal points

Fourier plane

Object plane Lens
Image plane

.
\

S— =
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Rays with different angles go through different focal
points on the focal points

Object plane Lens Fourier plane Image plane
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Angular filter refractometry (AFR) maps the refraction of
the probe beam at TCC to contours in the image plane

Fourier
plane Image
TCC P ) | plane
objectl plane T | ------ . F0|I target N
| -'
. I —
Foil target !
X,¥,0 (x,y) |
o (r)

The edges of the rings map a certain refraction
angle to the spatial location in the object plane.
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Channeling of multi-kilojoule high-intensity laser beams
in an inhomogeneous plasma was observed using AFR
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Electromagnetic wave can be used to measure the
density or the magnetic field in the plasma

; XN(l—-X
n? = 1-— ( ) 7
- ,o . ,o . 2 - - :
1—X — %} 25in? @ + [(%} 2 5in? 0)" +(1—-X )2 Y2 cos? H}
w3 n
= 1-X=1--"2=1--
w? Ner
P oM T e2
« Magnetized isotropic plasma (Polarization detected needed):
Parallel to B :
0 2 , W% E}{ . } (‘-fBO
n® =1-— L — = 41 V=
w (w £ Q) Ey Mo

Faraday rotation: linear polarization rotation caused by the difference
between the speed of LHC and RHC polarized wave.
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Faraday rotator

Circular polarization

Ey = Epexp (—iwt)
E, = iFEy = iEyexp (—iwt) = Egexp (zg) exp (—iwt) = Egexp [—*@l (wf — g)]
Ty I TI4
__________ N [
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Linear polarization rotates as the wave propagates with
different speed in LHC and RHC polarization

. X E X - ~ _ ‘ T Teat 4
E = Eor = - (& +ig) + (T — i7)] E(z) = Eexp (io) bR+ oL

Eop . .o i 5 _ i i - _ QR T OL . ¢R — 0L
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:f(eiq)R + eiq)L) + S\]i(eiq)R — eiq)L)]
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A linear polarized wave can be decomposed into one
left-handed circular polarized wave and a righ-handed

circular polarized wave

#® K
& v,
o 1
7 ]
s &
“, s
W »
T3t

3T/4

T/2
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The rotation angle of the polarization depends on the
linear integral of magnetic field and electron density
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The rotation angle of the polarization depends on the
linear integral of magnetic field and electron density
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Magnetic field can be generated when the temperature
and density gradients are not parallel to each other

OB
ot

V x

o Yo
& <
i %
7 o
2 &
o i
Teat

L o= 1 - Vp 1 (VB -
ix B+ V x B + Pe — ( X B)
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Ne€ €
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P M Nilson et al., Central Laser Facility Annual Report 2004/2005 138



Polarimetry diagnostic can be used to measure the

magnetic field

TCC
Ray trace  image Wollaston CCD with §
from object plane prism window 1mage
at TCC Apemue

—I=
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A i‘

E23064]1

Wollaston pri?\r‘n

|

Y
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-

A. Davies et al., Rev. Sci. Instrum. 85, 11E611 (2014) 139



Self-generated field was suggested when multi-kilojoule
high-intensity laser beams illuminated on an

inhomogeneous plasma

0.75-to 2.6-kJ, 10- or 100-ps
1.054-um
channeling pulse

1-kJ, 1-ns
0.351-um
UV drive beam

1-kJ, 1-ns
0.351-um
UV drive beam

0.263-um
10-ps
| probe beam
¥
125 um T

L L

. X
o <

& <

P z

:

| 2

s &
% 2
v 4

[

1id 10,000
— 8,000
£ 6.000
o 00F — N
2 4,000
- 2.000
1.1 .y 0
—1.] 0.0 |
Space (mm)
(b)
O | o |
= 0.8
£ 0.6 ‘
g 04
& 0.2 E ‘
]+ 1 . 117G
0.2 0.6 1.0 0.2 0.6
Space (mm) Space (mm)
E23066J1

140



Time-resolved imaging system with temporal resolution
in the order of nanoseconds was implemented
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The magnetic field can be measured by measuring the
deflected angle of charged particles

SR
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Magnetic field was measured using protons

Target/coil setup a, ()
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| l l
06 0 06
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O. V. Gotchev et al., Phys. Rev. Lett. 103, 215004 (2009) 143



Protons can be generated from fusion product or
copper foil illuminated by short pulse laser

O
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Target normal sheath acceleration (TNSA) 72 Rrev. sci. Instrum. 77, 10E725 (2006)
L. Gao, PhD Thesis 144



Protons can leave tracks on CR39 or film

CR 39

Radiochromic film pack

Proton
activation
pack
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CH, disc target
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(250J,10ps) e

<
1<

’

F. H. Seguin et al., Rev. Sci. Instrum. 74, 975 (2003)
C. K. Li et al., Phys. Plasmas 16,056304 (2009)
L. Gao, PhD Thesis

N. L. Kugland et al., Nature Phys. B, 809 (2012) 145




Track diameter on the CR39 is depended on the particle
energy that incidents
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Time dependent magnetic field can be measured using

B-dot probe
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Time dependent magnetic field can be measured using
B-dot probe

Courtesy by ##t=F. 148



The signal from the B-dot probe is integrated and

amplified
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B-dot probe experiments
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A Thomson parabola uses parallel electric and
magnetic fields to deflect particles onto parabolic
curves that resolve q/m o

X (magnetic) _

y (electric) » Deflection caused by magnetic field ~q/p
MMMMAAAAL || » Deflection caused by electric field ~q/KE
g S ————— * |lon traces form parabolic curves on
Electric deflection 1 detector plane
Magnetic tom;ard top
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BL
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X * cv/2me =
y deflection q*B*L? e
£E= ——— S 0
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B _qEL W=
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Faraday cup

A faraday cup measures the flux of charge particles

R
_ Secondary e- — NN
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®—— —, 90 |
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out

=l xR

p— dt

Q|
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Retarding Potential Analyzer

Retarding potential analyzer measures the energy /
velocity distribution function

f(Ex) (a)

'[ f(E) (b)
plasma I
potential

(©)
o fe) @
secondary e- \
T e N T E,
e . . . . -
" " (‘Jl L
Gl1 G2 G3 G4 C
f(E)
V E

H.-K. Fang, 2015 NCKU Ph. D. Thesis, lon measurements
of ionosphere plasma in space plasma operation chamber 153



The photon energy spectrum provides valuable
information

« Plasma conditions can be determined from the photon spectrum

— visible light: absorption and laser-plasma interactions

— X rays: electron temperature, density, plasma flow, material mixing
* There are three basic tools for determining the spectrum detected

— filtering

— grating spectrometer

— Bragg spectrometer
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Spectrum can be obtained using grating

« Grating is used to disperse the light

L
d
|

.---_\.-”"AEK-‘-\./" :‘é’—-—--‘lll.,—-"" ----_L’A‘I: X—EL#’!:E:}--‘II'a-""'
:-l— d —r: :-l— d —lr:
(17. S111 H — 7 ?'?.)\ ni. = d(sin(i) + sin (r)) na. = d(sini) - sin (1))

« Bragg condition in the crystal is used for X-ray.

| 1 4
iy S,
i Y q I
L Y J s
! % F 5
"-. .-'I ""(
5 “ ’ !
SN A
'\.\ \'1'.‘. {;’r _-"ll
e e e 2l sin f = m\
d -"-\.' g‘r A _'(- b].l]. — ???
¥ g Sdsing
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Temperature and density can be obtained from the
emission

549956, Hep: 3640-3720 eV

Line emission

3 400
________________ ]

. < 300
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§ 200
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2s . : -
/ 800 900 1000 1100 1200 1300 1400 1500
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photon energy (eV)
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/ / 1400 Ly
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B 60 | o WP
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Bremsstrahlung emission )

- T.=170eV

Plasma emissivity
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R. Florido et al., High Energy Dens. Phys. 6, 70 (2010)
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Information of x-ray transmission or reflectivity over a
surface can be obtained from the Center for X-Ray Optics

.
H
% 3
2 &
% K
v 4
[

 http://henke.lbl.gov/optical_constants/
CXR® X-Ray Interactions With Matter

THE CENTER FOR X-RAY OFTICS

X-Ray Database © Introduction

rerrrrrmr

iﬂ

BERKELEY LAB

The Center for ¥-Ray Optics
is a multi-disciplined
research group within
Lawrence Berkeley National
Laboratory's (LENL)

Access the atomic scattering factor files.
Look up x-ray properties of the elements.
The index of refraction for a compound material.
The x-ray attenuation length of a solid.
X-ray transmission
s Of a solid.
» Of a gas.
X-ray reflectivity
= Of a thick mirror.
» (Of a single layer.
» Of a bilayer.
« Of a multilayer.
The diffraction efficiency of a fransmission grating.
Related calculations:
= Synchrotron bend magnet radiation.

Other x-ray web resources.
X-ray Data Booklet

Reference

B.L. Henke. E.M. Gullikson, and J.C. Davis. X-."ay interactions: .DﬂOfGa-‘JSO-".Df-'Gu’]. SC&IFE-"-‘.’]Q‘. fransmission, and
reflection at E=50-30000 eV, Z=1-92, Atomic Data and Nuclear Data Tables Vol. 54 (no.2), 181-342 (July
1993).
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A band pass filter is obtained by combing a filter and a

mirror
1-0 L TN TN
B aann want == Mirror
. o Filter
0.8-: === Total |
[ .
. Be, 15um |-
___Ii' 06' X "I--.";
32 5‘: .1‘
0.4} B
%
Au "
0.2}
L
' 0.0 ' ' '
0 1000 2000 3000 4000 5000

Photon Energy (eV)
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X rays can not be concentrated by lenses

« X-ray refractive indices are less than unity, <1
* For those with lower refractive indices, the absorption is also strong
« X-ray mirrors can be made through

— Bragg reflection

— External total reflection with a small grazing angle

14
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The simplest imaging device is a pinhole camera

s Ki
SO

< <

P iz

z

z "

2 &
% &
v 84

Teat

Kodak Brownie camera

< do
-« d1 —> ok
R R }
i <y
Object T T R
Pinhole (a)
da

* Magnification = —=

dq

e Infinite depth of field (variable magnification)

e Pinhole diameter determines
— resolution ~a

E13982a

- lig

2
2
1

Q

ht collection: AQ = %

Q

Imaging optics (e.g., lenses) can be used
for higher resolutions with larger solid angles.

http://hedpschool.lle.rochester.edu/1000 proc2013.php 160




2D images can be taken using charge injection device
(CID) or charge coupled device (CCD)

To

10V Highspeed

J_ J_ e |ﬂ:’lllcilior \ Recorder
B
®
©

Potential

n-doped Si Wells
00 00 000 ©
Metal Substrate Metal Substrate

« Color mask is used for color i

http://people.whitman.edu/~dunnivfim/FAASICPMS_Ebook/CH2/2_2_9.html
https://en.wikipedia.org/wiki/Charge-coupled_device 161



Charges are transferred along the array for readout in CCD

+V ov oV +V  +V oV /e I
/ /77
7/ // I
- G / /// /
CCD readou;:!:hmg#é-m -'!'-J'-LJ-”%* & BT
Packets) A 002 ~ fomeN
ov +V  ov oV 4V 4V
mwﬁ.ﬂi-d.g.il;a. =, @slo;
(o | PLOROROROROSOROLOROROROnED)

Vertical

ov + +V ov #V A
Electrodes o v ! ! !
0.... o0 o090 @
| p-si b
a2 50 A
- -

https://www.elprocus.com/know-about-the-working-principle-of-charge-coupled-device/
http://www.siliconimaging.com/ARTICLES/CM0OS%20PRIMER.htm 162



Signal is readout individually in CMOS sensor

[ CCD ] [CMOS Sensor]
Light Light

coianioe
66 6060
(e {eeifee
Lexejfeleliflele

PIBIOICH

|

08 ool

@

{

http://www.digitalbolex.com/global-shutter/ 163



The number of electrons can be increased through
photomultipliers or microchannel plate (MCP)

"\ Dynodes
—pp (wm) -/
Electron —
) Anode
¥-
R R 1 R l R ‘
7—1 e i o S S © SOOI ——
Us Voltage divider —

CHANNEL
s CHANNEL WALL
OUTPUT
INPUT / ELECTRODE
ELECTRON ' j
O—F gt OUTPUT
I %% ELECTRONS
INPUT ELECTRODE #
“Continuous”
(Hamamatsu)

dynode chain

http://www.kip.uni-heidelberg.de/~coulon/Lectures/DetectorsSoSe10/ 164



X-rays are imaged using photocathode, MCP, phosphor,
and CCD

Accelerating grid Phosphor

N

1

hv

Lens

MCP

CCD

Photocathode

High Temperature
Plasma

_|

* Cslis used right now.

* Prof. Chou @ Photonics,
NCKU is developing
50nm Au foil for us.

00 05 10 15 20
Time (us)

 Images can be gated using fast high voltage puilses.
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A negative high-voltage pulse is used in our x-ray

pinhole camera

Accelerating grid

hv

Photocathode: Csl

High Temperature
Plasma

500The voltage of -1 kV generator

01

e

-500 |

Voltage (V)

-1000

-1500 ‘
-0.5 0 0.5 1 1.5

Time(us)

I
I
le—
I
I

1°

Phosphor

MCP

V

4 KV

Lens

CCD

 The x-ray camera with a shutter opening time of < 10 ns will be built.

166



A pinhole camera was designed and was built

MCP w/ phosphor

Back window

~——-—

Lens

Camera

4
\
%
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T
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\
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\
TCC \ N
§ / BN
Vi )
N %
\ % N4l
ﬁ| ',4 . .\-,“‘/
Tl 1< > %%
¥’ P ,‘\\\ .
\\\\\\\ : i
Filter Pinhole NN . 5
o WX
Photocathode N §§
’
Accelerating electrode §§
%
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Emission from an x pinch

Anode

P.-Y. Chang et al., Rev. Sci. Instrum. 93, 043505 (2022) 1es



Electronic detectors provide rapid readout

e Electronic detectors are typically semiconductors
or ionization-based stacks (e.g., photomultipliers)

Semiconductor detectors After interaction

"4 vV
| I
hw Te-
Kol | @ @
- !
Semiconductor
R ~ - initially = -
lonization detectors
Vo V4 Vo Vg Vo V¢4 Vo Vj
o

E13981a _.1 =—
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A framing camera provides a series of time-gated 2-D
images, similar to a movie camera

. X
o <

& <

P z

:

5 2

s &
% 2
v 4

[

* The building block of a framing camera is a gated
microchannel-plate (MCP) detector

e An MCP is a plate covered with small holes,

each acts as a photomultiplier
N Single -\\
~. MCP pore .
Sal::cmdar';h

/electruns E P MUItlple electrons are

= | Output D produced each time an

= electrons -

electron or photon hits

. b High-

TN vo:?age the wall
~.| pulser

-
=
0

reor ~ | The detector is only on when
A>T~ the voltage pulse is present

E13986b
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A framing camera detector consists of a microchannel
plate (MCP) in front of a phosphor screen

"
|
Au-coated surface X rays 0
(photocathode) _l %1 00 to 200 ps
4/ >1 kV

LY

Microchannel
plate

Al>,O4 layer
Phosphor —.

