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Most of the material in space is plasma

Corona mass
ejection (CME)
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Solar wind

https://www.nasa.gov/mission_pages/sunearth/spaceweather/index.html



Solar wind may generate beautiful aurora, but it can
also be destructive

« Aurora seen from a satellite

https://en.wikipedia.org/wiki/Geomagnetic_storm
https://en.wiktionary.org/wiki/aurora
https://flashpack.com/insights/2014/11/20/aurora-australis-forget-the-northern-lights-have-you-heard-about-the-southern-lights/ 5



Forty SpaceX’s Starlink satellites were destroyed by a
geomagnetic storm on 2022/2/4
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« Geomagnetic storms occur when
intense solar wind near Earth
spawns shifting currents and

This interaction can warm Earth's
upper atmosphere and increase
atmospheric density high enough
above the planet to affect satellites
in low orbits like SpaceX's new
Starlink craft.

https://en.wikipedia.org/wiki/Geomagnetic_storm
https://wonderfulengineering.com/watch-the-40-starlink-satellites-destroyed-by-a-geomagnetic-storm-burn-up-in-the-sky/

plasmas in Earth's magnetosphere.
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Plasma plays an important role on semiconductor
manufacturing

The process technology of Taiwan Semiconductor Manufacturing
Company Limited (TSMC):
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13.5-nm EUV light is used for EUV lithography to reduce the
diffraction issue.

https://www.tsmc.com/chinese/dedicatedFoundry/technology/logic.htm



A semiconductor device is fabricated by many
repetitive production process

lon implantation

Stripping
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Developing Photoresist coating

Exposure

Surf. Topogr.: Metrol. Prop. 4 (2016) 023001



Plasma is widely used in semiconductor fabrication
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* Plasma cleaning

Plasma Cleaning
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R. S. Abhari, etc., J. Micro/Nanolithography, MEMS, and
MOEMS, 11, 021114 (2012)

https://www.scorec.rpi.edu/research_plasmaetchmodeling.php BB SRR R R A IRAE
http://Inf-wiki.eecs.umich.edu/wiki/Sputter_deposition

https://www.ecplaza.net/products/plasma-cleaning_111807

s i
SR

< <

p 2

z

7 o

2 &

% &
v 54
Teat

7



Nuclear fusion as an energy source is being developed
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* Magnetic confinement fusion (MCF) - Inertial confinement fusion (ICF)

Laser light shines The target

Inner poloidal field coils on the target is Compressed
(Primary transformer circuit)

Poloidal magnetic field Outer poloidal field coils

(for plasma positioning and shaping)

The target is ignited The target

burns
l’ \n

71c
Resulting helical magnetic field Toroidal field coils %

Plasma electric current Toroidal magnetic field o \ ’ "

(secondary transformer circuit)

U73311

https://www.euro-fusion.org/2011/09/tokamak-principle-2/
Inertial confinement fusion: an introduction, Laboratory for Laser Energetics, University of Rochester



Nuclear fusion as an energy source is being developed
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* Magnetic confinement fusion (MCF) - Inertial confinement fusion (ICF)

https://www.iter.org
https://zh.wikipedia.org/wiki/ B 22 2 K & hff



Significant breakthrough is achieved recently
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« Magnetic confinement fusion (MCF) - Inertial confinement fusion (ICF)
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* On 2024/2/(8), record-breaking « National Ignition Facility (NIF)

69.26 megajoules of sustained demonstrated a gain grater than 1 for
fusion energy in Joint European the first time on 2022/12/5. The yield
Torus (JET) facility in Oxford of 3.15 MJ from the 2.05-MJ input
demonstrates powerplant potential laser energy, i.e., Q=1.5. On 2025/4/7,
and strengthens case for ITER. a gain of 4.13 was achieved.

https://ccfe.ukaea.uk/resources/#gallery
https://www.science.org/content/article/historic-explosion-long-sought-fusion-breakthrough 10



Formosa Integrated Research Spherical Tokamak (FIRST)

aiming for the first plasma in 2026
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Unit: cm

Rlalb=45/32/76.8 cm
Aspect ratio=R/a=1.5
k=bla=2.4
6=0.5
B;=01~05T
T=2100 eV
I, 2100 kA
Gas: H,
Ohmic heating
Duration: 100 ms
FIRST is targeted for
 Low aspect ratio
* High beta
* High bootstrap
current
Short term goal in my
group - study the
startup mechanism.

« We welcome anyone interested in fusion research to join us!




We are a growing team
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 We welcome anyone interested in fusion research to join us!
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Plasma can be used as particle accelerators and thrusters

neutralizing electron gun % o
n/n, SRS

| 8 magnets
Electrons Laserpulse [ A g °
; A/—\ — g _®.@
< 1.:8* 4 electron 2
: 3 ron —®
\ / k/ 2 @
Plasma wake 1 —

negative grid
positive grid

© electron

Q neutral propellant atom

Intense laser @ positive ion
/ %, - pulse duration

Trapped
electrons

lonization Front

Instantanecus Ap - plasma wavelen
electron density

V. Malka, et al., Nature Physics 4, 447 (2008)
http://cuos.engin.umich.edu/researchgroups/hfs/research/laser-wakefield-acceleration/
https://zh.wikipedia.org/wiki/File:Electrostatic_ion_thruster-en.svg
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Low temperature plasma is used in medical applications

Plasma medicine, by Alexander Fridman and Gary Friedman
Biochem Biophys Res Commun. 2006 May 5; 343(2): 351-360. 14



Course Outline

R w DN =

What is Plasma?
Methods for Plasma Production
Planeterrella - Artificial aurora demonstration

Plasma Diagnostics

15



Course Outline

5. Applications

1.

