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AC electrical discharges deliver energy to the plasma 
without contact between electrodes and the plasma

• DC electrical discharge – a true current in the form of a flow of ions or 

electrons to the electrodes.

• AC electrical discharge –  the power supply interacts with the plasma by 

displacement current.

– Inductive radio frequency (RF) electrical discharges

– Capacitive RF electrical discharges

– Microwave electrical discharges

– Dielectric-barrier discharges (DBDs)

• Other mechanism

– Laser produced plasma

– Pulsed-power generated plasma
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Advantage of using microwave electrical discharges

• The wavelength of the microwave is in centimeters range. In contract, the 

wavelength is 22 m for RF frequency f = 13.6 MHz.

• The electron number density can approach the critical number density. 

(7x1016 m-3) at a frequency of 2.45 GHz.

• The plasma in microwave discharges is quasi-optical to microwave.

• Microwave-generated plasmas have a higher electron kinetic temperature 

(5 ~ 15 eV) than DC or low frequency RF-generated plasmas (1 or 2 eV).

• Capable of providing a higher fraction of ionization.

• Do not have a high voltage sheath.

• No internal electrodes.
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Microwave frequency is determined for those used in 
communications and radar purposes
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Microwave plasma reactor configurations

• Waveguide coupled reactor • Resonant or multimode cavity – 

if the impedance matching is 

good, more energy can be fed 

into the cavity.

5



Strong absorption occurs when the frequency matches 
the electron cyclotron frequency

• Electron cyclotron resonance (ECR) plasma reactor
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Electron cyclotron frequency depends on magnetic field 
only

• Assuming                   and the 

electron oscillates in x-y plane

• Therefore
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Electrons keep getting accelerated when a electric field 
rotates in electron’s gyrofrequency
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Electric field in a circular polarized electromagnetic 
wave keeps rotating as the wave propagates 

• Right-handed polarization • Left-handed polarization

https://en.wikipedia.org/wiki/Circular_polarization9



Electric field rotates in a circular polarization
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A linear polarized wave can be decomposed by a left-
handed and a right-handed polarized wave
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• Right-handed polarization • Left-handed polarization

https://en.wikipedia.org/wiki/Circular_polarization
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Only right-handed polarization can resonance with 
electron’s gyromotion
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Strong absorption occurs when the frequency matches 
the electron cyclotron frequency

• Electron cyclotron resonance (ECR) plasma reactor
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Electron cyclotron resonance (ECR) microwave 
systems

microwave systems
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Immersed ECR plasma source

• High particle fluxes on targets for diamond or other thin film deposition

• The ions in the plasma flux can be used for etching.
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Distributed ECR system

• Function of the multipolar magnetic 

field at the tank boundary:

– Provide a resonant surface for 

ECR absorption

– Improve the confinement of the 

plasma
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Microwave plasma torch deposit a much faster rate than 
other types of plasma source for diamond film deposition
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Microwave-generated plasmas have the capability of 
filling very large volumes with moderately high density

• Advantages

– Lower neutral gas pressure, i.e., longer ion and neutral mean free 

paths.

– Higher fraction ionize.

– Higher electron density.

• Disadvantages

– Lower ion bombardment energies.

– Less control of the bombarding ion energy.

– Difficult in tuning up and achieving efficient coupling.

– Much more difficult and expensive to make uniform over a large area.

– More expensive.
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AC electrical discharges deliver energy to the plasma 
without contact between electrodes and the plasma

• DC electrical discharge – a true current in the form of a flow of ions or 

electrons to the electrodes.

• AC electrical discharge –  the power supply interacts with the plasma by 

displacement current.

– Inductive radio frequency (RF) electrical discharges

– Capacitive RF electrical discharges

– Microwave electrical discharges

– Dielectric-barrier discharges (DBDs)

• Other mechanism

– Laser produced plasma

– Pulsed-power generated plasma



Dielectric-barrier discharges (DBDs)

20



Space charge effect enhance the electric field
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J. L. Walsh, et al., J. Phys. D: Appl. Phys., 43, 075201 (2010)



The foundation of AC discharge in plasma display panel

22Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



The plasma can be sustained using ac discharged in 
plasma display panel
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• Wall discharge reduced the required discharge voltage 
Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



Plasma-needle discharge
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Atmospheric-pressure cold helium microplasma jets

25J. L. Walsh, et al., J. Phys. D: Appl. Phys., 43, 075201 (2010)



There are three different modes: chaotic, bullet, and 
continuous mode

26J. L. Walsh, et al., J. Phys. D: Appl. Phys., 43, 075201 (2010)



In bullet mode, the plasma jet comes out as a pulse
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• wavelength-integrated optical 

emission signal (350–800 nm)

Bullet mode

Continue mode

• Images of bullet mode

J. L. Walsh, et al., J. Phys. D: Appl. Phys., 43, 075201 (2010)



DBD plasma demonstration
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20 kHz AC HV

Ground

Show video.



DBD plasma can be generated between the finger and 
the dielectric layer
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Plasma display panel was invented at the University of 
Illinois in 1967

30

Prof. H. Gene Slottow Prof. Donald L. Bitzer

L. F. Weber, IEEE Trans. Plas. Scien., 34, 268, 2006

History of PDP



PDP was invented due to a need for Programmed Logic 
for Automatic Teaching Operations (PLATO) in 1960s
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https://topwallpapers.pw/computer/keyboards-computers-history-teletype-typewriters-desktop-hd-wallpaper-1035981/

https://en.wikipedia.org/wiki/Punched_tape

https://en.wikipedia.org/wiki/PLATO_(computer_system)

1981 Plato V



The positive column in a glow discharge is used to 
excite phosphors in color PDP

32

• Majority of monochrome PDPs use the negative glow as the light source

• The positive column is used to excite phosphors in fluorescent lamps 

and in color PDPs

Industrial plasma engineering, volume 1, by J. Reece Roth

https://en.wikipedia.org/wiki/Neon_lighting



Early plasma panel (PD) attached to the glass vacuum 
system used for the first plasma displays at UI

33L. F. Weber, IEEE Trans. Plas. Scien., 34, 268, 2006

• It had the same alternating sustain voltage, neon, gas, and dielectric 

glass insulated electrodes that are used for plasma TVs today.