I:
<
K
=

Fiber-optic

faceplate 6’7 Film pack w

or CCD

* Electrons are multiplied through MCP by voltage V.
* Images are recorded on film behind phosphor

e Insulating Al,O4 layer allows for V,,, to be increased,
thereby improving the spatial resolution of phosphor

E7T95b

http://hedpschool.lle.rochester.edu/1000_proc2013.php 171



Two-dimensional time-resolved images are recorded
using x-ray framing cameras

. X
o <

& <

P z

:

| 2

s &
% 2
v 4

[

i Phosphotr/ Film pack
High-voltage fiber-optic  ..__or CCD array

pulse faceplate
T\/\ H\“

Imaging

Microchannel plate

 Temporal resolution = 35 to 40 ps
* Imaging array: Pinholes: 10- to 12-um resolution, 1 to 4 keV

» Space-resolved x-ray spectra can be obtained by using
Bragg crystals and imaging slits

E7105b

http://hedpschool.lle.rochester.edu/1000_proc2013.php 172



Framing camera

X-ray framing cameras for recording two-dimensional
time-resolved images will be built by the end of 2021

& Xu,
o ,
S S
& <
P iz
z
z "
Y 5
£ &
v 84
Teat

) Phosphor/ Film pack
High-voltage fiber-optic ~ ..__or CCD array
pulse faceplate [~

Imaging

CCD
Pinhole arrays

MCP arrays
Photocathode

Slides from 2013 HEDP Summer School
(http://hedpschool.lle.rochester.edu/1000_proc2013.php) 173



Each pinhole camera will be triggered separately

CCD
Pinhole arrays

MCP arrays

Photocathode arrays
(triggered by pulses)

v

Time (ns)

V of triggering
pulse (kV)
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A streak camera provides temporal resolution of 1-D
data

Basic principle Vit o Yot
(1) =5 0  Detector
ho M i V(i) vt
/\/\ WI T
—— 1 = o>
Photocathode =

A streak camera can provide 2-D information

e RN

2-D detector

E13984b
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A temporal resolution higher than 15 ps is expected

ot Detector

d_V(t) V(tmax) y

V(t) t—V,

Slit
Imaging system B 0
* Visible light: &
i
i

regular lens
 Xrays: pinhole

Photoc_athode = Ytot
F qE qV qv 1 | s
= — = = = t=——
¢ m m md vi=4a mdv”
— sTand = st = 11 V= 1! (Vo +V't)
* Let d=10 mm, I=20 mm, s=50 mm, E, =1 keV, V=-200 ~ 200 V
V
V' =—2=0.06kV/ns Yot = 15mm  y;o = 15mm
tot
 Temporal resolution:
st = 5y —2X% _ 15 bs for Sy = 45
- y lSqu - pS or y - l’lm

« &8t will be adjusted by changing E,,.
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A streak camera with temporal resolution of 15 ps has
been developed

s Ki
SO

< <

p iz

z
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v 84

Teat

Photocathode

Pinhole
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Shell trajectories can be measured using framing
camera or streak camera

60-beam implosion
on OMEGA Streak

o
g -

. ~. Framing camera
LA
NSNS
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Comparison of images from framing camera versus
streak camera

Time

Framing-camera image
6x magnification

Shot 13377

Streak-camera image

Shot 13377

200 z

-200 -

—400
1000 2000 3000 4000

Time (ps)

Position (um)
o
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The optical density can be measured using the
absorption of a backlighter

1 = | He)exp(=nterpo)ds
I = IgLexp(—[ipo)

Inl =Inlg, — ppr

G. Fiksel et al., Phys. Plasmas 19, 062704 (2012) 180



Shock velocities are measured using time-resolved

Velocity Interferometer System for Any Reflector (VISAR)

Image relay
from target to
interferometer

Probe laser (532 nm)
delivered through
multimode fiber

Beam splitter
/ b_f-—
-
-

— Delay element T = (%’)("_ 1H)

; t+7
t

T—Target

Vacuum chamber

T .
Velocity
Image plane ;e ferometer
: t vT
R AO = — XU
t+7 A

http://hedpschool.lle.rochester.edu/1000_proc2013.php 181



Shock velocities are measured using time-resolved
Velocity Interferometer System for Any Reflector (VISAR)

overtake e
N K

Time (ns)

P. M. Celliers et al., Rev. Sci. Insytum. 75, 4916 (2004) 1s2



Neutron average temperature is obtained using Neutron

Time of Flight (NToF)

Scintillator Microchannelplate

Photomultiplier tube
\ Light guide and P

transition piece

* S > 5Scm

D+ D — He* (0.82 MeV) +n(2.45 MeV) ~ 05em

D+T — He* (3.5 MeV) + n(14.1 MeV) 1 V,
S
s = wt vo= 7
I‘_

i Tri '?'J'?"E’z
flu) = (QﬁA'T) P ( Q.L-T)

v

T. J. Murphy et al., Rev. Sci. Instrum. 72, 773 (2001) 4g3



The OMEGA Facility is carrying out ICF experiments
using a full suite of target diagnostics

Imaging x-ray UR
LLNL flat streak camera |_|_E§*é
crystal x-ray Target X-ray pinhole FS€
streak in TIM #1 positioner camera

X-axis target-
viewing system

X-ray pinhole
cameras = KB x-ray
‘microscope
#2 (GMX1)
Indium _
activation X-ray pinhole
camera
Copper
activation KB x-ray
microscope #1
KB x-ray X-ray framing A-ray Plasma
microscope camera #1 pinhole calorimeter
#3 in TIM #3 cameras

E8012b Photo taken from port H11B
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A peak current of ~135 kA with a rise time of ~1.6 us is
provided by the pulsed-power system

150}
~ 100¢
<  50¢
e
E 0
= -50¢
- O ~100¢
-150¢, i , | , g
0 1 2 3 4 5
Capacitance (uF) 5 Time (us)
Vcharge (kV) 20
Energy (kJ) 1  EUV generation using
Inductance (nH) 204 + 4 discharged-produced plasma:
Rise time 1592 + 3 - PP-PP-002 C_heng_ha_n Du
(quarter period, ns) « PP-PP-003 Jia-Kai Liu
lyeak (KA) 135 + 1
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A suit of diagnostics in the range of (soft) x-ray are
being built

g,

é v
> %
z m
s &

) T

rea

To vacuum Streak . Pinhol . Sr.
Time-integrated ump i&\camera : I\Inna (:lﬁif:::? 5:1'1 X s
pinhole camera ’ N .
- Exposure time: 1 us
P ‘ ; » Streak camera:
P A Y & - TINEE - Magnification: 1x
NS X & - Temporal resolution: 15 ps
M. =N\  Framing camera:
ﬁ . Pr?.be laser | . Magnification: 0.3x
o - Temporal resolution: ~ns
(4 dide using 4 individual MCPs
S - Laser probing:
y .- Experlme|ntls - For interferometer, schlieren,
: shadowgraphy, Thomson
& | Framing scattering.
camera - Temporal resolution: ~300 ps
« Csl are used as the photocathode for all x- using stimulated brillouin
ray imaging system. scattering (SBS) pulse

« Au photocathode may be used in the future. compression in water
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Time-resolved imaging system with temporal resolution
in the order of nanoseconds was implemented

—
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M2-2, 2
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] |3
Optical
Optical n Table 1
Table 2

Circular
acuu beam stop

M2-13 500 BS1-1

w2 Side-viewl

"N .. Plasma édge detection

119 m2-9

B field measurement

f1000

«——— Density measurement

19 f1-50-
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The pulsed-power system with diagnostic system

Rail-gap ~ Turbo Visible-lightcamera Vacuum __  Rail-gap
switch Interferometer Pump  system (Top view) chamber UPS switch

To Schlieren Visible-light Trigger-Pulse 532 nm Q-switch
IShadowgraph/ camera system System Laser In
Polarimetry (Side view)




A plasma jet can be generated by a conical-wire array
due to the nonuniform z-pinch effect