© © N o a k~ 0D

Material Processing

Magnetron sputtering demonstration
Plasma cleaning

Light source and display systems
Controlled thermonuclear fusion
Magnetic mirror demonstration
Plasma propulsion

high energy particle accelerator

biomedical application

10.DBD discharge demonstration

6. Student presentations



Course Outline - Demonstration

Planeterrella

Magnetron sputtering

Dielectric barrier discharge (DBD)
Magnetic mirror

Tesla coil

" e o0 T ®

Inductively coupled plasma
Tesla Coil

Planeterrella Magnetron

sputtering DBD plasma

Inductively
coupled
plasma

Magnetic mirror

17



Grading

* Quizzes 50 % (2-min Q&A at the beginning of each class.
6 people randomly picked for each class.
At least 3 Q&A for each student.)

* Presentations 50 % (10-min presentation on any plasma applications or
phenomena)

* No class on 11/5, 11/19.
* Final presentation on 12/24 (and 12/31).




Reference for the section “What is Plasma?”
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 Introduction to plasma theory, by Dwight R. Nicholson
 Introduction to plasma physics and controlled fusion, by Francis F. Chen

* Principles of plasma physics for engineers and scientists, by Umran S.
Inan and Marek Golkowski

* The physics of plasma, by T. J. M. Boyd and J. J. Sanderson
* Principles of plasma physics, by Krall and Trivelpiece

 NRL Plasma Formulary, Naval Research Laboratory, 2013 by J. D. Huba



Course Outline

1. What is Plasma?

20



Charged particles are accelerated due to Lorentz force
under electromagnetic fields

« Lorentz force: F=qFE+q7xB
* Force under electric fields * Force under magnetic fields
+ -
3 =
> V
q>0e— o—> >
> q q= 0
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Charged particles gyro around magnetic field lines

1rapg Hi |:|1rrt £

h
\\ Mirror point N
Pitch angle of hebical trajectory = 9071 ‘I
I

Iritt of
electrons

http://www.ipp.cas.cz/vedecka_struktura_ufp/tokamak/tokamak compass/diagnostics/

mikrovinne-diagnostiky/ece-ebw-radiometr.htmi
http://www-ssg.sr.unh.edu/tof/Smart/Students/lees/periods.html 22



Plasma is the 4th state of matter
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http://tetronics.com/our-technology/what-is-plasma/ 23



Plasma is everywhere
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Copyright © 2010 Contemporary Physics Education Project

https://lasers.linl.gov/science/understanding-the-universe/plasma-physics
https://simple.wikipedia.org/wiki/Fluorescent_lamp

https://studyelectrical.com/2014/05/how-fluorescent-tube-lights-work.html 24



Plasma is everywhere

Magnetic “"rv“ fInenm:
usion %= .<on inemen

reactor . .’ usion
\__/

corona —
Lightning

Solar wind on Slgn
I ] / . '4 ,
nterstellar space g
1 04 Fluorescent light

Aurora Flames
/;’3 (“‘ ) 1
", \.,, : ’\ %
102 - £
10° 10° 10" 10*" 10?7 10%
Number Density (Charged Particles / m3)

X
(]
!
D
o
O
-
(7]
Q.
£
(7]
[t

Copyright © 2010 Contemporary Physics Education Project

https://lasers.linl.gov/science/understanding-the-universe/plasma-physics
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A temperature describes the randomness of particles
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 Distribution functic;gﬁ:

Probability

"4

Vpeople = 0 Vpeople >0

vV : microscopic quantity.
T : macroscopic quantity.

https://ydweb.yuda.tyc.edu.tw/Page/YDW/School/Home/Post?id=13286&BoardName=%E6%A1%83%E8%82%B2%E6%B4
%BB%E5%8B%95%E7%85%A7%E7%89%87&Board_PartialViewName=&Post_PartialViewName=&Page=60&PageSize=3
https://www.freeimages.com/tw/premium/school-playground-with-children-1496555 2



In plasma, there are ions, electrons, and neutral gas

+ £(v)

.

ions

* lons, electrons, and neutral gas in the same volume can have
different temperatures.

27



A plasma is a gas in which an important fraction of
the atoms is ionized so that the electrons and ions

are separated freely Qe
lonization
Le —> -
@
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P

e %ﬁ- Recombination

e X .
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http://ocw.mit.edu/courses/nuclear-engineering/22-611j-introduction-to-plasma-physics-i-fall-2003/lecture-note sk



A plasma can be created when the ionization rate is
higher than the recombination rate

lonization rate/Recombination rate (cm”™ 3/sec)
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J. D. Huba \NRL Plasma Formulary", Naval Research Laboratory, 2013



There are several Important plasma parameters that
need to be considered

1/2

KT,
Debye length 4p = (4nne2)

4T 4
Plasma parameter A= n?AD

2\ 1/2
4tn.e
Plasma frequency wpez( - )
e

3\ (KT,)3/2
4+/2tne*InA

Collision time Te

eB

Hall parameter Y = W¢Te, Where wg = is the electron gyrofrequency

e

BZ

P
— , where Py =— is the magnetic pressure

Plasma beta 4

30



A test ion In the plasma gathers a shielding cloud
that tends to cancel its own charge

Francis F. Chen, \Introduction to plasma physics and controlled fusion’1



Debye shielding is a phenomenon such that the
potential due to a test charge in a plasma falls off much

faster than in vacuum
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 Poisson’s equation:

Vi = 4me(n, — n,) — 4mq8(T)

* Density profile:
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Plasma parameter A is the number of particles in a
sphere with radius of A,

 Plasma parameter:

© ® @ ©) Debye sphere A= n?AD
® e
0® | \ ©¢0  Criterion for an ionized gas to be plasma:
© © 7> Debye length
® \ ‘
0O @(_96 ° © Ap < L
©) o ©
o) ®
.  Requirement of “collective behavior”:
<€ 3

A>1
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Electron plasma frequency is the characteristic
frequency such that electrons oscillate around their

equilibrium positions
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" .- Mechanism of plasma oscillations.