Las Ku,
o ‘o
& <
5 %
Z F
Y Py

;-d)Anode A V] - Vab Sin 0
: ‘ﬂ Plasma : Hiet
______________ ‘ jet Y -
:s ,fj | “\‘ -
------------ : / \ - “J Vab
( > : - : Anode
B 1—— S 7xB
— e § -g Lx ~—
a— D Nl LA 0
—_——— o
~~~~~~~~~~~ e B3
RS N et 4 W
©
I 4 ! v o i ;\
k_/ Cathode ﬁslug
2 2 DCathode

1. Wire ablation : corona plasma is generated by wire ablations.
Precursor : corona plasma is pushed by thef x B force and
accumulated on the axis forming a precursor.

3. Plasma jet is formed by the nonuniform z-pinch effect due to the radius
difference between the top and the bottom of the array.

D. J. Ampleforda, et al., Phys. Plasmas 14, 102704 (2007)
G. Birkhoff, et al., J. Applied Physics 19, 563 (1948)
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Our conical-wire array consists of 4 tungsten wires with
an inclination angle of 30° with respect to the axis

21 mm

« Material : Tungsten.
* Number of wires : 4.
* Diameter : 20 um.

Y.-C. Lin, NCKU Master Thesis 2021 190



Self-emission of the plasma jet in the UV to soft x-ray
regions was captured by the pinhole camera

o Yo
& <
i %
7 o
2 &
o i
Teat

* Image in UV/soft x ray * Image in visible light

(Brightness is increased (Enhanced by scaling the
by 40 %.) intensity range linearly
from 0 - 64 to 0 — 255.)
* Pinhole diameter:
0.5 mm, i.e., spatial
resolution: 1 mm.

Y.-C. Lin, NCKU Master Thesis 2021 191



Plasma jet propagation was observed using
laser diagnostics

—~ 15} 1150

= 10} o0
5 5} 50 =
- 0 10 c
©

9 -5k 1=50 g
2 -10} 1-100 O
Q- _ 1-150

. Shadowgraph 0 | 2000 4000 6000 80
images: Time (ns

930 + 20 ns 975 + 2 ns 985 + 3 ns 2945 + 2 ns
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Length of the plasma jet at different time was obtained

7%n
“, 3
T

by the Schlieren images at different times

« Shadowgraph images:

930 + 20 ns



The measured plasma jet speed is 170 £ 70 km/s with
the corresponding Mach number greater than 5

V;
(a) i<
20F ' i - Panode ||
E E “ ‘] Plasma ;
— § :.Lr : V .| jet
E 15_ , ~19 mm Rﬁ~2 mm
~— / : - - Anode
= 10} ¢ VN e
5 'V, =170 + 70 km/s N LA
h z~ ‘é’ 3
4 51 14 mm k/f’mg“—.’\)
0 1\_1) Cathode
[, ! | i L) € - Dcathod
900 1000 1100 1200 1300
Time (ns)
V Z 19 — 14
M=-= > — = ( ) mm =5
Ve 1 2 mm
2
Vo =vi—29 50 120k
ab = "9+ cos® T m/s
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Plasma disk can be formed when two head-on plasma
jets collide with each other

 Astronomers Find a ‘Break’ in One of
the Milky Way’s Spiral Arms.

W]

i
[IIIT:

[II

20.8 mm
17 0E | T

=7 =N

7

Jet Propulsion Laboratory [NASA/JPL] Astronomers Find a ‘Break’ in One of the Milky Way’s Spiral Arms (Aug 17, 2021)
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Plasma disk can be formed when two head-on plasma
jets collide with each other

e Schlieren

* Interferometer

Current (kA)
otodiode (V)

Time (ns)

481.0 ns 611.6 ns 760.9 ns
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Energetic charged particles losses most of its energy
right before it stops

e
Momentum transfer: = - ==
| / ,‘rb
| v I
dt d t t J—»x
Apj_ :/Fj_dtZ/FJ_—d.fC:/FJ_—x 1 M'Ze I\ |
dx v \ \ /]
N o e el o

_/OO ze? . b ldac ze?b T  2ze?
) (@20 V2 v v [B2VaR b2 . b

Ap“ . averages to zero - dx =
2 db
AE(b) = AP Ne = n-(2rb)-dbdx M s }b
2Me G I | A
,
—dE(b) = Ap” 2 nb db dr /" Cylindric barrel
2Me o with Ne electrons

— = - In
b mevz bmin

dFE 41 n 2264 /bmax db 4T n 2264 bnmx
dx MeV? b

min
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A particle loses most of its energy right before it stops

(S Kl

< ‘S
& ..
5 1
7 ]
2 &
%, 3

e

Bragg peak

Energy Loss of Alphas of 5.49 MeV in Air 1
(Stopping Power of Air for Alphas of 5.49 MeV)

Stopping Power [MeV/cm]

0 ' T ' T ' T ' T
0 1 2 3 4

Path Length [cm]
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There are two suggested website for getting the
information of proton stopping power in different materials

& Xu,
- Yo
&

http://www.nist.gov/pmli/data/star/

NIST Time | NIST Home | About NIST | ContactUs | A-Z Site Index
; x

Physical Measurement Laboratory ™ = s &

About PML ¥ Publications  Topic/Subject Areas ¥ Pmdﬁdé}Servvces v News/Multimedia

NIST Home > PML > Physical Reference Data > Stopping-Power & Range Tables: e-, p+, Helium Ions

HRRGEE vl (O sHARe EI¥E..
ogle BHEE | 3EHTRE

NISTIR 4999 | Version History | Disclaimer
Stopping-Power and Range Tables B ¢
for Electrons, Protons, and Helium Ions

M.J. Berger, 1.S. Coursey, M.A. Zucker and J. Chang
(NIST, Physical Measurement Laboratory)

27 T,

7 _.lt‘ >

/ LT &= :
HET SRS I I

Abstract:

The databases ESTAR, PSTAR, and ASTAR calculate stopping-power and range tables for
electrons, protons, or helium ions, according to methods described in ICRU Reports 37 and
49, Stopping-power and range tables can be calculated for electrons in any user-specified
material and for protons and helium ions in 74 materials.

© Creations/2010 Shutterstock.com

Contents: Access the Data
1. Introduction

2. ESTAR: Stopping Powers and Ranges for Electrons Electrons | Protons | Helium Ions

3. PSTAR and ASTAR: for Protons and Helium Ions (alpha particles)

NIST Standard Reference Database 124
Rate our products and services.
Online: October 1998 - Last update: August 2005

References

Appendix: Significance of Calculated Quantities

Access the Data:

1. Electrons
Contact

2. Protons

Gtanhan Qalt7ar

“,
Faamnt

Teat

http://www.srim.org/

L

* SRIM Textbook >

Software Science

Historical Review

SRIM Experimental Data Plots

M Stopping of Tons in Matter

SRIM Tutorials Stopping in Compounds

Scientific Citations
_of Experimental Data

Download TRIM Manual
Part-1, Part-2
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The thickness of a filter can be decided from the range
data from NIST website
o

To download data in spreadsheet (array) form. choose a delimiter and use the checkboxes in the table heading. After downloading. save the output by using your browser's Save 4s feature
Delimiter: ( ] E —_
® space _

(vertical bar) ) I * E
tab (some browsers may use spaces instead) S el =
newline S .

e ima pda >
Stopping Power((MeV cm?/ nge
— pping Power((M ) E
Kinetic Energy e reeted
(MeV) < ject Detour Factor —
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Proton therapy takes the advantage of using Bragg peak

Energy Loss of Alphas of 5.49 MeV in Air
(Stopping Power of Air for Alphas of 5.49 MeV)

Stopping Power [MeV/cm]

Path Length [cm]

X-Rays Proton beams

Irradiation damages Irradiation damages

Proton

beams
Cancer

X-rays go through the nidus. Proton beams stop at the nidus.

http://www.shi.co.jp/quantum/eng/product/proton/proton.htmi 201



Pulse shaping

A pulse signal is converted to a voltage signal using an
integrator

&€

P

Incident photons/particles

SRS S

€« - ) ) 9 —»
€« Q>
5 0 9 0 ﬁE &
® ' @ 1 J
P-type \ Y ’ N-type
Depletion or intrinsic
region
1 1
5 —> 0o=> =1l4 «— 0 & 0

PIN photodiode

<« ©

<« ©

Integrator Amplifier
A
Ve ~N" ~
+12V +2.5V +2.5V
A A A
20MQ |:| +2.5V A
20MQ
1pF
Test H — i
o T sor | 154k []
5 _—1 N — N S0
-7 OPA1678 200 ~r'OPA1678
=
GND
A Q 3900
GND GND GND
p | p |
-2.5V -2.5V

« The 5-pF capacitor is charged by the current from the PIN detector.
 The 5-pF capacitor is discharged by the 20-MQ resistor.

Height

https://www.quarktwin.com/blogs/diode/the-working-principle-and-applications-of-photodiodes/125
Allan Xi Chen, etc., J. Nucl. Eng. 6, 15 (2025)

o Xy,
O
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@ S
I
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Pulse Shaping is commonly used in nuclear and
particle physics electronics

SR
< ‘S
& <
A 1
7 ]
2 '
“, s
o »
T3t

« Improve Signal-to-noise ratio S/N * Improve pulse-pair resolution
- Restrict bandwidth to match
measurement time.

=> Increase pulse width. => Decrease pulse width.

SENSOR PULSE SHAPER OUTPUT

AMPLITUDE
AMPLITUDE

FIGURE 13. A pulse shaper transforms a short sensor pulse into a TIME C TME

longer pulse with a rounded cusp and peaking time Tp.
FIGURE 14. Amplitude pileup when two successive pulses overlap (left). Reducing the shaping time

allows the first pulse to return to the baseline before the second arrives.

H. Spieler, AIP Conf. Proc. 674, 76 (2003) 203



preamp output [V]

Expected data profile
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CR-RC" pulse shaping combines a high-pass filter and
n low-pass filter

th

Preamp “Differentiator” “Integrator

“ -~ _J \__w—/
High-Pass Filter Low-Pass Filter

Lecture Notes - VII. Heidelberger Graduate Lectures in Physics by H. Spieler (2001)
https://www-physics.Ibl.gov/%7Espieler/Heidelberg_Notes 2001/index.html 205



SHAPER OUTPUT

Pulses become gaussian-like after multiple integrators

* Integrating with the same time
constant 7

04 —
7 n=1
03 — |
n n=2
0.2 4| i n=4
| n=6
Pl I n=8
0.1 — : 1
0.0 I|'||'|||||||||||||||||
0 5 10 15 20
T/tau
T, =nt

P

SHAPER OUTPUT

* Integrating with the reduced
time constant

0.8 —

0.6 —

0.4 —

0.2 —

0.0

Tn_

71
n

o
< 3
& <
> 1
z m
2 '
“, S
P
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CR is the high pass filter while RC is the low pass filter

« CR circuit: * RC circuit:
Gy Ry
_____ R, | .-I- C,
..... TR 1 71 . 1
H o C i R C
V0:V1 1 R _Vi 1 P Vo_Vl 1](0L :Vi ](;-)LL
joty =75 JoRACy joc, PR jerc T
1 1
- 1 _ jwt,,
ijH +1 — Vi 1
joty

For wzy > 1,i.e.,

2nf
—— > 1lorf > fyg or tg>t
H

V, = V; » High-pass filter!

Forwt, K 1,1.e.,

2rtf
——KlorfK<KfL or tKLry
L

V, = V;  Low-pass filter!
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CR is the high pass filter while RC is the low pass filter

« CRcircuit: « RC circuit:
Gy Ry
4 Vo 74 =RuCy Y O—"W\rrovo 7L = R Cy
_____ R, - =c,
Vl_Vc Vo:() VOZlRH Vi_VR_V():O iZCLVO
1 1 o
Vc — C_ idt = C_ R—Odt VR lRL RLCLV()
§ ! 8 Vi = TLVO + VO
v, =Yy
1~ TH 0

t
Vo(t) = e_t/THf Vi(t’)et’/‘tﬂdt/
0

1 t
V,(t) = e—t/TL_j Vi(t’)et'/TLdt’
Ty, 0
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A step function becomes an exponential decay after the
high-pass filter

 CRcircuit:

Gy <

v' | I Vo Ty = RyCy

_____ R,

..... — t.
V,(t) = et/ J V.(t)et /Ty

; t
0 t<O0 Vio p——— Vio e- /tel

Vi(t) = {Vio t=>0

Vi(t) = Vipb(¢)

t
V,(t) = e t/™ j Vigd(t)et'/tudt’ High-Pass Filter
0

— ViOe_t/TH et’/TH — Vioe_t/TH

t'=0
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CR is the high pass filter while RC is the low pass filter

 RC circuit:

HR,«H&:L_O m L[ o
...... V.(t) = e—t TL_j V. e—tl ‘[Hetl ‘[Ldtl
. =-=C . o
: _T_ — e—t/TL_J Vioetl/‘teffdtl
1 t 1y, 0
V,(t) = e t/tL —j Vi(t’)etr/rLdt’ - Teff Vio(et/TH B 1)
L
Vi(t) = Vige™ /™ 1 1 1 _1
Fort < 1 e t/TLet/TLq Teff T Tn Ty
1 ¢ 1 (¢t ,
Vo()~— | Vi(t)dt' = — | Vipe t/Tudt’ t
0 0 A

L L e /T
T
= _HViO(l - e_t/TH) ﬁ\

Ty,
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CR-RC" pulse shaping combines a high-pass filter and
n low-pass filter

th

Preamp “Differentiator” “Integrator

“ -~ _J \__w—/
High-Pass Filter Low-Pass Filter

Lecture Notes - VII. Heidelberger Graduate Lectures in Physics by H. Spieler (2001)
https://www-physics.Ibl.gov/%7Espieler/Heidelberg_Notes 2001/index.html 211



Finite difference method is used to numerically
applying the CR-RC pulse shaping

e CR circuit:  RC circuit:
C Ry
e N R T I L N ICINCINY
Vio—] Vo 14 =RyCy Vi O_'VVTQVO 7L = R.Cy,
2R T Cy
V,=5+Vo Vi=1Ve+V,
TH
Vi(t) = Vi(ti_1)  Vo(tii1)  Vo(t) — Vo(t-1) av V() -v(tq)
~ + — = lim
At Ty At dt ~ 4t-0 At
Yo(ty) | Volt) — Vo(t-1) V() - v(E-1)
TH At At
Vo(t;) = acrVo(tj-1) + acr|Vi(t;) — Vi(tj—1)] SR .
Ty RyCy ti-1 bt time
_ At T At

@R = Ty ~ RyC
H HlH
At+1 At +1
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Finite difference method is used to numerically
applying the CR-RC pulse shaping

 CR circuit:  RC circuit:
C Ry
. . . . H .......
..... RH . CH
V1=5+V0 Vi=1tV,+V,
TH
Volt;) —V,(ti_
Vl(t]) =~ T 0( ]) AtO( ] 1) + Vo(t]'—l)
Vo(tj) = Vo(tj-1)
I R ~n— Ato — +Vo(t)
| | | g
ti_l t] ti+1 time Vo(t]) = (1 — aRC)VO(ti_l) + aRCVi(t]-)

1 1

ORC =T, T R.C
L LY“L
At+1 At +1
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Iteration can be used to have more orders of CR-RC"
pulse shaping

V2(t) = acrVa(tji-1) + acr|[Vi(t) — Va(tj-1)] %cr = T i RHéII-It

a1 Rulu
Vs, (ti) = (1 - agcz)V3 (tj—l) + agc2V> (ti) 1

. a =
RCm ‘[Z—’;n 11
Vin(t;) = (1 — @rem-1)Vm(tj-1) + @rem-1Vm-1(t;) 7. = R.Cy.
Ty,

TLm = 1T

Vas1(t5) = (1 = aren)Vara(t-1) + @reaVa(t) m>2
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Let’s try using excel first

aCR E 0. 85 -20 ’ 0 20 40 60 80
_ At o
AcRr = T = 0.85 E -40
—*; +1 s .
Arem = 7 =0.15 ]
LLI_,;n +1 " time(us)
1L
e —
Ty = 362.7 ns V2(t;) = acrVa(tj-1) + ac[Va(t;) — Va(tj-1)]
TLm = 362. 7/(m o 1) ns V3 (t]) = (1 - aRC’z)V3 (ti_l) + aRC,2V2 (t])
T 0.85
Al; =015 Vin(t;) = (1 — @rem-1)Vm(tj-1) + @rem-1Vm-1(%;)
1 Var1(t5) = (1 — aren)Vins1(E-1) + arenVa(t;)

ORcm =085 1 1
0.15m—-1
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Let’s try using excel first

At - 64‘ ns -20 ’ 0
AcR = 0.85
Ty = 362.7 ns

20 40 60 80

=20

=30

Voltage (mV)

Tym = 362.7/(m — 1) ns

-50

-60

-70

time(us)

6
—
- =.
=] (1]
‘U —
— m
2 o
S =
= ple]
=3 o
£ £
< <<
-0.1 0.1 0.3 0.5 0.7 0.9
01 Time (us)
Time (us)
-——CR =———R(C2 ==———R(C3 =——RC4 —RC5
-——(CR =—RC2 =——R(C3 ——RC4 —RC5 =R CE e R(C7 o= RC8 e===—=RC9 == RC10
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When the pulse is not sharp enough, no significant
gaussian feature is observed

At = 64 ns
Acr = 085
Ty = 362.7 ns

Tym = 362.7/(m — 1) ns

Orcm =085 1

0.15m-1

+1

=
o

Voltage (mV)

S
L
)
i~
S
_1:_
o
£
<

Time (us)

Time (us)

-—CR —R(C2 =—RC3 ——RC4

What’s the source?
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Saha equation
aha equation gives the relative proportions of atoms

of a certain species that are in two different states of
ionization in thermal-equilibrium L

n. 1N, _ Gri19e (aneKT)B/Z ex (_ ﬁ)
n, G, h3 PAUTkT

* n.q, n,: Density of atoms in ionization state r+1, r (m-3)
* n,: Density of electrons (m-3)

* G,,q, G,: Partition function of ionization state r+1, r

« g.=2: Statistical weight of the electron

* m,: Mass of the electron

* X,: lonization potential of ground level of state r to reach to the ground
level of state r+1

T: Temperature

h: Planck’s constant

K: Boltzmann constant
Supplement to Ch. 6 of Astrophysics Processes by Hale Bradt

(http://homepages.spa.umn.edu/~kd/Ast4001-2015/NOTES/n052-saha-bradt.pdf) 21s



Some backgrounds of quantum mechanics

 Planck black

body function:

8mhv3 1

u(v,T) =

c3

ehv/KT —

« Boltzmann formula:

— g;, g;: statistical weight

ni _ gie

—€;/KT .
— gl e_hvii/KT

n; ge

—€;/KT =~ .
J j

: (W /m3 Hz)

gi

2 + 1

gj

2J; +1

(J: angular momenta quantum number)

— Number in the ith state to the total atom:

n; n;

gie—ei/KT

n Z‘n]-

G: partition function of statistical weight for

G

G=ZXgje /KT

the atom, taking into account all its excited

states.

Radiated Intensity

Toward the
"ultraviolet
catastrophe”
8y 2 Rayleigh-Jeans Law
3 k
c
(@&
Ky
G
@
5 Planck Law
-‘? hv
o 8mv 2
T+ Curves agree at cd :—.‘I’_
.{ very low frequencies ekt -1
Frequency
¥ —— — — — — —
S B A
€
R N A
8j -
€
)
--+-- Ground state

http://hyperphysics.phy-astr.gsu.edu/hbase/mod6.html 219



Einstein coefficient

% K,

g 3
& v,
5 %
z m
2 s

X $
e

* Probability of electron energy transition: * Photoexcitation:
— Excitation (1): P;; = B;ju(v,T) " hy i
— De-excitation (|):  P; = A;; + Bu(v,T) ViV ‘ _
 In thermal equilibrium: j
ni(Aii + Biiu) = n;Bju - * Induced radiation:
gi _ = RXT o 1 Hoh
g; e ™(A; + Bjju) = Bjiu KT hv_» _»v
8mhv3
u=a(e*-1)71 as=—s; )
X gi oy 9gi e
al| e*Bj; — g_Bii = (e* — 1)g_Aii « Spontaneous radiation:
J J .
 The Einstein coefficients are independent of T or v. ' hv