« Assumption:
—_— a —_— RN
VEx—x,E=xE, Ve =XV ,

« Continuity and momentum equation for

electron:
ne — N
3¢ +V - n.v,)=0
0o . R
men, a_te+ (Ve V)V |=—en.E

« Gauss’ law:

OE
Fyeie 4me(n; — n,)
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Electron plasma frequency is obtained by linearizing
the hydrodynamic equations

 The oscillation is assumed to be small: * Plane wave solution:
Ne=No+Ny, E=FEy+Eq, Ve ="Vo+ V1 11 = nexpli(kx — wt)]
where N1 =v1,Nq, Eq
? —vy=Eg=0 + Substitute into the previous
X R equations:
ong 9dvy 0E, _ 0 —im,wv, = —eE,
Jdt Jat Jdt , _ ,
_ o —iong, = —nyikvq
* Linearization: LE 4
1 = —4men
v, 1 1
m,—— = —eE4
ot » Electron plasma frequency is
on, + gt 0V, P obtained by eliminating n,
o 0x and E,:

0E, . __ [Amnce? 12
5, = —4men; Wpe = = | — -

S
e 2
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z m
s 5
%, 5
it
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Electromagnetic wave can not propagate in a
plasma with density higher than critical density

A
yrE

A
/ )

1

?xf:—catﬁ

VxB=—j+—0;E
C C

Tz_eneT}e

=—Vp.—en. E — x B

c
An.+V -N.Te) =0

 Linearization:

U xE =-20,B,
- - 4mTe . 1 _ _
|7><B1=7n0ve+zatE1
menoat T7\1 = —éeny F\l

+ Eliminate 9,7, and B,

N 1 4mnge’ . 19%E,
—cVx(VxEqy) == Ei+- =3

c m,
» Take Vx(Vx)->k? and 9, w
(w2 —k*c?—w2)E, =0
w? — k*c* — w2 =0

« Wave number k becomes imaginary
when w < w, .
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The cutoff of the electromagnetic wave is important
in laser fusion and in the interaction of radio waves

with the ionosphere

+« REENTRY VEHICLE
7 (x) ~ w2 (x) \ Atk

y
®
_‘Q_\\\\\\\\*F

| we (x)=w
Critical density

|E (x)1?

X

— e i, et S

; IONOSPHERE

37



SpaceX moves their S-band transmitter to the top of
their rocket to avoid communication blackout

https://www.youtube.com/watch?v=Bf4rPsS_fwA 38



Plasma was generated during the starship re-entry on
March 14, 2024

Wow! Watch SpaceX Starship re-enter Earth's atmosphere in t Wow! Watch SpaceX Starship re-enter Earth's atmosphere in these incredible views

STARSHIP ENTRY

SPEED 26732 KMH SPEED 26743 KM/H

T+00-[.6-32 ALTITUDE 98 KM T+Uu:l.7:06 ALTITUDE 92 KM

STARSHIB-FIGHT TEST Lox —— Lox

i O @ 2 ir P P O 408/807 v om o it

Wow! Watch SpaceX Starship re-enter Earth's atmosphere in these incredible views Wow! Watch SpaceX Starship re-enter Earth's atmosphere in these incredible views

'

SPEED 26747 KMH SPEED 26752 KMH

T+00-[‘7:15 ALTITUDE 90 KM T§00:1.7:25 ALTITUDE 89 KM o

pr LoX

> » O 417/807 v O @ £° 3iF > » © 427/807 v O @ LA

https://www.youtube.com/watch?v=PQfkvC6RASA



Charged particles collide with each other through
coulomb collisions

* Relation between 8 and t is
B 0 = cosfO -
X = —rcosf = prsy = v
* Therefore,
© n 2 v
mv, = J dtF (t) v, = To J dOsinf = T4o = oPo
—oo mvop Jy mvyp p
« Coulomb force: 2qq,
where Po = >
mvy
=990
mr = —21‘ . . .
r * Note that this is valid only
qq. when v, <<v, ,i.e.,, p>>p,.

F, = ——sin30
1 pz

40



Cumulative effect of many small angle collisions is
more important than large angle collisions

S
e 2
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z m
s 5
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Consider a variable Ax that is the sum of many small random variables
Ax;, i=1,2,3,...,N, N

Ax = Axq + Axy + Ax3 + -+ Axy = ZAxi
i=1

Suppose < Ax; >=< AX;AX; >i¢j= 0

((4x)?) = z Ax; | | = Z((Axi)z) = N{(4x)?)

For one collision:

2 2 1 2 2
(9:2) = (@v?) + ((av,)*) = 2220 {(@v?) = {(avy)") =5 =

The total velocity in X

N 2 2
<(Avxtot)2> _ N((Avx)2> == v0plz70

41



The collision frequency can be obtained by
integrating all the possible impact parameter

* Number of collisions in a time
interval:

dN = ny2ntp dp vy dt

l.e., — =2npnd
dt Tp Ap nyvy

 Therefore

i((dv tot)2> _ 1 Vo’po* dN
dt X 2 p? dt

dp
= T NyVy°Po° ?

d 2 d tot) 2
ael(@) = 2 g {(av’)
Pmax ¢
= 2nyvo°po* -
Pmin p
3.2 Pmax
= 2mNnyVy°Po ln( )
Pmin
L)
~ 2NV P In| —
|Pol

~ 2NV pe?Ina

 Note that

R KT, \'?
D™ \4mnye?