x—-0e*-1 X — o,e¥ > o A
B : . A 3 J
_n — & aBii = &Al] U = 871.’;‘,
B;; gi gj B;; c ”



Saha equation is derived using the transition between

different ionization states

* Required photon energy for transition (1)
from the ground state of r ionization
state to the ground state of r+1

ionization state:
Energy of the

2
hv = y, + 21'; — free electron
m

* Required photon energy for transition (2) €,

from the energy level k of r ionization
state to the energy level j of r+1
ionization state:
p?
hv =y, + €r+1j — €Erk T ﬁ

€rel, |

Atom in Atom in
7 10NiZ. r+1 ioniz.
state state (with

free electron)
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Saha equation is derived using the transition between
different ionization states

Photoionization:

Rpi = nr,ku(V)Br,k—W+1,j
Induced radiation:

Riy = Nyyq1 jNe,(P)UWV)Briq jork

Spontaneous emission:

Ry = NyiqNep (p)Ar+ 1,j-1k

In thermal equilibrium:

n,, 1, 'ne,pAr+ 1,j-rk + n,, 1, 'ne,puBr+ 1,j-rk
J J J J

=n, ,uB, kor+1,j Atom in Atom in
’ ’ ’ r ioniz. r+1 ioniz.
« Einstein coefficients: state state (with

free electron)

2 3
By k-r+1j  Gr+1j geATD Ari1jork  8mhy

3 3
Br+ 1,j-rk 9rk h Br+ 1,j-rk c
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Saha equation - continued

nr+1,jne,pAr+1,j—>r,k + nr+1,jne,puBr+1,j—>r,k = nr,kuBr,k—>r+1,j

Nyyq N Arstjork Ny jMep =N uBr’k_)rH’j
r+1,j'%ep r+1,j'"%ep™ — "'rk
J Br+1,j—>r,k Br+1,j—>r,k
N, ;N Aqi 1p ; B i Ori1i g.ATID?
r+1j'%ep r+1,j-rk 11 r.k-r+1,j rk-r+1,j _Jdr+l e P
o _ 3
n, g uB,., 1,jork B, 1,j-rk BT+1,]'—>T,k Irk h
n 4np? 2 3
e p p Ar+1]'_)r k 8mhv
nep(p)= 3/2 exp - . L =
' (2mmKT) 2mKT Bri1jork c3

3/2 2 3 3 -1 , 2
N, 41rp? 2mKT / |8mhv3 c3 grx  h3

Nyy1Ne  (2mmKT)32 g,11;9 1 (p?
= 3 exp|=—=(—-—hv
nr,k h .gr,k
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Saha equation - continued

Ny Me _ (2MmMKT)Y2 gri1ige [ 1 (PP
= exp = |5——hv
N, h3 rk KT \2m
Mryijfe _ 2UmKTY2 griyjge 1 (p* - p*
Nrge h3 Grk KT \2m Xr = €re1j Tk T o

€ri1,j
Nyipjfe (2mmKT)3/2 gr+1,j€Xp (— %) Ge

r
exp (— —)
n h3 €rk KT
i griexp (- 1)
€ KT
nrk . gr, e r,k/ GT — Zgrke_er,k/KT
n, Gr
€ /KT
i1 _ Gr1j€ Gri1 = EGryp et/
nyiq Gr+1

n, 1N, _ Gri19e (znmeKT)g/z ex (_ ﬁ)
n, G, h3 p
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Saha equation — example: hydrogen plasma of the sun

 Photosphere of the sun — hydrogen atoms in an optically thick gas in

thermal equilibrium at temperature T=6400 K.

— Neutral hydrogen (r state / ground state)

€r1
G =28k = gro + gr1exp (—1o0) + = 2+ Bexp (—
=2+9.8x1078+...x 2
— lonized state (r+1 state)
€ri11
Gri1=28r+1j = Ir+1,0 T Ir+1,1€XP (— KT

— Other information: g. =2 Xr = 13.6eV;KT = 0.56eV Ny =MNe

2
1x2 13.6
=2.41 X 10217(6400)3/2exp (— —) = 3.5 x 1016m3

10.2eV N
0.56eV

)+ x1

nyiq
n,

0.56
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It is mostly neutral in the photosphere of the sun

Assuming 50 % ionization:

n,,.; =n,=3.5x101m3 n=n,.q+n,=7x10%m>3

At lower densities n at the same temperature, there should be fewer
collisions leading to recombination and thus the plasma to be more than
50 % ionization.

In the photosphere of the sun:

p~3x10"*kg/m3 ->n=2x103m3>»7x10%m3
— Less than 50 % ionization

Use the total number density to estimate the ionization percentage:

n,.,+n,=2x10%3

n,iq
n,

=4 x10"*@6400K
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   𝑪 𝟏 = −   𝒆 ⁢  𝑬 𝟎  𝟐 ⁢ 𝒎  [   𝝎 +  𝝎 𝒄     ( 𝝎 +  𝝎 𝒄 ) 𝟐 +    𝝂 𝒄 𝟐 +   𝝎 −  𝝎 𝒄     ( 𝝎 −  𝝎 𝒄 ) 𝟐 +    𝝂 𝒄 𝟐 ]


   𝑪 𝟐 = −    𝝂 𝒄 ⁢ 𝒆 ⁢  𝑬 𝟎  𝟐 ⁢ 𝛚 𝐦  [  𝟏     ( 𝝎 +  𝝎 𝒄 ) 𝟐 +    𝝂 𝒄 𝟐 +  𝟏     ( 𝝎 −  𝝎 𝒄 ) 𝟐 +    𝝂 𝒄 𝟐 ]


   𝑪 𝟑 =    𝝎 𝒄 ⁢  (  𝑪 𝟏 ⁢  𝝂 𝒄 +  𝑪 𝟐 ⁢ 𝝎 )   𝝎 𝟐 +    𝝂 𝒄 𝟐


   𝑪 𝟒 = −    𝝎 𝒄 ⁢  (  𝑪 𝟏 ⁢ 𝝎 −  𝑪 𝟐 ⁢  𝝂 𝒄 )   𝝎 𝟐 +    𝝂 𝒄 𝟐


  𝑷 =   𝒅 ⁢ 𝑾  𝒅 ⁢ 𝒕 =   𝐞 𝐄 𝟎 ⁢ 𝐬 𝐢 𝐧 ⁢  ( 𝛚 𝐭 ) ⁢  𝒗 𝒙


     𝑷 _  𝐭 𝐨 𝐭 =  𝒏 𝒆 ⁢  𝑷 _ =  𝟏 𝟒 ⁢  𝝐 𝟎 ⁢    𝑬 𝟎 𝟐 ⁢    𝒏 𝒆 ⁢  𝒆 𝟐  𝒎 ⁢  𝝐 𝟎 ⁢  𝝂 𝒄  [  𝟏     ( 𝝎 +  𝝎 𝒄 ) 𝟐 +    𝝂 𝒄 𝟐 +  𝟏     ( 𝝎 −  𝝎 𝒄 ) 𝟐 +    𝝂 𝒄 𝟐 ]


  =  𝟏 𝟒 ⁢  𝝐 𝟎 ⁢    𝑬 𝟎 𝟐 ×    𝝎  𝐩 𝐞 𝟐  𝝂 𝒄  [  𝟏     ( 𝝎 +  𝝎 𝒄 ) 𝟐 +    𝝂 𝒄 𝟐 +  𝟏     ( 𝝎 −  𝝎 𝒄 ) 𝟐 +    𝝂 𝒄 𝟐 ]


   𝝂  ∗ 𝟎 =   𝟐 ⁢    𝝎  𝐩 𝐞 𝟐   𝝂 𝒄


   𝝂 ∗ ≈  𝝂  ∗ 𝟎 ⁢    𝝂 𝒄 𝟐  [    𝝎 𝟐 +    𝝎 𝒄 𝟐     (  𝝎 𝟐 −    𝝎 𝒄 𝟐 ) 𝟐 ] →  𝝂  ∗ 𝟎 ⁢      𝝂 𝒄 𝟐     𝝎 𝒄 𝟐 ≪  𝝂  ∗ 𝟎     ⁢  ( 𝝎 ,  𝝂 𝒄 ≪  𝝎 𝒄 )


   𝝂 ∗ ≈  𝝂  ∗ 𝟎 ⁢      𝝂 𝒄 𝟐   𝝎 𝟐 +    𝝂 𝒄 𝟐 ≈  𝝂  ∗ 𝟎 ⁢  ( 𝝎 ,  𝝎 𝒄 ⁢ < <  𝝂 𝒄 )


   𝝂 ∗ =  𝝂  ∗ 𝟎 ⁢   𝟐 ⁢    𝝎 𝒄 𝟐 +    𝝂 𝒄 𝟐  𝟒 ⁢    𝝎 𝒄 𝟐 +    𝝂 𝒄 𝟐 →  𝟏 𝟐 ⁢  𝝂  ∗ 𝟎 ⁢  ( 𝝎 =  𝝎 𝒄 > >  𝝂 𝒄 )


   𝑷 _ ⁢  (  𝝎 𝒄 ) =  𝟏 𝟒 ⁢  𝝐 𝟎 ⁢    𝑬 𝟎 𝟐 ×  𝝂  ∗ 𝟎 ⁢   𝟐 +    (    𝝂 𝒄 /   𝝎 𝒄 ) 𝟐  𝟒 +    (    𝝂 𝒄 /   𝝎 𝒄 ) 𝟐 =  𝟏 𝟒 ⁢  𝝐 𝟎 ⁢    𝑬 𝟎 𝟐 ×  𝝂  ∗ 𝟎 ⁢   𝟐 +  𝝐 𝟐  𝟒 +  𝝐 𝟐


   𝑷 _ ⁢  (  𝝎 𝒄 ± 𝚫 𝛚 ) =  𝟏 𝟒 ⁢  𝝐 𝟎 ⁢    𝑬 𝟎 𝟐 ×    𝝂  ∗ 𝟎 𝟐 ⁢    (    𝝂 𝒄   𝝎 𝒄 ) 𝟐  [  𝟏     ( 𝟐 ±   𝚫 𝛚 /   𝝎 𝒄 ) 𝟐 +    (    𝝂 𝒄 /   𝝎 𝒄 ) 𝟐 +  𝟏     (   𝚫 𝛚 /   𝝎 𝒄 ) 𝟐 +    (    𝝂 𝒄 /   𝝎 𝒄 ) 𝟐 ]


  𝐅 𝐨 𝐫       ⁢ 𝜹 ≈ 𝝐 ⁢ < < 𝟏 ,


   𝑷 _ ⁢  (  𝝎 𝒄 ±  𝝂 𝒄 ) =  𝟏 𝟐 ⁢  𝑷 _ ⁢  (  𝝎 𝒄 )


  =  𝟏 𝟒 ⁢  𝝐 𝟎 ⁢    𝑬 𝟎 𝟐 ×    𝝂  ∗ 𝟎 𝟐 ⁢  𝝐 𝟐  [  𝟏     ( 𝟐 ± 𝜹 ) 𝟐 +  𝝐 𝟐 +  𝟏   𝜹 𝟐 +  𝝐 𝟐 ]     ⁢ 𝐰 𝐡 𝐞 𝐫 𝐞     ⁢ 𝜹 ≡   𝚫 𝛚   𝝎 𝒄 , 𝝐 ≡    𝝂 𝒄   𝝎 𝒄


     𝑽 𝟏   𝑽 𝟐 =    (    𝑨 𝟐   𝑨 𝟏 ) 𝒒 ⁢ 𝐰 𝐡 𝐞 𝐫 𝐞     𝟏 . 𝟎 ≤ 𝒒 ≤ 𝟐 . 𝟓


   𝑰 𝟏 =  𝑨 𝟏 ⁢  𝑱 𝟏 =  𝑨 𝟏 ⁢   𝒆 𝒏  𝐢 𝟏 ⁢    𝒗 -  𝐢 𝟏


   𝑰 𝟐 =  𝑨 𝟐 ⁢  𝑱 𝟐 =  𝑨 𝟐 ⁢   𝒆 𝒏  𝐢 𝟐 ⁢    𝒗 -  𝐢 𝟐


     𝒗 -  𝒊 𝟏 =   (   𝟐   𝒆 𝑽 𝟏   𝒎 𝐢 )


     𝒗 -  𝒊 𝟐 =   (   𝟐   𝒆 𝑽 𝟐   𝒎 𝐢 )


   𝑰 𝟏 =  𝑰 𝟐


   𝑨 𝟏 ⁢   𝒆 𝒏  𝐢 𝟏 ⁢   (   𝟐   𝒆 𝑽 𝟏   𝒎 𝐢 ) =  𝑨 𝟐 ⁢   𝒆 𝒏  𝐢 𝟐 ⁢   (   𝟐   𝒆 𝑽 𝟐   𝒎 𝐢 )


   𝒏  𝐢 𝟏 ⁢ =  𝒏  𝐢 𝟐 ⁢


     𝑽 𝟏   𝑽 𝟐 =    (    𝑨 𝟐   𝑨 𝟏 ) 𝟐 ⁢


   𝝎  𝐜 𝐞 =   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄


   𝝎  𝐋 𝐂 =  𝟏   𝑳 𝑪 ≡ 𝟒  𝝎  𝐜 𝐞


   𝝎  𝐜 𝐞 =   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄


   𝝎  𝐋 𝐂 =  𝟏   𝑳 𝑪 ≡ 𝟒  𝝎  𝐜 𝐞


  𝝎 =  𝟏   𝑳 𝑪


   𝝎  𝐂 𝐄 =   𝒆 𝑩  𝒎 𝒄


   𝝎  𝐂 𝐄 = 𝝎


   𝒎 𝒆 ⁢   𝒅 ⁢  𝒗 ⇀  𝐝 𝐭 = −  𝒆 𝒄 ⁢  𝒗 ⇀ ⨯  𝑩 ⇀


   𝑩 ⇀ = 𝑩 ⁢  𝒛 ^


   𝒎 𝒆 ⁢    𝒗 · 𝒙 = −  𝒆 𝒄 ⁢ 𝑩 ⁢  𝒗 𝒚


   𝒎 𝒆 ⁢    𝒗 · 𝒚 =  𝒆 𝒄 ⁢ 𝑩 ⁢  𝒗 𝒙


   𝒎 𝒆 ⁢    𝒗 · 𝒛 = 𝟎


     𝒗 ¨ 𝒙 = −   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄 ⁢    𝒗 · 𝒚 = −    (   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄 ) 𝟐 ⁢  𝒗 𝒙


     𝒗 ¨ 𝒚 = −   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄 ⁢    𝒗 · 𝒙 = −    (   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄 ) 𝟐 ⁢  𝒗 𝒚


   𝝎  𝐜 𝐞 =   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄


   𝒎 𝒆 ⁢   𝒅 ⁢  𝒗 ⇀  𝐝 𝐭 = −  𝒆 𝒄 ⁢  𝒗 ⇀ ⨯  𝑩 ⇀ − 𝒆 ⁢  𝑬 ⇀


   𝑬 ⇀ =   𝑬 𝟎 [  𝒙 ^ ⁢ 𝐜 𝐨 𝐬 ⁢  ( 𝛚 𝐭 ) +  𝒚 ^ ⁢ 𝐬 𝐢 𝐧 ⁢  ( 𝛚 𝐭 ) ]


   𝒎 𝒆 ⁢    𝒗 · 𝒙 = −  𝒆 𝒄 ⁢ 𝑩 ⁢  𝒗 𝒚 +  𝑬 𝟎 ⁢ 𝐜 𝐨 𝐬 ⁢  ( 𝛚 𝐭 )


   𝒎 𝒆 ⁢    𝒗 · 𝒚 =  𝒆 𝒄 ⁢ 𝑩 ⁢  𝒗 𝒙 +  𝑬 𝟎 ⁢ 𝐬 𝐢 𝐧 ⁢  ( 𝛚 𝐭 )


   𝒎 𝒆 ⁢    𝒗 · 𝒛 = 𝟎


     𝒗 ¨ 𝒙 = −   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄 ⁢    𝒗 · 𝒚 −    𝑬 𝟎   𝒎 𝒆 ⁢ 𝝎 ⁢ 𝐬 𝐢 𝐧 ⁢  ( 𝛚 𝐭 ) = −    𝝎  𝐜 𝐞 𝟐 ⁢  𝒗 𝒙 −    𝑬 𝟎   𝒎 𝒆 ⁢  (  𝝎  𝐜 𝐞 + 𝝎 ) ⁢ 𝐬 𝐢 𝐧 ⁢  ( 𝛚 𝐭 )


     𝒗 ¨ 𝒚 = −   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄 ⁢    𝒗 · 𝒙 +    𝑬 𝟎   𝒎 𝒆 ⁢ 𝝎 ⁢ 𝐜 𝐨 𝐬 ⁢  ( 𝛚 𝐭 ) = −    𝝎  𝐜 𝐞 𝟐 ⁢  𝒗 𝒚 +    𝑬 𝟎   𝒎 𝒆 ⁢  (  𝝎  𝐜 𝐞 + 𝝎 ) ⁢ 𝐜 𝐨 𝐬 ⁢  ( 𝛚 𝐭 )


   𝝎  𝐜 𝐞 =   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄


   𝑩 ⇀ =  𝑩 𝟎 ⁢  𝒛 ^


   𝑬 𝐱 =  𝑬 𝐨 ⁢ 𝐞 𝐱 𝐩 ⁢  ( − 𝒊 𝝎 𝒕 )


   𝑬 𝒚 = ± 𝒊  𝑬 𝐱 = 𝒊  𝑬 𝐨 ⁢ 𝐞 𝐱 𝐩 ⁢  ( − 𝒊 𝝎 𝒕 ) =  𝑬 𝐨 ⁢ 𝐞 𝐱 𝐩 ⁢  ( ± 𝒊 ⁢  𝝅 𝟐 ) 𝐞 𝐱 𝐩 ⁢  ( − 𝒊 𝝎 𝒕 ) =  𝑬 𝐨 ⁢ 𝐞 𝐱 𝐩  [ − 𝒊 ⁢  ( 𝝎 𝒕 ±  𝝅 𝟐 ) ]


   𝑬 ⃑ =  𝑬 𝐨 ⁢  𝒙 ^ =    𝑬 𝐨 𝟐  [  (  𝒙 ^ + 𝒊 ⁢  𝒚 ^ ) +  (  𝒙 ^ − 𝒊 ⁢  𝒚 ^ ) ]


   𝑬  𝐜 𝐮 𝐭 𝐨 𝐟 𝐟 ≈  𝑰 𝐩 +   𝟑 . 𝟏 𝟕 𝑼 𝐩


   𝑰 𝐩   :   𝐢 𝐨 𝐧 𝐢 𝐳 𝐚 𝐭 𝐢 𝐨 𝐧   𝐩 𝐨 𝐭 𝐞 𝐧 𝐭 𝐢 𝐚 𝐥


   𝑼 𝐩   : 𝐩 𝐨 𝐧 𝐝 𝐞 𝐫 𝐨 𝐦 𝐨 𝐭 𝐢 𝐯 𝐞   𝐞 𝐧 𝐞 𝐫 𝐠 𝐲


   𝟏 𝟐 ⁢ 𝒎 ⁢  𝒖 𝟐 =  𝟏 𝟐 ⁢ 𝒎 ⁢    𝒖 𝟎 𝟐 − 𝒆 ⁢ 𝝓 ⁢  ( 𝒙 )


  𝒖 =    (    𝒖 𝟎 𝟐 −   𝟐 ⁢ 𝐞 𝛟 𝒎 )   𝟏 / 𝟐


   𝒏 𝟎 ⁢  𝒖 𝟎 =  𝒏 𝒊 ⁢  ( 𝒙 ) ⁢ 𝒖 ⁢  ( 𝒙 )


   𝒏 𝒊 ⁢  ( 𝒙 ) =  𝒏 𝟎 ⁢    ( 𝟏 −   𝟐 ⁢ 𝒆 ⁢ 𝝓  𝒎 ⁢    𝒖 𝟎 𝟐 )    − 𝟏 / 𝟐


   𝒏 𝒆 ⁢  ( 𝒙 ) =  𝒏 𝟎 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝛟  𝑲 ⁢  𝑻 𝒆 )


   𝝐 𝟎 ⁢    𝒅 𝟐 ⁢ 𝝓    𝐝 𝐱 𝟐 = 𝒆 ⁢  (  𝒏 𝒆 −  𝒏 𝒊 )


  𝝌 ≡ −   𝐞 𝛟  𝑲 ⁢  𝑻 𝒆   ,   𝝃 ≡  𝒙   𝝀 𝑫   ,   𝑴 ≡    𝒖 𝟎     ( 𝑲 ⁢    𝑻 𝒆 / 𝒎 )   𝟏 / 𝟐


  𝝌 ′′ =    ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )    − 𝟏 / 𝟐 −  𝒆  − 𝝌


   𝑻 𝒊 = 𝟎


   𝒏 𝟎


   𝒏 𝒊 ⁢  ( 𝒙 )


  𝒖 ⁢  ( 𝒙 )


   𝒖 𝟎


  = 𝒆 ⁢  𝒏 𝟎  [ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝛟  𝑲 ⁢  𝑻 𝒆 ) −    ( 𝟏 −   𝟐 ⁢ 𝒆 ⁢ 𝝓  𝒎 ⁢    𝒖 𝟎 𝟐 )    − 𝟏 / 𝟐 ]


   𝝀 𝑫 =    (   𝑲 ⁢  𝑻 𝒆  𝟒 ⁢ 𝝅 ⁢ 𝒏 ⁢  𝒆 𝟐 )   𝟏 / 𝟐


  𝝌 ′′ =    ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )    − 𝟏 / 𝟐 −  𝒆  − 𝝌


  𝝌 ′ ⁢ 𝝌 ′′ = 𝝌 ′ ⁢    ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )    − 𝟏 / 𝟐 − 𝝌 ′ ⁢  𝒆  − 𝝌


   𝒅  𝐝 𝛏  (     𝝌 ′ 𝟐 𝟐 ) =   𝐝 𝛘  𝐝 𝛏 ⁢    ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )    − 𝟏 / 𝟐 −   𝐝 𝛘  𝐝 𝛏 ⁢  𝒆  − 𝝌


    ∫   𝝌 𝟎 ′  𝝌 ′  ⅆ  (     𝝌 ′ 𝟐 𝟐 ) =   ∫ 𝟎 𝝌     ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )    − 𝟏 / 𝟐 ⁢ ⅆ 𝝌 −   ∫ 𝟎 𝝌   𝒆  − 𝝌 ⁢ ⅆ 𝝌


   𝟏 𝟐 ⁢  (   𝝌 ′ 𝟐 −    𝝌 𝟎 ′ 𝟐 ) =  𝑴 𝟐  [    ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )   𝟏 / 𝟐 − 𝟏 ] +  𝒆  − 𝝌 − 𝟏


   𝝌 𝟎 = 𝟎   ,    𝝌 𝟎 ′ = 𝟎 ,   @   𝝃 = 𝟎


   𝟏 𝟐 ⁢  (   𝝌 ′ 𝟐 −    𝝌 𝟎 ′ 𝟐 ) =  𝑴 𝟐  [    ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )   𝟏 / 𝟐 − 𝟏 ] +  𝒆  − 𝝌 − 𝟏


  𝐟 𝐨 𝐫     ⁢  | 𝝌 | ⁢   ≪ 𝟏


     ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )   𝟏 / 𝟐 − 𝟏 = 𝟏 +  𝝌   𝑴 𝟐 −  𝟏 𝟐 ⁢    (  𝝌   𝑴 𝟐 ) 𝟐 + … − 𝟏 ≈  𝝌   𝑴 𝟐 −  𝟏 𝟐 ⁢    (  𝝌   𝑴 𝟐 ) 𝟐


   𝒆  − 𝝌 − 𝟏 = 𝟏 − 𝝌 +  𝟏 𝟐 ⁢  𝝌 𝟐 + … − 𝟏 ≈ − 𝝌 +  𝟏 𝟐 ⁢  𝝌 𝟐


   𝑴 𝟐  [    ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )   𝟏 / 𝟐 − 𝟏 ] +  𝒆 𝝌 − 𝟏 ≈  𝑴 𝟐  [  𝝌   𝑴 𝟐 −  𝟏 𝟐 ⁢    (  𝝌   𝑴 𝟐 ) 𝟐 ] − 𝝌 +  𝟏 𝟐 ⁢  𝝌 𝟐 =  𝟏 𝟐 ⁢  𝝌 𝟐 ⁢  ( −  𝟏   𝑴 𝟐 + 𝟏 ) > 𝟎


   𝑴 𝟐 > 𝟏     ⁢ 𝐨 𝐫


  ⁢ 𝒎 ⁢    𝒖 𝟎 𝟐 > 𝑲 ⁢  𝑻 𝒆


   | 𝝓 | ≥  𝟏 𝟐 ⁢   𝑲 ⁢  𝑻 𝒆 𝒆     .


   𝒖 𝟎


  ⁢ 𝒎 ⁢    𝒖 𝟎 𝟐 > 𝑲 ⁢  𝑻 𝒆


   𝟏 𝟐 𝒎 ⁢    𝒖 𝟎 𝟐 =  | 𝒆 𝝓 | ,


  𝑰 =  𝒏 𝒔 ⁢ 𝒆 ⁢ 𝑨 ⁢    (   𝑲 ⁢  𝑻 𝒆 𝒎 )   𝟏 / 𝟐


  | 𝝓 | ≃  𝟏 𝟐 ⁢   𝑲 ⁢  𝑻 𝒆 𝒆


   𝒏 𝒔 =  𝒏 𝟎 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝛟  𝑲 ⁢  𝑻 𝒆 ) =  𝒏 𝟎 ⁢  𝒆    − 𝟏 / 𝟐 = 𝟎 . 𝟔 𝟏  𝒏 𝟎


  𝐁 𝐨 𝐡 𝐦   𝐜 𝐮 𝐫 𝐫 𝐞 𝐧 𝐭 :    𝑰 𝑩 ≃ 𝟎 . 𝟓  𝒏 𝟎 ⁢ 𝒆 ⁢ 𝑨 ⁢    (   𝑲 ⁢  𝑻 𝒆 𝒎 )   𝟏 / 𝟐


  ⁢ 𝒎 ⁢    𝒖 𝟎 𝟐 > 𝑲 ⁢  𝑻 𝒆


  𝑱 = 𝒆 ⁢ 𝒏 𝒖


   𝒖 𝟎


  𝑰


   𝒏 𝒔


   𝒏 𝟎


  𝑰 =  𝒏 𝒔 ⁢ 𝒆 ⁢ 𝑨 ⁢    (   𝑲 ⁢  𝑻 𝒆 𝒎 )   𝟏 / 𝟐


  | 𝝓 | ≃  𝟏 𝟐 ⁢   𝑲 ⁢  𝑻 𝒆 𝒆


   𝒏 𝒔 =  𝒏 𝟎 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝛟  𝑲 ⁢  𝑻 𝒆 ) =  𝒏 𝟎 ⁢  𝒆    − 𝟏 / 𝟐 = 𝟎 . 𝟔 𝟏  𝒏 𝟎


  𝐁 𝐨 𝐡 𝐦   𝐜 𝐮 𝐫 𝐫 𝐞 𝐧 𝐭 :    𝑰 𝑩 ≃ 𝟎 . 𝟓  𝒏 𝟎 ⁢ 𝒆 ⁢ 𝑨 ⁢    (   𝑲 ⁢  𝑻 𝒆 𝒎 )   𝟏 / 𝟐


  ⁢ 𝒎 ⁢    𝒖 𝟎 𝟐 > 𝑲 ⁢  𝑻 𝒆


  𝑱 = 𝒆 ⁢ 𝒏 𝒖


   𝒖 𝟎


  𝑰


   𝒏 𝒔


   𝒏 𝟎


   𝒏  𝒆 ⁢ 𝒘 =  𝒏 𝟎 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝒆 ⁢  𝜱 𝒘  𝑲 ⁢  𝑻 𝒆 )


  𝑰 = 𝐞 𝐀 ⁢  (  𝜞 𝒊 −  𝜞 𝒆 ) = 𝟎


   𝜱 𝒘 = −   𝑲 ⁢  𝑻 𝒆  𝟐 ⁢ 𝒆 ⁢ 𝐥 𝐧 ⁢  (    𝒎 𝒊 ⁢  𝑻 𝒆   𝒎 𝒆 ⁢  𝑻 𝒊 )


   𝜞 𝒊 =  𝟏 𝟒 ⁢  𝒏 𝟎 ⁢    𝒗 _ 𝒊 =  𝒏 𝟎 ⁢    𝟖 ⁢ 𝑲 ⁢  𝑻 𝒊  𝝅 ⁢  𝒎 𝒊


   𝜞 𝒆 =  𝟏 𝟒 ⁢  𝒏  𝒆 ⁢ 𝒘 ⁢    𝒗 _ 𝒆 =  𝒏 𝟎 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝒆 ⁢  𝜱 𝒘  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝟖 ⁢ 𝑲 ⁢  𝑻 𝒆  𝝅 ⁢  𝒎 𝒆


   𝒖 𝟎 =    𝑲 ⁢  𝑻 𝒆   𝒎 𝒊


   𝜞 𝒊 =  𝒏 𝒔 ⁢  𝒖 𝟎


   𝒏  𝒆 ⁢ 𝒘 =  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝒆 ⁢  𝜱 𝒘  𝑲 ⁢  𝑻 𝒆 )


   𝜱  𝒘 𝑩 = −   𝑲 ⁢  𝑻 𝒆  𝟐 ⁢ 𝒆 ⁢ 𝐥 𝐧 ⁢  (    𝒎 𝒊  𝟐 ⁢ 𝝅 ⁢  𝒎 𝒆 )


   𝜞 𝒆 =  𝟏 𝟒 ⁢  𝒏 𝒘 ⁢    𝒗 _ 𝒆 =  𝟏 𝟒 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝒆 ⁢  𝜱 𝒘  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝟖 ⁢ 𝑲 ⁢  𝑻 𝒆  𝝅 ⁢  𝒎 𝒆


  𝑰 = 𝐞 𝐀 ⁢  (  𝜞 𝒊 −  𝜞 𝒆 ) = 𝟎


   𝜱 𝒘 = −   𝑲 ⁢  𝑻 𝒆  𝟐 ⁢ 𝒆 ⁢ 𝐥 𝐧 ⁢  (    𝒎 𝒊 ⁢  𝑻 𝒆   𝒎 𝒆 ⁢  𝑻 𝒊 )


   𝒖 𝟎


   𝑰  𝐢 𝐬 =   𝐀 𝐉  𝐢 𝐬 =   𝐞 𝐀 𝚪  𝐢 𝐬


  𝑰 =  𝑰  𝐢 𝐬 +  𝑰 𝒆 =  𝑰  𝐢 𝐬 +  𝟏 𝟒 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝐕  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝒗 _ 𝒆 ⁢ 𝐞 𝐀


  𝑽 ≡ 𝜱


    𝒅 ⁢  𝑰  𝐢 𝐬  𝒅 ⁢ 𝑽 ⁢ ≪   𝐝 𝐈  𝐝 𝐕


    𝒅 𝑰  𝐝 𝐕 =   𝒅 ⁢  𝑰  𝐢 𝐬  𝒅 ⁢ 𝑽 +  𝟏 𝟒 ⁢  𝒆  𝑲 ⁢  𝑻 𝒆 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝐕  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝒗 _ 𝒆 ⁢ 𝐞 𝐀 =   𝒅 ⁢  𝑰  𝐢 𝐬  𝒅 ⁢ 𝑽 +  𝒆  𝑲 ⁢  𝑻 𝒆 ⁢  𝑰 𝒆 =   𝒅 ⁢  𝑰  𝐢 𝐬  𝒅 ⁢ 𝑽 +  𝒆  𝑲 ⁢  𝑻 𝒆 ⁢  ( 𝑰 −  𝑰  𝐢 𝐬 )


   𝑻 𝒆 =   𝒆 ⁢  ( 𝑰 −  𝑰  𝐢 𝐬 )    𝐝 𝐈 /  𝐝 𝐕


  = 𝒆 ⁢ 𝑨 ⁢  𝟏 𝟒 ⁢  𝒏 𝒊 ⁢    𝒗 _ 𝒊 =   𝐞 𝐀 ⁢  𝒏 𝒊 𝟒 ⁢    𝟖 ⁢ 𝑲 ⁢  𝑻 𝒊  𝝅 ⁢  𝒎 𝒊


  ≈  𝒆  𝑲 ⁢  𝑻 𝒆 ⁢  ( 𝑰 −  𝑰  𝐢 𝐬 )


   𝒏 𝒊 =   𝟒 ⁢  𝑰  𝐢 𝐬  𝐞 𝐀 ⁢    𝝅 ⁢  𝒎 𝒊  𝟖 ⁢ 𝑲 ⁢  𝑻 𝒊


  𝑽 =  𝑽 𝒑


   𝑰  𝐞 𝐬 =  𝟏 𝟒 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (     𝐞 𝐕 𝒑  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝒗 _ 𝒆 ⁢ 𝐞 𝐀


  𝑰 =  𝑰 𝒆 +  𝑰  𝐢 𝐬 ≈  𝑰  𝐞 𝐬 =  𝟏 𝟒 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝐕  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝒗 _ 𝒆 ⁢ 𝐞 𝐀 =  𝟏 𝟒 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝐕 −   𝐞 𝐕 𝒑 +   𝐞 𝐕 𝒑  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝒗 _ 𝒆 ⁢ 𝐞 𝐀 =  𝟏 𝟒 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (     𝐞 𝐕 𝒑  𝑲 ⁢  𝑻 𝒆 ) ⁢ 𝐞 𝐱 𝐩 ⁢  ( 𝒆 ⁢   𝑽 −  𝑽 𝒑  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝒗 _ 𝒆 ⁢ 𝐞 𝐀 =  𝑰  𝐞 𝐬 ⁢ 𝐞 𝐱 𝐩 ⁢  ( 𝒆 ⁢   𝑽 −  𝑽 𝒑  𝑲 ⁢  𝑻 𝒆 )


   𝑻 𝒆 =   𝒆 ⁢  ( 𝑽 −  𝑽 𝒑 )  𝑲 ⁢  (   𝐥 𝐧 𝐈  𝐞 𝐬 − 𝐥 𝐧 𝐈 )


   𝑰  𝐞 𝐬 =  𝟏 𝟒 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (     𝐞 𝐕 𝒑  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝒗 _ 𝒆 ⁢ 𝐞 𝐀


   𝒏 𝟎 =   𝟒 ⁢  𝑰  𝐞 𝐬  𝐞 𝐀 ⁢    𝝅 ⁢  𝒎 𝒆  𝟖 ⁢   𝑲 𝑻 𝒆


  =  𝟏 𝟒 ⁢  𝒏 𝟎 ⁢ 𝐞 𝐀 ⁢    𝟖 ⁢ 𝑲 ⁢  𝑻 𝒆  𝝅 ⁢  𝒎 𝒆


  𝑰 =  𝑰  𝟏 ⁢ 𝐞 −  𝑰  𝟏 ⁢ 𝐢 =  𝑰  𝟐 ⁢ 𝐢 −  𝑰  𝟐 ⁢ 𝐞


   𝑰  𝟏 ⁢ 𝐞 = 𝑰 +  𝑰  𝟏 ⁢ 𝐢


   𝑰  𝟐 ⁢ 𝐞 =  𝑰  𝟐 ⁢ 𝐢 − 𝑰


   𝑰  𝟏 ⁢ 𝐞 =  𝑨 𝟏 ⁢      𝒗 _ 𝐞 ⁢ 𝒆 𝟒 ⁢  𝒏 𝐬 ⁢ 𝐞 𝐱 𝐩 ⁢  (     𝐞 𝐕 𝟏  𝑲 ⁢  𝑻 𝐞 )


   𝑰  𝟐 ⁢ 𝐞 =  𝑨 𝟐 ⁢      𝒗 _ 𝐞 ⁢ 𝒆 𝟒 ⁢  𝒏 𝐬 ⁢ 𝐞 𝐱 𝐩 ⁢  (     𝐞 𝐕 𝟐  𝑲 ⁢  𝑻 𝐞 )


    𝑰 +  𝑰  𝟏 ⁢ 𝐢   𝑰  𝟐 ⁢ 𝐢 − 𝑰 =    𝑨 𝟏   𝑨 𝟐 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝒆  (  𝑽 𝟏 −  𝑽 𝟐 )    𝑲 𝑻 𝐞 )


  𝑰 =  𝑰 𝐢 ⁢ 𝐭 𝐚 𝐧 𝐡 ⁢  (   𝒆 𝑽  𝟐 ⁢   𝑲 𝑻 𝐞 )


    𝒅 𝑰  𝐝 𝐕  |  𝒗 = 𝟎 =   𝒆  𝑰 𝐢    𝟐 𝑲 𝑻 𝐞


  =    𝑨 𝟏   𝑨 𝟐 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝒆 𝑽    𝑲 𝑻 𝐞 )


   ( 𝒀 ≡  𝜴 𝝎 ≡ 𝟎 )


   ( 𝒀 ≡  𝜴 𝝎 ≡ 𝟎 )


  𝒄 𝒐 𝒔 ⁢  ( 𝒙 ) =    𝒆  𝐢 𝐱 +  𝒆  − 𝐢 𝐱 𝟐


  =  𝑰 𝟎 ⁢  ( 𝒙 , 𝒚 ) +  𝟏 𝟐 ⁢ 𝒎 ⁢  ( 𝒙 , 𝒚 ) ⁢  (  𝒆   𝒊 [ 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 + 𝝓 ⁢  ( 𝒙 , 𝒚 ) ] +  𝒆  −  𝒊 [ 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 + 𝝓 ⁢  ( 𝒙 , 𝒚 ) ] )


  =  𝑰 𝟎 ⁢  ( 𝒙 , 𝒚 ) +  𝟏 𝟐 ⁢ 𝒎 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝒆  𝐢 𝛟 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝒆  𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙 +  𝟏 𝟐 ⁢ 𝒎 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝒆  − 𝐢 𝛟 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝒆  − 𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙


  =  𝑰 𝟎 ⁢  ( 𝒙 , 𝒚 ) + 𝐜 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝒆  𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙 +  𝒄 ∗ ⁢  ( 𝒙 , 𝒚 )  𝒆  − 𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙


  𝒄 ⁢  ( 𝒙 , 𝒚 ) ≡  𝟏 𝟐 ⁢ 𝒎 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝒆  𝐢 𝛟 ⁢  ( 𝒙 , 𝒚 )


   𝒈 ^ ⁢  (  𝒇 𝒙 , 𝒚 ) ≡  𝐅 𝐓 [ 𝒈 ⁢  ( 𝒙 , 𝒚 ) ]


   𝒈 ^ ⁢  (  𝒇 𝒙 −  𝝂 𝟎 , 𝒚 ) = 𝐅 𝐓  [ 𝒈 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝒆  𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙 ]


   𝑰 ^ ⁢  (  𝒇 𝒙 , 𝒚 ) =    𝑰 ^ 𝟎 ⁢  (  𝒇 𝒙 , 𝒚 ) +  𝒄 ^ ⁢  (  𝒇 𝒙 −  𝝂 𝟎 , 𝒚 ) +    𝒄 ^ ∗ ⁢  (  𝒇 𝒙 +  𝝂 𝟎 , 𝒚 )


  𝐈  ( 𝒙 , 𝒚 ) =  𝑰 𝟎 ⁢  ( 𝒙 , 𝒚 ) + 𝒎 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝐜 𝐨 𝐬 [ 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 + 𝝓 ⁢  ( 𝒙 , 𝒚 ) ]


  𝝓 ⁢  ( 𝒙 , 𝒚 ) =   𝐭 𝐚 𝐧  − 𝟏  (    𝐈 𝐦 [ 𝒄 ⁢  ( 𝒙 , 𝒚 ) ]   𝐑 𝐞 [ 𝒄 ⁢  ( 𝒙 , 𝒚 ) ] )


   𝒈 ^ ⁢  (  𝒇 𝒙 )


   𝒇 𝒙