)LD }'D me vez )“D KTe
Dol 2e2 €2
~ A

~ 41tn0)lD3



Comparison between the mean free path and the
system size L determines the regime of the plasma

S
e 2
> a3
z m
s 5
%, 5
it

* A reasonable definition for the scattering time due to small angle
collisions is the time it takes <(Avﬁ°t)2> to equal v,y2. The collision
frequency v, due to small-angle collisions:

2qq, B 8nnge*lnA

2

tot _

<(Al ) > ~ 2MNgve3po?Inad = vy?v,, Po = o2 = Ve =
e

d
dt

my2v,3

* With more careful derivation, the collisional time is obtained:
4+/2mne*lnA

_1 _ —
© 3ym(KT,)3/2

* Mean free path: Imfp = VeTe

Lntp < L Fluid Theory
Imtp > L Kinetic Theory
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Thermal conduction perpendicular to the magnetic field
can be suppressed when the plasma is magnetized

. o dv e . -
m,—=—— X
° ¢ dt c’
@ o o
B %\\ Jmfp %
. —
R U I - Assuming B = BZ and the
/) ° o electron oscillates in x-y plane
: e
° ¢/ ° ° mevy = ——Bvy :
_ - ¢ mev, =0
° o ° m.v, = < Bv
ey c X
 Plasma is magnetized when eB . eB \2
Uy = — v, = — %
R, v, 1 -1 X mec Y (mec> X
Imfp  @Wce VeTe . eB . eB \°
vy, = — vy=—|—]| v
y mec c)] 7Y

i.e., the hall parameter

¥ =@t >1 * Therefore
- ce*e

w =
ce meC
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Plasma 3 is the ratio between hydro pressure and
magnetic pressure

 Momentum equation in Magnetohydrodynamics (MHD) approach:
1_.

17 (7 V)T =-Tp+27 <B
ev , _ I
p—+p(7 V)7 P+
PxB=aly
X = —
c J
FxB=(PxB)xB=r|(B 7)B-, 75
X = — X X = — . —_
! am AT 2
1 o Mo =7 (p+L)+ L (3.7)B
Prar 7 PV v PT8n) " 4n
BZ
« Magnetic pressure: o .
1 ﬂEBZ/Bn
« Magnetic tension: —(B-V)B
g 41t )
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There are several Important plasma parameters that
need to be considered

1/2

KT,
Debye length 4p = (4nne2)

4T 4
Plasma parameter A= n?AD

2\ 1/2
4tn.e
Plasma frequency wpez( - )
e

3\ (KT,)3/2
4+/2tne*InA

Collision time Te

eB

Hall parameter Y = W¢Te, Where wg = is the electron gyrofrequency

e

BZ

P
— , where Py =— is the magnetic pressure

Plasma beta 4
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  𝜹


  𝜹 ≡   𝛅 𝑹 𝒂


   𝑭 ⇀ = 𝒒 ⁢  𝑬 ⇀ + 𝒒 ⁢  𝒗 ⇀ ×  𝑩 ⇀


  ⁢  𝑬 ⇀


  𝒒 > 𝟎 ⁢


  𝒒 < 𝟎 ⁢


     𝒗 _  𝐩 𝐞 𝐨 𝐩 𝐥 𝐞  


     𝒗 _  𝐩 𝐞 𝐨 𝐩 𝐥 𝐞  


     𝒗 _  𝐩 𝐞 𝐨 𝐩 𝐥 𝐞 > 𝟎


     𝒗 _  𝐩 𝐞 𝐨 𝐩 𝐥 𝐞 > 𝟎


     𝒗 _  𝐩 𝐞 𝐨 𝐩 𝐥 𝐞 > 𝟎


     𝒗 _  𝐩 𝐞 𝐨 𝐩 𝐥 𝐞 = 𝟎


  𝒗   : 𝐦 𝐢 𝐜 𝐫 𝐨 𝐬 𝐜 𝐨 𝐩 𝐢 𝐜   𝐪 𝐮 𝐚 𝐧 𝐭 𝐢 𝐭 𝐲 .


  𝑻   : 𝐦 𝐚 𝐜 𝐫 𝐨 𝐬 𝐜 𝐨 𝐩 𝐢 𝐜   𝐪 𝐮 𝐚 𝐧 𝐭 𝐢 𝐭 𝐲 .


   𝝀 𝐃 ≡    (   𝑲 ⁢  𝑻 𝐞  𝟒 ⁢ 𝝅 ⁢ 𝒏 ⁢  𝒆 𝟐 )   𝟏 / 𝟐


  𝜦 ≡ 𝒏 ⁢   𝟒 ⁢ 𝝅 𝟑 ⁢    𝝀 𝐃 𝟑


   𝝎  𝐩 𝐞 ≡    (   𝟒 ⁢ 𝝅 ⁢  𝒏 𝐞 ⁢  𝒆 𝟐   𝒎 𝐞 )   𝟏 / 𝟐


   𝝉 𝐞 ≡   𝟑 ⁢   𝒎 𝐞 ⁢    ( 𝑲 ⁢  𝑻 𝐞 )   𝟑 / 𝟐  𝟒 ⁢  𝟐 ⁢ 𝝅 ⁢ 𝒏 ⁢  𝒆 𝟒 𝐥 𝐧 𝜦


  𝝌 ≡  𝝎  𝐜 𝐞 ⁢  𝝉 𝐞


   𝝎  𝐜 𝐞 ≡   𝒆 ⁢ 𝑩   𝒎 𝐞 ⁢ 𝒄


  𝜷 ≡  𝑷   𝑷 𝐁


   𝑷 𝐁 ≡    𝑩 𝟐  𝟖 ⁢ 𝝅


  𝝓 =    𝝓 𝟎 𝒓


   𝜵 𝟐 𝝓 = 𝟒 ⁢ 𝝅 ⁢ 𝒆 ⁢  (  𝒏 𝐞 −  𝒏 𝐢 ) − 𝟒 ⁢ 𝝅 ⁢  𝒒 𝐓 ⁢ 𝜹 ⁢  (  𝒓 ⇀ )