  𝐠 ⁢  ( 𝒙 ) = 𝒄 𝒐 𝒔 ⁢  ( 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 ) =    𝒆  𝐢 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 +  𝒆  − 𝐢 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 𝟐


  𝐡  ( 𝒙 ) = 𝝓 ⁢  ( 𝒙 ) ×  𝒆  𝐢 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙


   𝒈 ^ ⁢  (  𝒇 𝒙 )


   𝒇 𝒙


   𝝂 𝟎


    − 𝝂 𝟎


   𝒉 ^ ⁢  (  𝒇 𝒙 )


   𝒇 𝒙


   𝝂 𝟎


  𝝓 ⁢  ( 𝒙 )


   𝒇 𝒙


   𝝓 ^ ⁢  (  𝒇 𝒙 )


   𝒉 ^ ⁢  (  𝒇 𝒙 ) = 𝐅 𝐓  [ 𝝓 ⁢  ( 𝒙 ) ⁢  𝒆  𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙 ]


  =  𝝓 ^ ⁢  (  𝒇 𝒙 −  𝝂 𝟎 ⁢ )


  𝑰  ( 𝒙 ) =  𝑰 𝟎 ⁢  ( 𝒙 ) + 𝒎 ⁢  ( 𝒙 ) ⁢  𝐜 𝐨 𝐬 [ 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 + 𝝓 ⁢  ( 𝒙 ) ] =  𝑰 𝟎 ⁢  ( 𝒙 ) + 𝐜 ⁢  ( 𝒙 ) ⁢  𝒆  𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙 +  𝒄 ∗ ⁢  ( 𝒙 )  𝒆  − 𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙


  𝒄 ⁢  ( 𝒙 )


   𝒇 𝒙


   𝒄 ^ ⁢  (  𝒇 𝒙 )


  𝑰 ⁢  ( 𝒙 )


   𝑰 ^ ⁢  (  𝒇 𝒙 )


   𝒇 𝒙


   𝝂 𝟎


    − 𝝂 𝟎


   𝑰 ^ ⁢  (  𝒇 𝒙 )


   𝒇 𝒙


  𝒄 ⁢  ( 𝒙 )


  𝒄 ⁢  ( 𝒙 , 𝒚 ) ≡  𝟏 𝟐 ⁢  𝒆  𝐢 𝛟 ⁢  ( 𝒙 , 𝒚 )


   𝑰 ^ ⁢  (  𝒇 𝒙 ) =    𝑰 ^ 𝟎 ⁢  (  𝒇 𝒙 ) +  𝒄 ^ ⁢  (  𝒇 𝒙 −  𝝂 𝟎 ) +    𝒄 ^ ∗ ⁢  (  𝒇 𝒙 +  𝝂 𝟎 )


   𝑰 ^ ⁢  (  𝒇 𝒙 )


   𝒇 𝒙


   𝝂 𝟎


    − 𝝂 𝟎


   𝒄 ^ ⁢  (  𝒇 𝒙 −  𝝂 𝟎 )


     𝒄 ^ ∗ ⁢  (  𝒇 𝒙 +  𝝂 𝟎 )


     𝑰 ^ 𝟎 ⁢  (  𝒇 𝒙 )


  𝑰 ⁢  ( 𝒙 )


   |  𝑰 ^ ⁢  (  𝒇 𝒙 ) |


   𝒇 𝒙


   𝒇 𝒙


   𝒇 𝒙


   |  𝑰 ^ ⁢  (  𝒇 𝒙 ) |


   |  𝒄 ^ ⁢  (  𝒇 𝒙 ) |


   𝒇 𝒙


  𝝓 ⁢  ( 𝒙 )


  𝝓 ⁢  ( 𝒙 )


  𝝓 ⁢  ( 𝒙 ) =   𝒕 𝒂 𝒏  − 𝟏  (    𝑰 𝒎 [ 𝒄 ⁢  ( 𝒙 ) ]   𝑹 𝒆 [ 𝒄 ⁢  ( 𝒙 ) ] )


   |  𝒄 ^ ⁢  (  𝒇 𝒙 ) |


   𝑰 ^ ⁢  (  𝒇 𝒙 , 𝒚 ) =  𝒄 ^ ⁢  (  𝒇 𝒙 −  𝝂 𝟎 , 𝒚 ) +    𝒄 ^ ∗ ⁢  (  𝒇 𝒙 +  𝝂 𝟎 , 𝒚 )


  𝐈  ( 𝒙 , 𝒚 ) =  𝐜 𝐨 𝐬 [ 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 + 𝝓 ⁢  ( 𝒙 , 𝒚 ) ]


  𝝓 ⁢  ( 𝒙 , 𝒚 ) = −   𝐭 𝐚 𝐧  − 𝟏  (    𝐈 𝐦 [ 𝒄 ⁢  ( 𝒙 , 𝒚 ) ]   𝐑 𝐞 [ 𝒄 ⁢  ( 𝒙 , 𝒚 ) ] )


   ( 𝒀 ≡  𝜴 𝝎 ≡ 𝟎 )


   𝑬 ⇀ ⁢  ( 𝒛 ) =    𝑬 𝟎 𝟐  [  (  𝒙 ^ + 𝒊 ⁢  𝒚 ^ ) ⁢  𝒆    𝐢 𝛟 𝑹 +  (  𝒙 ^ − 𝒊 ⁢  𝒚 ^ ) ⁢  𝒆    𝐢 𝛟 𝑳 ]


  =    𝑬 𝟎 𝟐  [  𝒙 ^ ⁢  (  𝒆    𝐢 𝛟 𝑹 +  𝒆    𝐢 𝛟 𝑳 ) +  𝐲 ^ 𝒊 ⁢  (  𝒆    𝐢 𝛟 𝑹 −  𝒆    𝐢 𝛟 𝑳 ) ]


  =    𝑬 𝟎 𝟐  [  𝒙 ^ ⁢  (  𝒆  𝒊 ⁢  (  𝝓 _ +   𝚫 𝛟 𝟐 ) +  𝒆  𝒊 ⁢  (  𝝓 _ −   𝚫 𝛟 𝟐 ) ) +  𝒚 ^ ⁢ 𝒊 ⁢  (  𝒆  𝒊 ⁢  (  𝝓 _ +   𝚫 𝛟 𝟐 ) −  𝒆  𝒊 ⁢  (  𝝓 _ −   𝚫 𝛟 𝟐 ) ) ]


  =  𝑬 𝟎 ⁢  𝒆  𝒊 ⁢  𝝓 _  [  𝒙 ^ ⁢  (    𝒆  𝒊 ⁢   𝚫 𝛟 𝟐 +  𝒆  − 𝒊 ⁢   𝚫 𝛟 𝟐 𝟐 ) +  𝒚 ^ ⁢ 𝒊 ⁢  (    𝒆  𝒊 ⁢   𝚫 𝛟 𝟐 −  𝒆  − 𝒊 ⁢   𝚫 𝛟 𝟐 𝟐 ) ]


  =  𝑬 𝟎 ⁢  𝒆  𝒊 ⁢  𝝓 _  [  𝒙 ^ ⁢   𝐜 𝐨 𝐬 ⁡   (   𝚫 𝛟 𝟐 ) 𝐂 𝐨 𝐬 ⁢ +  𝒚 ^ ⁢   𝐬 𝐢 𝐧 ⁡   (   𝚫 𝛟 𝟐 ) ]


  D   +   D           ⟶   T ⁢  ( 1 . 01 MeV )       +   p ⁢  ( 3 . 02 MeV )


  D   +    He 3   ⟶    He 4 ⁢  ( 3 . 6 MeV )   +   p ⁢  ( 14 . 7 MeV )


   𝑩 ⇀ =  𝑩 ⇀ ⁢  ( 𝒕 )


  𝜵 ×  𝑬 ⇀ = −   𝝏  𝑩 ⇀  𝝏 𝒕


   ∫  ⅆ  𝑨 ⇀ ⁢ 𝜵 ×  𝑬 ⇀ =  ∮   𝑬 ⇀ ⁢ 𝒅 ⁢  𝒍 ⇀ = 𝑽 = −  ∫  ⅆ  𝑨 ⇀ ⁢   𝝏  𝑩 ⇀  𝝏 𝒕


  𝑽 ~ − 𝑨 ⁢   𝝏 𝑩  𝝏 𝒕


  𝑩 = −  ∫   𝑽 𝑨 ⁢ 𝒅 𝒕 ~ −  𝟏 𝑨 ⁢  ∫  𝑽 𝒅 𝒕


    𝒅 𝑵  𝐝 𝐭 =  𝑰 𝒒


    𝒅 𝑵  𝐝 𝐭 =  𝑰 𝒒


  𝑽 ′ ≡    𝑽  𝐭 𝐨 𝐭   𝒕  𝐭 𝐨 𝐭 = 𝟎 . 𝟎 𝟔   𝐤 𝐕 /  𝐧 𝐬


  𝒂 =  𝑭 𝒎 =   𝐪 𝐄 𝒎 =   𝒒 ⁢ 𝑽  𝒎 ⁢ 𝒅


   𝒗 ⟂ = 𝒂 ⁢ 𝒕 =   𝒒 ⁢ 𝑽  𝒎 ⁢ 𝒅 ⁢  𝒍   𝒗  | |


  𝒚 = 𝒔 ⁢   𝐓 𝐚 𝐧 ⁢ 𝜽 = 𝒔 ⁢    𝑽 ⟂   𝑽  | | =  𝟏  𝟐 ⁢  𝑬 𝒌 ⁢  𝒍 𝒅 ⁢ 𝒔 ⁢ 𝒒 ⁢ 𝑽 =  𝟏  𝟐 ⁢  𝑬 𝒌 ⁢  𝒍 𝒅 ⁢ 𝒔 ⁢ 𝒒 ⁢  (  𝑽 𝟎 + 𝑽 ′ ⁢ 𝒕 )


   𝒚  𝐭 𝐨 𝐭 = 𝟏 𝟓 ⁢ 𝐦 𝐦


  𝛅 𝐭 = 𝛅 𝐲 ⁢   𝟐 ⁢  𝑬 𝒌 ⁢ 𝒅  𝒍 ⁢ 𝒔 ⁢ 𝒒 ⁢  𝑽 ′ = 𝟏 𝟓 ⁢   𝐩 𝐬       ⁢ 𝐟 𝐨 𝐫       ⁢ 𝛅 𝐲 = 𝟒 𝟓 ⁢ 𝛍 𝐦


   𝒚  𝐭 𝐨 𝐭 = 𝟏 𝟓 ⁢ 𝐦 𝐦


  𝛅 𝐭


   𝑬 𝒌


   𝑱 ⃑ ×  𝑩 ⃑


   𝑽 𝐣 =  𝑽  𝐚 𝐛   𝟏 +   𝐜 𝐨 𝐬 ⁡ 𝜽    𝐬 𝐢 𝐧 ⁡ 𝜽


   𝑽  𝐚 𝐛


  𝜽 = 𝟑 𝟎 °


  𝑴 =    𝑽 𝒁   𝑽 𝑹 ≥  𝒁 𝒓 ≈    ( 𝟏 𝟗 − 𝟏 𝟒 )   𝐦 𝐦    𝟐   𝐦 𝐦 𝟐 = 𝟓


   𝑽  𝐚 𝐛 =  𝑽 𝐣     𝐬 𝐢 𝐧 ⁡ 𝜽  𝟏 +   𝐜 𝐨 𝐬 ⁡ 𝜽 = 𝟓 𝟎   ± 𝟐 𝟎   𝐤 𝐦 / 𝐬


    𝒅 𝑬  𝐝 𝐱 = 𝒇 ⁢  ( 𝑬 ) ⇒   𝒙 =   ∫   𝑬 𝒊   𝑬 𝒇    𝐝 𝐄  𝒇 ⁢  ( 𝑬 )


  ≈


  ~  𝐞    − 𝒕 / 𝝉


  𝝉 = 𝑹 𝑪


  𝑪


  𝑹


  𝝉


   𝝉 𝐧 =    𝝉 𝟏 𝒏  


   𝑻 𝐩 = 𝒏 𝝉


   𝑽 𝐨 =  𝑽 𝐢 ⁢    𝑹 𝐇   𝟏    𝒋 𝝎 𝑪 𝐇 +  𝑹 𝐇 =  𝑽 𝐢 ⁢  𝟏   𝟏    𝒋 𝝎 𝑹 𝐇 ⁢  𝑪 𝐇 + 𝟏


   𝑽 𝐨 ≈  𝑽 𝐢


  𝐅 𝐨 𝐫     𝝎 𝝉 𝐇 ≫ 𝟏 ,   𝐢 . 𝐞 . ,


    𝟐 𝝅 𝒇   𝒇 𝐇 ≫ 𝟏   𝐨 𝐫   𝒇 ≫  𝒇 𝐇       𝐨 𝐫        𝝉 𝐇 ≫ 𝒕


   𝑽 𝐨 ≈  𝑽 𝐢


  𝐅 𝐨 𝐫     𝝎 𝝉 𝐋 ≪ 𝟏 ,   𝐢 . 𝐞 . ,


    𝟐 𝝅 𝒇   𝒇 𝐋 ≪ 𝟏   𝐨 𝐫   𝒇 ≪  𝒇 𝐋       𝐨 𝐫       𝒕 ≪  𝝉 𝐋


   𝑽 𝐨 =  𝑽 𝐢 ⁢    𝟏    𝒋 𝝎 𝑪 𝐋   𝟏    𝒋 𝝎 𝑪 𝐋 +  𝑹 𝐋 =  𝑽 𝐢 ⁢    𝟏    𝒋 𝝎 𝑹 𝐋 ⁢  𝑪 𝐋   𝟏    𝒋 𝝎 𝑹 𝐋 ⁢  𝑪 𝐋 + 𝟏


  =  𝑽 𝒊 ⁢  𝟏   𝟏    𝒋 𝝎 𝝉 𝐇 + 𝟏


  =  𝑽 𝐢 ⁢    𝟏    𝒋 𝝎 𝝉 𝐋   𝟏    𝒋 𝝎 𝝉 𝐋 + 𝟏


   𝝉 𝐇 =  𝑹 𝐇  𝑪 𝐇


   𝝉 𝐋 =  𝑹 𝐋  𝑪 𝐋


   𝝉 𝐇 =  𝑹 𝐇  𝑪 𝐇


   𝝉 𝐋 =  𝑹 𝐋  𝑪 𝐋


   𝑽 𝐢 −  𝑽 𝐜 −  𝑽 𝐨 = 𝟎


   𝑽 𝐨 =   𝒊 𝑹 𝐇


   𝑽 𝐜 =  𝟏   𝑪 𝐇 ⁢  ∫  𝒊 𝒅 𝒕 =  𝟏   𝑪 𝐇 ⁢  ∫     𝑽 𝒐   𝑹 𝐇 ⁢ 𝒅 𝒕


     𝑽 . 𝐢 =    𝑽 𝐨   𝝉 𝐇 +    𝑽 . 𝐨


   𝑽 𝒐 ⁢  ( 𝒕 ) =  𝒆    − 𝒕 /   𝝉 𝐇   ∫ 𝟎 𝒕     𝑽 . 𝐢 ⁢  ( 𝒕 ′ ) ⁢  𝒆    𝒕 ′ /   𝝉 𝐇 ⁢ 𝒅 𝒕 ′


   𝑽 𝐢 −  𝑽 𝐑 −  𝑽 𝐨 = 𝟎


  𝒊 =  𝑪 𝐋    𝑽 . 𝐨


   𝑽 𝐑 = 𝒊  𝑹 𝐋 =  𝑹 𝐋  𝑪 𝐋    𝑽 . 𝐨


   𝑽 𝐢 =  𝝉 𝐋    𝑽 . 𝐨 +  𝑽 𝐨


   𝑽 𝐨 ⁢  ( 𝒕 ) =  𝒆    − 𝒕 /   𝝉 𝐋  𝟏   𝝉 𝐋   ∫ 𝟎 𝒕   𝑽 𝐢 ⁢ ⁢  ( 𝒕 ′ ) ⁢  𝒆    𝒕 ′ /   𝝉 𝐋 ⁢ 𝒅 𝒕 ′


   𝝉 𝐇 =  𝑹 𝐇  𝑪 𝐇


   𝑽 𝐨 ⁢  ( 𝒕 ) =  𝒆    − 𝒕 /   𝝉 𝐇   ∫ 𝟎 𝒕     𝑽 . 𝐢 ⁢  ( 𝒕 ′ ) ⁢  𝒆    𝒕 ′ /   𝝉 𝐇 ⁢ 𝒅 𝒕 ′


   𝑽 𝐢 ⁢  ( 𝒕 ) =  {    𝟎  𝒕 < 𝟎    𝑽  𝐢 𝟎  𝒕 ≥ 𝟎


     𝑽 . 𝐢  ( 𝒕 ) =  𝑽  𝐢 𝟎 𝜹  ( 𝒕 )


   𝑽 𝐨 ⁢  ( 𝒕 ) =  𝒆    − 𝒕 /   𝝉 𝐇   ∫ 𝟎 𝒕   𝑽  𝐢 𝟎 𝜹  ( 𝒕 ′ ) ⁢  𝒆    𝒕 ′ /   𝝉 𝐇 ⁢ 𝒅 𝒕 ′


  =  𝑽  𝐢 𝟎  𝒆    − 𝒕 /   𝝉 𝐇     𝒆    𝒕 ′ /   𝝉 𝐇 |   𝒕 ′ = 𝟎 =  𝑽  𝐢 𝟎  𝒆    − 𝒕 /   𝝉 𝐇


   𝑽  𝐢 𝟎


   𝑽  𝐢 𝟎


   𝝉 𝐋 =  𝑹 𝐋  𝑪 𝐋


   𝑽 𝐨 ⁢  ( 𝒕 ) =  𝒆    − 𝒕 /   𝝉 𝐋  𝟏   𝝉 𝐋   ∫ 𝟎 𝒕   𝑽 𝐢 ⁢ ⁢  ( 𝒕 ′ ) ⁢  𝒆    𝒕 ′ /   𝝉 𝐋 ⁢ 𝒅 𝒕 ′


   𝑽 𝐢 ⁢  ( 𝒕 ) =  𝑽  𝐢 𝟎  𝒆    − 𝒕 /   𝝉 𝐇


   𝑽 𝐨 ⁢  ( 𝒕 ) ~  𝟏   𝝉 𝐋   ∫ 𝟎 𝒕   𝑽 𝐢 ⁢ ⁢  (  𝒕 ′ ) ⁢ 𝒅  𝒕 ′ =  𝟏   𝝉 𝐋   ∫ 𝟎 𝒕   𝑽  𝐢 𝟎  𝒆    −  𝒕 ′ /   𝝉 𝐇 𝒅  𝒕 ′


  𝐅 𝐨 𝐫   𝒕 ≪  𝝉 𝑳


   𝒆    − 𝒕 /   𝝉 𝐋 ~  𝒆   𝒕 /   𝝉 𝐋 ~ 𝟏


  =    𝝉 𝐇   𝝉 𝐋  𝑽  𝐢 𝟎  ( 𝟏 −  𝒆    − 𝒕 /   𝝉 𝐇 )


   𝑽 𝐨 ⁢  ( 𝒕 ) =  𝒆    − 𝒕 /   𝝉 𝐋  𝟏   𝝉 𝐋   ∫ 𝟎 𝒕   𝑽  𝐢 𝟎  𝒆    − 𝒕 ′ /   𝝉 𝐇 ⁢  𝒆    𝒕 ′ /   𝝉 𝐋 ⁢ 𝒅 𝒕 ′


  =  𝒆    − 𝒕 /   𝝉 𝐋  𝟏   𝝉 𝐋   ∫ 𝟎 𝒕   𝑽  𝐢 𝟎  𝒆    𝒕 ′ /   𝝉  𝐞 𝐟 𝐟 ⁢ 𝒅 𝒕 ′


   𝟏   𝝉  𝐞 𝐟 𝐟 =  𝟏   𝝉 𝐋 −  𝟏   𝝉 𝐇 <  𝟏   𝝉 𝐋


  =  𝒆    − 𝒕 /   𝝉 𝐋    𝝉  𝐞 𝐟 𝐟   𝝉 𝐋  𝑽  𝐢 𝟎  (  𝒆   𝒕 /   𝝉 𝐇 − 𝟏 )


   𝝉 𝐇 =  𝑹 𝐇  𝑪 𝐇


   𝝉 𝐋 =  𝑹 𝐋  𝑪 𝐋


     𝑽 . 𝐢 =    𝑽 𝐨   𝝉 𝐇 +    𝑽 . 𝐨


   𝑽 𝐢 =  𝝉 𝐋    𝑽 . 𝐨 +  𝑽 𝐨


     𝑽 𝐢 ⁢  (  𝒕 𝐣 ) −  𝑽 𝐢 ⁢  (  𝒕  𝐣 − 𝟏 )  𝜟 𝒕 ≈    𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 )   𝝉 𝐇 +    𝑽 𝐨 ⁢  (  𝒕 𝐣 ) −  𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 )  𝜟 𝒕


  ≈    𝑽 𝐨 ⁢  (  𝒕 𝐣 )   𝝉 𝐇 +    𝑽 𝐨 ⁢  (  𝒕 𝐣 ) −  𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 )  𝜟 𝒕


   𝑽 𝐨 ⁢  (  𝒕 𝐣 ) =  𝜶  𝐂 𝐑 ⁢  𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐂 𝐑 ⁢  [  𝑽 𝐢 ⁢  (  𝒕 𝐣 ) −  𝑽 𝐢 ⁢  (  𝒕  𝐣 − 𝟏 ) ]


   𝜶  𝐂 𝐑 ≡      𝝉 𝐇  𝜟 𝒕     𝝉 𝐇  𝜟 𝒕 + 𝟏 =      𝑹 𝐇 ⁢  𝑪 𝐇  𝜟 𝒕     𝑹 𝐇 ⁢  𝑪 𝐇  𝜟 𝒕 + 𝟏


   𝒕 𝐣


   𝒕  𝐣 + 𝟏


   𝒕  𝐣 − 𝟏


    𝒅 𝑽 ⁢  𝒅 𝒕 =    lim  𝜟 𝒕 → 𝟎 ⁡    𝑽 ⁢  (  𝒕 𝐣 ) − 𝑽 ⁢  (  𝒕  𝐣 − 𝟏 )  𝜟 𝒕


  ≈   𝑽 ⁢  (  𝒕 𝐣 ) − 𝑽 ⁢  (  𝒕  𝐣 − 𝟏 )  𝜟 𝒕


   𝝉 𝐇 =  𝑹 𝐇  𝑪 𝐇


   𝝉 𝐋 =  𝑹 𝐋  𝑪 𝐋


     𝑽 . 𝐢 =    𝑽 𝐨   𝝉 𝐇 +    𝑽 . 𝐨


   𝑽 𝐢 =  𝝉 𝐋    𝑽 . 𝐨 +  𝑽 𝐨


   𝑽 𝐢 ⁢  (  𝒕 𝐣 ) ≈  𝝉 𝐋    𝑽 𝐨 ⁢  (  𝒕 𝐣 ) −  𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 )  𝜟 𝒕 +  𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 )


   𝑽 𝐨 ⁢  (  𝒕 𝐣 ) =  ( 𝟏 −  𝜶  𝐑 𝐂 ) ⁢  𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐑 𝐂  𝑽 𝐢 ⁢  (  𝒕 𝐣 )


   𝜶  𝐑 𝐂 ≡  𝟏     𝝉 𝐋  𝜟 𝒕 + 𝟏 =  𝟏     𝑹 𝐋 ⁢  𝑪 𝐋  𝜟 𝒕 + 𝟏


   𝒕 𝐣


   𝒕  𝐣 + 𝟏


   𝒕  𝐣 − 𝟏


  ≈  𝝉 𝐋    𝑽 𝐨 ⁢  (  𝒕 𝐣 ) −  𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 )  𝜟 𝒕 +  𝑽 𝐨 ⁢  (  𝒕 𝐣 )


   𝑽 𝟐 ⁢  (  𝒕 𝐣 ) =  𝜶  𝐂 𝐑 ⁢  𝑽 𝟐 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐂 𝐑 ⁢  [  𝑽 𝟏 ⁢  (  𝒕 𝐣 ) −  𝑽 𝟏 ⁢  (  𝒕  𝐣 − 𝟏 ) ]


   𝜶  𝐂 𝐑 ≡      𝝉 𝐇  𝜟 𝒕     𝝉 𝐇  𝜟 𝒕 + 𝟏 =      𝑹 𝐇 ⁢  𝑪 𝐇  𝜟 𝒕     𝑹 𝐇 ⁢  𝑪 𝐇  𝜟 𝒕 + 𝟏


   𝑽 𝟑 ⁢  (  𝒕 𝐣 ) =  ( 𝟏 −  𝜶  𝐑 𝐂 , 𝟐 ) ⁢  𝑽 𝟑 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐑 𝐂 , 𝟐  𝑽 𝟐 ⁢  (  𝒕 𝐣 )


   𝑽 𝐦 ⁢  (  𝒕 𝐣 ) =  ( 𝟏 −  𝜶  𝐑 𝐂 , 𝐦 − 𝟏 ) ⁢  𝑽 𝐦 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐑 𝐂 , 𝐦 − 𝟏  𝑽  𝐦 − 𝟏 ⁢  (  𝒕 𝐣 )


   𝜶  𝐑 𝐂 , 𝐦 ≡  𝟏     𝝉  𝐋 , 𝐦  𝜟 𝒕 + 𝟏


   𝑽  𝐧 + 𝟏 ⁢  (  𝒕 𝐣 ) =  ( 𝟏 −  𝜶  𝐑 𝐂 , 𝐧 ) ⁢  𝑽  𝐧 + 𝟏 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐑 𝐂 , 𝐧  𝑽 𝐧 ⁢  (  𝒕 𝐣 )


   𝝉  𝐋 , 𝐦 =    𝝉 𝐋  𝐦 − 𝟏  


   𝝉 𝐋 =  𝑹 𝐋 ⁢  𝑪 𝐋


  𝒎 ≥ 𝟐


   𝜶  𝐂 𝐑 ≡ 𝟎 . 𝟖 𝟓


   𝜶  𝐑 𝐂 , 𝟐 ≡ 𝟎 . 𝟏 𝟓


   𝑽 𝟐 ⁢  (  𝒕 𝐣 ) =  𝜶  𝐂 𝐑 ⁢  𝑽 𝟐 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐂 𝐑 ⁢  [  𝑽 𝟏 ⁢  (  𝒕 𝐣 ) −  𝑽 𝟏 ⁢  (  𝒕  𝐣 − 𝟏 ) ]


   𝑽 𝟑 ⁢  (  𝒕 𝐣 ) =  ( 𝟏 −  𝜶  𝐑 𝐂 , 𝟐 ) ⁢  𝑽 𝟑 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐑 𝐂 , 𝟐  𝑽 𝟐 ⁢  (  𝒕 𝐣 )


   𝑽 𝐦 ⁢  (  𝒕 𝐣 ) =  ( 𝟏 −  𝜶  𝐑 𝐂 , 𝐦 − 𝟏 ) ⁢  𝑽 𝐦 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐑 𝐂 , 𝐦 − 𝟏  𝑽  𝐦 − 𝟏 ⁢  (  𝒕 𝐣 )


   𝑽  𝐧 + 𝟏 ⁢  (  𝒕 𝐣 ) =  ( 𝟏 −  𝜶  𝐑 𝐂 , 𝐧 ) ⁢  𝑽  𝐧 + 𝟏 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐑 𝐂 , 𝐧  𝑽 𝐧 ⁢  (  𝒕 𝐣 )


   𝜶  𝐂 𝐑 ≡      𝝉 𝐇  𝜟 𝒕     𝝉 𝐇  𝜟 𝒕 + 𝟏 = 𝟎 . 𝟖 𝟓


   𝜶  𝐑 𝐂 , 𝐦 ≡  𝟏     𝝉  𝐋 , 𝐦  𝜟 𝒕 + 𝟏 = 𝟎 . 𝟏 𝟓


   𝝉  𝐋 , 𝐦 =    𝝉 𝐋  𝒎 − 𝟏  


     𝝉 𝐋  𝜟 𝒕 =   𝟎 . 𝟖 𝟓  𝟎 . 𝟏 𝟓


   𝜶  𝐑 𝐂 , 𝐦 ≡  𝟏    𝟎 . 𝟖 𝟓  𝟎 . 𝟏 𝟓  𝟏  𝒎 − 𝟏 + 𝟏


  𝜟 𝒕 = 𝟔 𝟒   𝐧 𝐬


   𝝉  𝐋 , 𝐦 = 𝟑 𝟔 𝟐 . 𝟕 / ( 𝒎 − 𝟏 )   𝐧 𝐬


   𝝉 𝐇 = 𝟑 𝟔 𝟐 . 𝟕   𝐧 𝐬


   𝜶  𝐂 𝐑 ≡ 𝟎 . 𝟖 𝟓


   𝜶  𝐑 𝐂 , 𝐦 ≡  𝟏    𝟎 . 𝟖 𝟓  𝟎 . 𝟏 𝟓  𝟏 𝒎 + 𝟏


   𝜶  𝐑 𝐂 , 𝟐 ≡ 𝟎 . 𝟏 𝟓


  𝜟 𝒕 = 𝟔 𝟒   𝐧 𝐬


   𝝉  𝐋 , 𝐦 = 𝟑 𝟔 𝟐 . 𝟕 / ( 𝒎 − 𝟏 )   𝐧 𝐬


   𝝉 𝐇 = 𝟑 𝟔 𝟐 . 𝟕   𝐧 𝐬


   𝜶  𝐂 𝐑 ≡ 𝟎 . 𝟖 𝟓


   𝜶  𝐑 𝐂 , 𝐦 ≡  𝟏    𝟎 . 𝟖 𝟓  𝟎 . 𝟏 𝟓  𝟏  𝒎 − 𝟏 + 𝟏


  𝜟 𝒕 = 𝟔 𝟒   𝐧 𝐬


   𝝉 𝐇 = 𝟑 𝟔 𝟐 . 𝟕   𝐧 𝐬


   𝝉  𝐋 , 𝐦 = 𝟑 𝟔 𝟐 . 𝟕 / ( 𝒎 − 𝟏 )   𝐧 𝐬


     𝒏  𝒓 + 𝟏 ⁢  𝒏 𝒆   𝒏 𝒓 =    𝑮  𝒓 + 𝟏 ⁢  𝒈 𝒆   𝑮 𝒓 ⁢      ( 𝟐 ⁢ 𝝅 ⁢  𝒎 𝒆 ⁢ 𝑲 ⁢ 𝑻 )   𝟑 / 𝟐   𝒉 𝟑 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝝌 𝒓  𝑲 ⁢ 𝑻 )


  𝒖 ⁢  ( 𝝂 , 𝑻 ) =   𝟖 ⁢ 𝝅 ⁢ 𝒉 ⁢  𝝂 𝟑   𝒄 𝟑 ⁢  𝟏   𝒆    𝐡 𝛎 /  𝐊 𝐓 − 𝟏 ⁢  (  𝑾 /   𝒎 𝟑 ⁢ 𝐇 𝐳 )


     𝒈 𝒊   𝒈 𝒋 =   𝟐 ⁢  𝑱 𝒊 + 𝟏  𝟐 ⁢  𝑱 𝒋 + 𝟏


     𝒏 𝒊   𝒏 𝒋 =    𝒈 𝒊 ⁢  𝒆    −  𝝐 𝒊 /  𝐊 𝐓   𝒈 𝒋 ⁢  𝒆    −  𝝐 𝒋 /  𝐊 𝐓 =    𝒈 𝒊   𝒈 𝒋 ⁢  𝒆  − 𝒉 ⁢    𝝂  𝐢 𝐣 /  𝐊 𝐓


     𝒏 𝒊 𝒏 =    𝒏 𝒊  𝜮 ⁢  𝒏 𝒋 ≡    𝒈 𝒊 ⁢  𝒆    −  𝝐 𝒊 /  𝐊 𝐓 𝑮


  𝑮 ≡ 𝜮 ⁢  𝒈 𝒋 ⁢  𝒆    −  𝝐 𝒋 /  𝐊 𝐓


  𝐡 𝛎


  𝐡 𝛎


  𝟐   𝐡 𝛎


  𝐡 𝛎


   𝑷  𝐣 𝐢 =  𝑩  𝐣 𝐢 ⁢ 𝒖 ⁢  ( 𝝂 , 𝑻 )


   𝑷  𝐢 𝐣 =  𝑨  𝐢 𝐣 +  𝑩  𝐢 𝐣 ⁢ 𝒖 ⁢  ( 𝝂 , 𝑻 )


   𝒏 𝒊 ⁢  (  𝑨  𝐢 𝐣 +  𝑩  𝐢 𝐣 ⁢ 𝒖 ) =  𝒏 𝒋 ⁢  𝑩  𝐣 𝐢 ⁢ 𝒖


  𝒖 = 𝒂 ⁢    (  𝒆 𝒙 − 𝟏 )  − 𝟏


     𝒈 𝒊   𝒈 𝒋 ⁢  𝒆  − 𝒙 ⁢  (  𝑨  𝐢 𝐣 +  𝑩  𝐢 𝐣 ⁢ 𝒖 ) =  𝑩  𝐣 𝐢 ⁢ 𝒖


  𝒂 ⁢  (  𝒆 𝒙 ⁢  𝑩  𝐣 𝐢 −    𝒈 𝒊   𝒈 𝒋 ⁢  𝑩  𝐢 𝐣 ) =  (  𝒆 𝒙 − 𝟏 ) ⁢    𝒈 𝒊   𝒈 𝒋 ⁢  𝑨  𝐢 𝐣


  𝒙 → 𝟎 ,  𝒆 𝒙 → 𝟏


     𝑩  𝐢 𝐣   𝑩  𝐣 𝐢 =    𝒈 𝒋   𝒈 𝒊


  𝒙 → ∞ ,  𝒆 𝒙 → ∞


  𝒂 ⁢  𝑩  𝐣 𝐢 =    𝒈 𝒊   𝒈 𝒋 ⁢  𝑨  𝐢 𝐣


     𝑨  𝐢 𝐣   𝑩  𝐢 𝐣 =   𝟖 ⁢ 𝝅 ⁢ 𝒉 ⁢  𝝂 𝟑   𝒄 𝟑


  𝒂 ≡   𝟖 ⁢ 𝛑 𝐡 ⁢  𝝂 𝟑   𝒄 𝟑


  𝒙 ≡   𝐡 𝛎  𝐊 𝐓


  𝐡 𝛎 =  𝝌 𝒓 +  𝝐  𝒓 + 𝟏 , 𝒋 −  𝝐  𝒓 , 𝒌 +    𝒑 𝟐  𝟐 ⁢ 𝒎


  𝐡 𝛎 =  𝝌 𝒓 +    𝒑 𝟐  𝟐 ⁢ 𝒎


   𝑹  𝐩 𝐢 =  𝒏  𝒓 , 𝒌 ⁢ 𝒖 ⁢  ( 𝝂 ) ⁢  𝑩  𝒓 , 𝒌 → 𝒓 + 𝟏 , 𝒋


   𝑹  𝐬 𝐫 =  𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢  ( 𝒑 ) ⁢  𝑨  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌


   𝑹  𝐢 𝐫 =  𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢  ( 𝒑 ) ⁢ 𝒖 ⁢  ( 𝝂 ) ⁢  𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌


   𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢  𝑨  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 +  𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢ 𝒖 ⁢  𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌


  =  𝒏  𝒓 , 𝒌 ⁢ 𝒖 ⁢  𝑩  𝒓 , 𝒌 → 𝒓 + 𝟏 , 𝒋


     𝑩  𝒓 , 𝒌 → 𝒓 + 𝟏 , 𝒋   𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 =    𝒈  𝒓 + 𝟏 , 𝒋   𝒈  𝒓 , 𝒌 ⁢    𝒈 𝒆 ⁢ 𝟒 ⁢ 𝝅 ⁢  𝒑 𝟐   𝒉 𝟑 ⁢


     𝑨  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌   𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 =   𝟖 ⁢ 𝝅 ⁢ 𝒉 ⁢  𝝂 𝟑   𝒄 𝟑


   𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢  𝑨  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 +  𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢ 𝒖 ⁢  𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 =  𝒏  𝒓 , 𝒌 ⁢ 𝒖 ⁢  𝑩  𝒓 , 𝒌 → 𝒓 + 𝟏 , 𝒋


   𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢    𝑨  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌   𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 +  𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢ 𝒖 =  𝒏  𝒓 , 𝒌 ⁢ 𝒖 ⁢    𝑩  𝒓 , 𝒌 → 𝒓 + 𝟏 , 𝒋   𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌


     𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑   𝒏  𝒓 , 𝒌 =    (    𝑨  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌  𝒖 ⁢  𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 + 𝟏 )  − 𝟏 ⁢    𝑩  𝒓 , 𝒌 → 𝒓 + 𝟏 , 𝒋   𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌


   𝒏  𝒆 , 𝒑 ⁢  ( 𝒑 ) ⁢ =    𝒏 𝒆 ⁢ 𝟒 ⁢ 𝝅 ⁢  𝒑 𝟐     ( 𝟐 ⁢ 𝛑 𝐦 𝐊 𝐓 )   𝟑 / 𝟐 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝒑 𝟐  𝟐 ⁢ 𝐦 𝐊 𝐓 ) ⁢


     𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏 𝒆   𝒏  𝒓 , 𝒌 =      ( 𝟐 ⁢ 𝛑 𝐦 𝐊 𝐓 )   𝟑 / 𝟐  𝟒 ⁢ 𝝅 ⁢  𝒑 𝟐 ⁢ 𝐞 𝐱 𝐩  (    𝒑 𝟐  𝟐 ⁢ 𝐦 𝐊 𝐓 )    [    𝒄 𝟑  𝟖 ⁢ 𝝅 ⁢ 𝒉 ⁢  𝝂 𝟑 ⁢  (  𝒆    𝐡 𝛎 /  𝐊 𝐓 − 𝟏 ) ⁢   𝟖 ⁢ 𝝅 ⁢ 𝒉 ⁢  𝝂 𝟑   𝒄 𝟑 + 𝟏 ]  − 𝟏 ⁢    𝒈  𝒓 + 𝟏 , 𝒋   𝒈  𝒓 , 𝒌 ⁢    𝒈 𝒆 ⁢ 𝟒 ⁢ 𝝅 ⁢  𝒑 𝟐   𝒉 𝟑


     𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏 𝒆   𝒏  𝒓 , 𝒌 =      ( 𝟐 ⁢ 𝛑 𝐦 𝐊 𝐓 )   𝟑 / 𝟐   𝒉 𝟑 ⁢    𝒈  𝒓 + 𝟏 , 𝒋 ⁢  𝒈 𝒆   𝒈  𝒓 , 𝒌 ⁢ 𝐞 𝐱 𝐩  [  𝟏  𝐊 𝐓 ⁢  (    𝒑 𝟐  𝟐 ⁢ 𝒎 − 𝐡 𝛎 ) ]


     𝑩  𝒓 , 𝒌 → 𝒓 + 𝟏 , 𝒋   𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 =    𝒈  𝒓 + 𝟏 , 𝒋   𝒈  𝒓 , 𝒌 ⁢    𝒈 𝒆 ⁢ 𝟒 ⁢ 𝝅 ⁢  𝒑 𝟐   𝒉 𝟑 ⁢


     𝑨  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌   𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 =   𝟖 ⁢ 𝝅 ⁢ 𝒉 ⁢  𝝂 𝟑   𝒄 𝟑


     𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏 𝒆   𝒏  𝒓 , 𝒌 =      ( 𝟐 ⁢ 𝛑 𝐦 𝐊 𝐓 )   𝟑 / 𝟐   𝒉 𝟑 ⁢    𝒈  𝒓 + 𝟏 , 𝒋 ⁢  𝒈 𝒆   𝒈  𝒓 , 𝒌 ⁢ 𝐞 𝐱 𝐩  [  𝟏  𝐊 𝐓 ⁢  (    𝒑 𝟐  𝟐 ⁢ 𝒎 − 𝐡 𝛎 ) ]


     𝒏  𝒓 , 𝒌   𝒏 𝒓 =    𝒈  𝒓 , 𝒌 ⁢  𝒆    −  𝝐  𝒓 , 𝒌 /  𝐊 𝐓   𝑮 𝒓


   𝑮 𝒓 = 𝜮 ⁢  𝒈  𝒓 , 𝒌 ⁢  𝒆    −  𝝐  𝒓 , 𝒌 /  𝐊 𝐓


     𝒏  𝒓 + 𝟏 , 𝒋   𝒏  𝒓 + 𝟏 =    𝒈  𝒓 + 𝟏 , 𝒋 ⁢  𝒆    −  𝝐  𝒓 + 𝟏 , 𝒋 /  𝐊 𝐓   𝑮  𝒓 + 𝟏


   𝑮  𝒓 + 𝟏 = 𝜮 ⁢  𝒈  𝒓 + 𝟏 , 𝒋 ⁢  𝒆    −  𝝐  𝒓 + 𝟏 , 𝒋 /  𝐊 𝐓


     𝒏  𝒓 + 𝟏 ⁢  𝒏 𝒆   𝒏 𝒓 =    𝑮  𝒓 + 𝟏 ⁢  𝒈 𝒆   𝑮 𝒓 ⁢      ( 𝟐 ⁢ 𝝅 ⁢  𝒎 𝒆 ⁢ 𝑲 ⁢ 𝑻 )   𝟑 / 𝟐   𝒉 𝟑 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝝌 𝒓  𝑲 ⁢ 𝑻 )


     𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏 𝒆   𝒏  𝒓 , 𝒌 =      ( 𝟐 ⁢ 𝛑 𝐦 𝐊 𝐓 )   𝟑 / 𝟐   𝒉 𝟑 ⁢    𝒈  𝒓 + 𝟏 , 𝒋 ⁢  𝒈 𝒆   𝒈  𝒓 , 𝒌 ⁢ 𝐞 𝐱 𝐩  [  𝟏  𝐊 𝐓 ⁢  (    𝒑 𝟐  𝟐 ⁢ 𝒎 −  𝝌 𝒓 −  𝝐  𝒓 + 𝟏 , 𝒋 +  𝝐  𝒓 , 𝒌 −    𝒑 𝟐  𝟐 ⁢ 𝒎 ) ]


     𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏 𝒆   𝒏  𝒓 , 𝒌 =      ( 𝟐 ⁢ 𝛑 𝐦 𝐊 𝐓 )   𝟑 / 𝟐   𝒉 𝟑 ⁢    𝒈  𝒓 + 𝟏 , 𝒋 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝝐  𝒓 + 𝟏 , 𝒋  𝐊 𝐓 ) ⁢  𝒈 𝒆   𝒈  𝒓 , 𝒌 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝝐  𝒓 , 𝒌  𝐊 𝐓 ) ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝝌 𝒓  𝐊 𝐓 )


   𝑮 𝒓 =   𝚺 𝐠  𝒓 , 𝒌 =  𝒈  𝒓 , 𝟎 +  𝒈  𝒓 , 𝟏 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝝐  𝒓 , 𝟏  𝐊 𝐓 ) + … = 𝟐 + 𝟖 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −   𝟏 𝟎 . 𝟐 𝐞 𝐕  𝟎 . 𝟓 𝟔 𝐞 𝐕 ) + … = 𝟐 + 𝟗 . 𝟖 ×   𝟏 𝟎  − 𝟖 + … ≈ 𝟐


   𝑮  𝒓 + 𝟏 =   𝚺 𝐠  𝒓 + 𝟏 , 𝒋 =  𝒈  𝒓 + 𝟏 , 𝟎 +  𝒈  𝒓 + 𝟏 , 𝟏 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝝐  𝒓 + 𝟏 , 𝟏  𝐊 𝐓 ) + … ≈ 𝟏


   𝒈 𝒆 = 𝟐


   𝝌 𝒓 = 𝟏 𝟑 . 𝟔 𝐞 𝐕 ; 𝐊 𝐓 = 𝟎 . 𝟓 𝟔 𝐞 𝐕


   𝒏  𝒓 + 𝟏 =  𝒏 𝒆


       𝒏  𝒓 + 𝟏 𝟐   𝒏 𝒓 = 𝟐 . 𝟒 𝟏 ×   𝟏 𝟎  𝟐 𝟏 ⁢   𝟏 × 𝟐 𝟐 ⁢    ( 𝟔 𝟒 𝟎 𝟎 )   𝟑 / 𝟐 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −   𝟏 𝟑 . 𝟔  𝟎 . 𝟓 𝟔 ) = 𝟑 . 𝟓 ×   𝟏 𝟎  𝟏 𝟔 ⁢  𝒎  − 𝟑


   𝒏  𝒓 + 𝟏 =  𝒏 𝒓 = 𝟑 . 𝟓 ×   𝟏 𝟎  𝟏 𝟔 ⁢  𝒎  − 𝟑


  𝒏 =  𝒏  𝒓 + 𝟏 +  𝒏 𝒓 = 𝟕 ×   𝟏 𝟎  𝟏 𝟔 ⁢  𝒎  − 𝟑


  𝝆 ∼ 𝟑 ×   𝟏 𝟎  − 𝟒 ⁢   𝐤 𝐠 /   𝒎 𝟑 → 𝒏 = 𝟐 ×   𝟏 𝟎  𝟐 𝟑 ⁢  𝒎  − 𝟑 ≫ 𝟕 ×   𝟏 𝟎  𝟏 𝟔 ⁢  𝒎  − 𝟑


   𝒏  𝒓 + 𝟏 +  𝒏 𝒓 = 𝟐 ×   𝟏 𝟎  𝟐 𝟑


     𝒏  𝒓 + 𝟏   𝒏 𝒓 = 𝟒 ×   𝟏 𝟎  − 𝟒 @ 𝟔 𝟒 𝟎 𝟎 ⁢ 𝑲