   𝒏 𝐞 =  𝒏 𝟎 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝒆 ⁢ 𝝓  𝑲 ⁢  𝑻 𝐞 )


   𝒏 𝐢 =  𝒏 𝟎


   𝒓 ⇀ ≠ 𝟎


   𝟏   𝒓 𝟐 ⁢  𝒅  𝐝 𝐫 ⁢  (  𝒓 𝟐 ⁢   𝐝 𝛟  𝐝 𝐫 ) =   𝟒 ⁢ 𝝅 ⁢  𝒏 𝟎 ⁢  𝒆 𝟐  𝑲 ⁢  𝑻 𝐞 ⁢ 𝝓


  𝝓 =    𝝓 𝟎 𝒓 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −  𝒓   𝝀 𝐃 )


   𝝀 𝑫 ≈    (   𝑲 ⁢  𝑻 𝐞  𝟒 ⁢ 𝝅 ⁢ 𝒏 ⁢  𝒆 𝟐 )   𝟏 / 𝟐


    𝒆 ⁢ 𝝓   𝑻 𝐞 ⁢ ≪ 𝟏


  𝜦 ≡ 𝒏 ⁢   𝟒 ⁢ 𝝅 𝟑 ⁢    𝝀 𝐃 𝟑


   𝝀 𝐃 ≪ 𝑳


  𝜦 ≫ 𝟏


   𝜵 ⇀ ≡  𝒙 ^  𝛛  𝛛 𝒙


   𝑬 ⇀ =  𝒙 ^ ⁢ 𝑬


   𝜵 ⇀ ⨯  𝑬 ⇀ = 𝟎


   𝑬 ⇀ = −  𝛁 ⇀ 𝝓


    𝛛  𝒏 𝐞  𝛛 𝒕 +  𝛁 ⇀ ·  (  𝒏 𝐞 ⁢    𝒗 ⇀ 𝐞 ) = 𝟎


   𝒎 𝐞 ⁢  𝒏 𝐞  [   𝛛    𝒗 ⇀ 𝐞  𝛛 𝒕 +  (    𝒗 ⇀ 𝐞 ·  𝛁 ⇀ ) ⁢    𝒗 ⇀ 𝐞 ] = − 𝒆 ⁢  𝒏 𝐞 ⁢  𝑬 ⇀


    𝝏 𝑬  𝛛 𝒙 = 𝟒 ⁢ 𝛑 𝐞 ⁢  (  𝒏 𝐢 −  𝒏 𝐞 )


     𝒗 ⇀ 𝐞 =  𝒙 ^ ⁢ 𝒗


   𝒏 𝐞 =  𝒏 𝟎 +  𝒏 𝟏 ,


   𝒗 𝐞 =  𝒗 𝟎 +  𝒗 𝟏


   𝑬 ⇀ =    𝑬 ⇀ 𝟎 +    𝑬 ⇀ 𝟏 ,


    𝛛  𝒏 𝟎  𝛛 𝒙 =  𝒗 𝟎 =    𝑬 ⇀ 𝟎 = 𝟎


    𝛛  𝒏 𝟎  𝛛 𝒕 =   𝛛  𝒗 𝟎  𝛛 𝒕 =   𝛛    𝑬 ⇀ 𝟎  𝛛 𝒕 = 𝟎


   𝒎 𝐞 ⁢   𝛛  𝒗 𝟏  𝛛 𝒕 = −   𝐞 𝐄 𝟏


    𝛛  𝒏 𝟏  𝛛 𝒕 +  𝒏 𝟎 ⁢   𝛛  𝒗 𝟏  𝛛 𝒙 = 𝟎


    𝛛  𝑬 𝟏  𝛛 𝒙 = − 𝟒 ⁢   𝛑 𝐞 𝐧 𝟏


   𝜼 𝟏 =  𝜼 ^ ⁢  𝐞 𝐱 𝐩 [ 𝒊 ⁢  ( 𝒌 𝒙 − 𝝎 𝒕 ) ]


   𝜼 𝟏 =  𝒗 𝟏 ,  𝒏 𝟏 ,  𝑬 𝟏


  − 𝒊 ⁢  𝒎 𝐞 ⁢ 𝝎 ⁢  𝒗 𝟏 = − 𝒆 ⁢  𝑬 𝟏


  −   𝒊 𝝎 𝒏 𝟏 = −  𝒏 𝟎 ⁢   𝒊 𝒌 𝒗 𝟏


    𝒊 𝒌 𝑬 𝟏 = − 𝟒 ⁢ 𝝅 ⁢ 𝒆 ⁢  𝒏 𝟏


   𝝎  𝐩 𝐞 ≡ 𝝎 =    (   𝟒 ⁢ 𝝅 ⁢  𝒏 𝐞 ⁢  𝒆 𝟐   𝒎 𝐞 )   𝟏 / 𝟐


   𝜵 ⇀ ⨯  𝑬 ⇀ = −  𝟏 𝒄 ⁢  𝛛 𝒕  𝑩 ⇀


   𝜵 ⇀ ⨯  𝑩 ⇀ =   𝟒 ⁢ 𝝅 𝒄 ⁢  𝒋 ⇀ +  𝟏 𝒄 ⁢  𝛛 𝒕  𝑬 ⇀


   𝒋 ⇀ = − 𝒆 ⁢  𝒏 𝐞 ⁢    𝒗 ⇀ 𝐞


   𝒎 𝐞 ⁢  𝒏 𝐞 ⁢  𝛛 𝒕    𝒗 ⇀ 𝐞 +  𝒎 𝐞 ⁢  𝒏 𝐞 ⁢  (    𝒗 ⇀ 𝐞 ·  𝛁 ⇀ ) ⁢    𝒗 ⇀ 𝐞 = −  𝛁 ⇀  𝒑 𝐞 − 𝒆 ⁢  𝒏 𝐞 ⁢  𝑬 ⇀ −   𝒆 ⁢  𝒏 𝐞    𝒗 ⇀ 𝐞 𝒄 ⨯  𝑩 ⇀


   𝝏 𝒕  𝒏 𝐞 +  𝛁 ⇀ ·  (  𝒏 𝐞 ⁢    𝒗 ⇀ 𝐞 ) = 𝟎


   𝜵 ⇀ ⨯    𝑬 ⇀ 𝟏 = −  𝟏 𝒄 ⁢  𝛛 𝒕    𝑩 ⇀ 𝟏


   𝜵 ⇀ ⨯    𝑩 ⇀ 𝟏 =   𝟒 ⁢ 𝝅 𝒆 𝒄 ⁢  𝒏 𝟎 ⁢    𝒗 ⇀ 𝐞 +  𝟏 𝒄 ⁢  𝛛 𝒕    𝑬 ⇀ 𝟏


   𝒎 𝐞 ⁢  𝒏 𝟎 ⁢  𝛛 𝒕    𝒗 ⇀ 𝟏 = −   𝒆 𝒏 𝟎 ⁢    𝑬 ⇀ 𝟏


  − 𝒄 ⁢  𝛁 ⇀ ⨯  (  𝛁 ⇀ ⨯    𝑬 ⇀ 𝟏 ) =  𝟏 𝒄 ⁢   𝟒 ⁢ 𝝅 ⁢  𝒏 𝟎 ⁢  𝒆 𝟐   𝒎 𝐞 ⁢    𝑬 ⇀ 𝟏 +  𝟏 𝒄 ⁢    𝛛 𝟐    𝑬 ⇀ 𝟏  𝛛  𝒕 𝟐


   𝜵 ⇀ ⨯  (  𝛁 ⇀ ⨯ ) →  𝒌 𝟐


   𝝏 𝒕 → 𝝎


   (  𝝎 𝟐 −  𝒌 𝟐 ⁢  𝒄 𝟐 −    𝝎 𝐞 𝟐 ) ⁢    𝑬 ⇀ 𝟏 = 𝟎


   𝝎 𝟐 −  𝒌 𝟐 ⁢  𝒄 𝟐 −    𝝎 𝐞 𝟐 = 𝟎


  𝝎 <  𝝎 𝐞


   𝝏 𝒕    𝒗 ⇀ 𝟏


     𝑩 ⇀ 𝟏


  𝐦  𝒗 ⊥ =   ∫  − ∞ ∞  𝒅 𝒕     𝐅 ⊥  ( 𝒕 ) ⁢


  𝒎 ⁢    𝒓 ⇀ ¨ =   𝒒 ⁢  𝒒 𝟎   𝒓 𝟐 ⁢  𝒓 ^


   𝑭 ⊥ =   𝒒 ⁢  𝒒 𝟎   𝒑 𝟐 ⁢   𝐬 𝐢 𝐧 𝟑 ⁢ 𝜽


  𝒙 = − 𝒓 ⁢ 𝐜 𝐨 𝐬 𝜽 = −   𝒑 ⁢ 𝐜 𝐨 𝐬 𝜽  𝐬 𝐢 𝐧 𝜽 =  𝒗 𝟎 ⁢ 𝒕


   𝒗 ⊥ =   𝒒 ⁢  𝒒 𝟎  𝒎 ⁢  𝒗 𝟎 ⁢ 𝒑 ⁢   ∫ 𝟎 𝛑  𝒅 𝜽 ⁢ 𝐬 𝐢 𝐧 𝜽 =   𝟐 ⁢ 𝒒 ⁢  𝒒 𝟎  𝒎 ⁢  𝒗 𝟎 ⁢ 𝒑 ≡    𝒗 𝟎 ⁢  𝒑 𝟎 𝒑


   𝒑 𝟎 ≡   𝟐 ⁢ 𝒒 ⁢  𝒒 𝟎  𝒎 ⁢    𝒗 𝟎 𝟐


   𝒗 ⊥ ⁢ < <  𝒗 𝟎


  𝒑 > >  𝒑 𝟎


  𝜟 𝒙 =   𝜟 𝒙 𝟏 +   𝜟 𝒙 𝟐 +   𝜟 𝒙 𝟑 + … +   𝜟 𝒙 𝐍 =   ∑  𝐢 = 𝟏 𝑵    𝜟 𝒙 𝐢


  <   𝚫 𝐱 𝐢 > = <   𝚫 𝐱 𝐢 ⁢   𝚫 𝐱 𝐣  >  𝐢 ≠ 𝐣 = 𝟎


   ⟨    ( 𝜟 𝒙 ) 𝟐 ⟩ =  ⟨    (   ∑  𝐢 = 𝟏 𝑵    𝜟 𝒙 𝐢 ) 𝟐 ⟩ =   ∑  𝐢 = 𝟏 𝑵   ⟨    (   𝜟 𝒙 𝐢 ) 𝟐 ⟩ = 𝑵  ⟨    (   𝜟 𝒙 𝐢 ) 𝟐 ⟩


   ⟨    𝒗 ⊥ 𝟐 ⟩ =  ⟨    (   𝜟 𝒗 𝐱 ) 𝟐 ⟩ +  ⟨    (   𝜟 𝒗 𝐲 ) 𝟐 ⟩ =      𝒗 𝟎 𝟐 ⁢    𝒑 𝟎 𝟐   𝒑 𝟐


   ⟨    (   𝜟 𝒗 𝐱 ) 𝟐 ⟩ =  ⟨    (   𝜟 𝒗 𝐲 ) 𝟐 ⟩ =  𝟏 𝟐 ⁢      𝒗 𝟎 𝟐 ⁢    𝒑 𝟎 𝟐   𝒑 𝟐


   ⟨    (     𝜟 𝒗 𝐱  𝐭 𝐨 𝐭 ) 𝟐 ⟩ = 𝑵  ⟨    (   𝜟 𝒗 𝐱 ) 𝟐 ⟩ =  𝑵 𝟐 ⁢      𝒗 𝟎 𝟐 ⁢    𝒑 𝟎 𝟐   𝒑 𝟐


   𝒙 ^


    𝒅 𝑵  𝒅 𝒕 = 𝟐 ⁢ 𝝅 𝒑 ⁢   𝒅 𝒑 ⁢     𝒏 𝟎 ⁢  𝒗 𝟎


   𝒅  𝒅 𝒕  ⟨    (     𝜟 𝒗 𝐱  𝐭 𝐨 𝐭 ) 𝟐 ⟩ =  𝟏 𝟐 ⁢      𝒗 𝟎 𝟐 ⁢    𝒑 𝟎 𝟐   𝒑 𝟐   𝒅 𝑵  𝒅 𝒕


   𝒅  𝒅 𝒕  ⟨    (    𝜟 ⊥  𝐭 𝐨 𝐭 ) 𝟐 ⟩ = 𝟐 ⁢  𝒅  𝒅 𝒕  ⟨    (     𝜟 𝒗 𝐱  𝐭 𝐨 𝐭 ) 𝟐 ⟩ = 𝟐 ⁢ 𝝅 ⁢  𝒏 𝟎 ⁢    𝒗 𝟎 𝟑 ⁢    𝒑 𝟎 𝟐   ∫   𝒑  𝐦 𝐢 𝐧   𝒑  𝐦 𝐚 𝐱    𝒅 𝒑 𝒑 = 𝟐 ⁢   𝝅 𝒏 𝟎 ⁢    𝒗 𝟎 𝟑 ⁢    𝒑 𝟎 𝟐 ⁢ 𝐥 𝐧 ⁢  (    𝒑  𝐦 𝐚 𝐱   𝒑  𝐦 𝐢 𝐧 ) ≈ 𝟐 ⁢   𝝅 𝒏 𝟎 ⁢    𝒗 𝟎 𝟑 ⁢    𝒑 𝟎 𝟐 ⁢ 𝐥 𝐧 ⁢  (    𝝀 𝐃  |  𝒑 𝟎 | ) ≈ 𝟐 ⁢   𝝅 𝒏 𝟎 ⁢    𝒗 𝟎 𝟑 ⁢    𝒑 𝟎 𝟐 ⁢ 𝐥 𝐧 𝜦


     𝝀 𝐃  |  𝒑 𝟎 | ≈    𝝀 𝐃 ⁢  𝒎 𝐞 ⁢    𝒗 𝐞 𝟐  𝟐 ⁢  𝒆 𝟐 ≈    𝝀 𝐃 ⁢   𝑲 𝑻 𝐞   𝒆 𝟐 ≈ 𝟒 ⁢ 𝝅 ⁢  𝒏 𝟎 ⁢    𝝀 𝐃 𝟑


  =   𝝅   𝒏 𝟎 ⁢    𝒗 𝟎 𝟑 ⁢    𝒑 𝟎 𝟐 ⁢   𝒅 𝒑 𝒑


   𝝀 𝐃 ≈    (   𝑲 ⁢  𝑻 𝐞  𝟒 ⁢ 𝝅 ⁢  𝒏 𝟎 ⁢  𝒆 𝟐 )   𝟏 / 𝟐


  ≈ 𝜦


  𝒅 𝑵 =  𝒏 𝟎 ⁢ 𝟐 ⁢ 𝝅 ⁢ 𝒑 ⁢   𝒅 𝒑 ⁢     𝒗 𝟎 ⁢   𝒅 𝒕


   ⟨    (     𝜟 𝒗 ⊥  𝐭 𝐨 𝐭 ) 𝟐 ⟩


   𝝂 𝒄 =   𝟖 ⁢ 𝝅 ⁢  𝒏 𝟎 ⁢  𝒆 𝟒 ⁢ 𝐥 𝐧 ⁢ 𝜦     𝒎 𝐞 𝟐 ⁢    𝒗 𝟎 𝟑


     𝝉 𝐞  − 𝟏 =  𝝂 𝐜 =   𝟒 ⁢  𝟐 ⁢ 𝝅 ⁢ 𝒏  𝒆 𝟒 ⁢ 𝐥 𝐧 ⁢ 𝜦  𝟑 ⁢   𝒎 𝐞 ⁢    ( 𝑲 ⁢  𝑻 𝐞 )   𝟑 / 𝟐


   𝒍  𝐦 𝐟 𝐩 =  𝒗 𝐞 ⁢  𝝉 𝐞


   {           𝒍  𝐦 𝐟 𝐩 < 𝑳    𝒍  𝐦 𝐟 𝐩 > 𝑳


   𝒅  𝒅 𝒕  ⟨    (    𝜟 ⊥  𝐭 𝐨 𝐭 ) 𝟐 ⟩ ≈ 𝟐 ⁢   𝝅 𝒏 𝟎 ⁢    𝒗 𝟎 𝟑 ⁢    𝒑 𝟎 𝟐 ⁢ 𝐥 𝐧 𝜦 ≈    𝒗 𝟎 𝟐  𝝂 𝐜 ,


   𝒑 𝟎 ≡   𝟐 ⁢ 𝒒 ⁢  𝒒 𝟎   𝒎 𝐞 ⁢    𝒗 𝟎 𝟐   ⇒


     𝑹 𝐋   𝒍  𝐦 𝐟 𝐩 =    𝒗 𝐞   𝝎  𝐜 𝐞 ⁢  𝟏   𝒗 𝐞 ⁢  𝝉 𝐞 < 𝟏


  𝝌 ≡  𝝎  𝐜 𝐞 ⁢  𝝉 𝒆 > 𝟏


   𝒎 𝐞 ⁢   𝒅 ⁢  𝒗 ⇀  𝒅 𝒕 = −  𝒆 𝒄 ⁢  𝒗 ⇀ ⨯  𝑩 ⇀


   𝑩 ⇀ = 𝑩 ⁢  𝒛 ^


   𝒎 𝐞 ⁢    𝒗 · 𝐱 = −  𝒆 𝒄 ⁢ 𝑩 ⁢  𝒗 𝐲


   𝒎 𝐞 ⁢    𝒗 · 𝐲 =  𝒆 𝒄 ⁢ 𝑩 ⁢  𝒗 𝐱


   𝒎 𝐞 ⁢    𝒗 · 𝐳 = 𝟎


     𝒗 ¨ 𝐱 = −   𝒆 ⁢ 𝑩   𝒎 𝐞 ⁢ 𝒄 ⁢    𝒗 · 𝐲 = −    (   𝒆 ⁢ 𝑩   𝒎 𝐞 ⁢ 𝒄 ) 𝟐 ⁢  𝒗 𝐱


     𝒗 ¨ 𝐲 = −   𝒆 ⁢ 𝑩   𝒎 𝐞 ⁢ 𝒄 ⁢    𝒗 · 𝐱 = −    (   𝒆 ⁢ 𝑩   𝒎 𝐞 ⁢ 𝒄 ) 𝟐 ⁢  𝒗 𝐲


   𝝎  𝐜 𝐞 =   𝒆 ⁢ 𝑩   𝒎 𝐞 ⁢ 𝒄


  𝝆 ⁢   𝒅 ⁢  𝒗 ⇀  𝒅 𝒕 + 𝝆  (  𝒗 ⇀ ·  𝜵 ⇀ ) ⁢  𝒗 ⇀ = −  𝛁 ⇀ 𝒑 +  𝟏 𝒄 ⁢  𝒋 ⇀ ⨯  𝑩 ⇀


   𝜵 ⇀ ⨯  𝑩 ⇀ =   𝟒 ⁢ 𝝅 𝒄 ⁢  𝒋 ⇀


   𝒋 ⇀ ⨯  𝑩 ⇀ =  𝒄  𝟒 ⁢ 𝝅 ⁢  (  𝜵 ⇀ ⨯  𝑩 ⇀ ) ⨯  𝑩 ⇀ =  𝒄  𝟒 ⁢ 𝝅  [  (  𝑩 ⇀ ·  𝜵 ⇀ )  𝑩 ⇀ −  𝟏 𝟐 ⁢  𝜵 ⇀  𝑩 𝟐 ]


  𝝆 ⁢   𝒅 ⁢  𝒗 ⇀  𝒅 𝒕 + 𝝆  (  𝒗 ⇀ ·  𝜵 ⇀ ) ⁢  𝒗 ⇀ = −  𝜵 ⇀  ( 𝒑 +    𝑩 𝟐  𝟖 ⁢ 𝝅 ) +  𝟏  𝟒 ⁢ 𝝅 ⁢  (  𝑩 ⇀ ·  𝜵 ⇀ )  𝑩 ⇀


     𝑩 𝟐  𝟖 ⁢ 𝝅


   𝟏  𝟒 ⁢ 𝝅 ⁢  (  𝑩 ⇀ ·  𝜵 ⇀ )  𝑩 ⇀


  𝜷 ≡  𝒑     𝑩 𝟐 / 𝟖 ⁢ 𝝅


   𝝀 𝐃 ≡    (   𝑲 ⁢  𝑻 𝐞  𝟒 ⁢ 𝝅 ⁢ 𝒏 ⁢  𝒆 𝟐 )   𝟏 / 𝟐


  𝜦 ≡ 𝒏 ⁢   𝟒 ⁢ 𝝅 𝟑 ⁢    𝝀 𝐃 𝟑


   𝝎  𝐩 𝐞 ≡    (   𝟒 ⁢ 𝝅 ⁢  𝒏 𝐞 ⁢  𝒆 𝟐   𝒎 𝐞 )   𝟏 / 𝟐


   𝝉 𝐞 ≡   𝟑 ⁢   𝒎 𝐞 ⁢    ( 𝑲 ⁢  𝑻 𝐞 )   𝟑 / 𝟐  𝟒 ⁢  𝟐 ⁢ 𝝅 ⁢ 𝒏 ⁢  𝒆 𝟒 𝐥 𝐧 𝜦


  𝝌 ≡  𝝎  𝐜 𝐞 ⁢  𝝉 𝐞


   𝝎  𝐜 𝐞 ≡   𝒆 ⁢ 𝑩   𝒎 𝐞 ⁢ 𝒄


  𝜷 ≡  𝑷   𝑷 𝐁


   𝑷 𝐁 ≡    𝑩 𝟐  𝟖 ⁢ 𝝅