Early plasma panel (PD) attached to the glass vacuum 
system used for the first plasma displays at UI

34L. F. Weber, IEEE Trans. Plas. Scien., 34, 268, 2006

• It had the same alternating sustain voltage, neon, gas, and dielectric 

glass insulated electrodes that are used for plasma TVs today.



Early 4x4 pixel panel has achieved matrix addressability 
for the first time

35L. F. Weber, IEEE Trans. Plas. Scien., 34, 268, 2006



Early 4x4 pixel panel has achieved matrix addressability 
for the first time

36L. F. Weber, IEEE Trans. Plas. Scien., 34, 268, 2006



A 16x16 pixel PD, developed in 1967, needed to be 
addressed manually

37L. F. Weber, IEEE Trans. Plas. Scien., 34, 268, 2006



First color PD was three cell prototype with red and 
green color phosphors excited by a xenon gas discharge

38L. F. Weber, IEEE Trans. Plas. Scien., 34, 268, 2006

Red

Green

Blue (no 

phosphors)



Open-cell structure developed in 1968

39L. F. Weber, IEEE Trans. Plas. Scien., 34, 268, 2006

• It could be baked under vacuum at 350 oC to drive out contaminants.



More progress

40L. F. Weber, IEEE Trans. Plas. Scien., 34, 268, 2006

1968, University of Illinois

16x16 pixels

1971, Owens-Illinois

512x512 pixels



Color PDPs had short display lifetime due to the 
degradation of color phosphors caused by ion sputtering

41http://what-when-how.com/display-interfaces/display-technologies-and-applications-display-interfaces-part-3/



A lower breakdown voltages can be obtained with very 
small amounts of added gas
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Design of PDP



AT&T three-electrode patent

43L. F. Weber, IEEE Trans. Plas. Scien., 34, 268, 2006



Reflective phosphor geometry is used in most of 
today’s plasma TVs
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Spectrum of the different phosphors
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The foundation of AC discharge

46Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



The plasma can be sustained using ac discharged
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• Wall discharge reduced the required discharge voltage 
Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



Wall discharge reduced the required discharge voltage 

48Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



ON/OFF State Selection

49Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



Sustain discharge

50Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



Address and sustain electrodes are connected to 
different drivers

51Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



PDP pixel can only be either ON or OFF

52Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



PDP luminance is controlled by using number of light 
pulses

53Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



A single field is divided into 8 subfield

54Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



Composition of each subfield

55Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



8 subfield in one TV-Field (ADS)

56Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



PDP uses line-by-line scanning

57Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



Video signal processing

58Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



Addressing period 

59Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



Displaying period

60Slides from Prof. Heung-Sik Tae, School of Electronic and Electrical Engineering, Kyungpook National University



AC electrical discharges deliver energy to the plasma 
without contact between electrodes and the plasma

• DC electrical discharge – a true current in the form of a flow of ions or 

electrons to the electrodes.

• AC electrical discharge –  the power supply interacts with the plasma by 

displacement current.

– Inductive radio frequency (RF) electrical discharges

– Capacitive RF electrical discharges

– Microwave electrical discharges

– Dielectric-barrier discharges (DBDs)

• Other mechanism

– Laser produced plasma

– Pulsed-power generated plasma



Laser is absorbed in underdense plasma through 
collisional process called inverse bremsstrahlung

• Bremsstrahlung

• Inverse bremsstrahlung (For I < 1018 w/cm2)



Electric field of a high-power laser can perturb the 
potential of a nuclear and thus ionize the atom directly

M. Krüger, etc., Appl. Sci. 9, 378 (2019)

Robert Boyd. Nonlinear optics.

• For I ~ 1014 ~ 1016 w/cm2

𝑬𝐜𝐮𝐭𝐨𝐟𝐟 ≈ 𝑰𝐩 + 𝟑. 𝟏𝟕𝑼𝐩 𝑰𝐩 ∶  𝐢𝐨𝐧𝐢𝐳𝐚𝐭𝐢𝐨𝐧 𝐩𝐨𝐭𝐞𝐧𝐭𝐢𝐚𝐥 𝑼𝐩 ∶ 𝐩𝐨𝐧𝐝𝐞𝐫𝐨𝐦𝐨𝐭𝐢𝐯𝐞 𝐞𝐧𝐞𝐫𝐠𝐲
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• For I < 1018 w/cm2

High harmonic generation from high-power laser

• M. Krüger, etc., Appl. Sci. 9, 378 (2019)

• Nonlinear Optics 3rd edition , by Robert W. Boyd

• P. B. Corkum and F. Krausz, Nature Phys., 3, 381 (2007) 64



AC electrical discharges deliver energy to the plasma 
without contact between electrodes and the plasma

• DC electrical discharge – a true current in the form of a flow of ions or 

electrons to the electrodes.

• AC electrical discharge –  the power supply interacts with the plasma by 

displacement current.

– Inductive radio frequency (RF) electrical discharges

– Capacitive RF electrical discharges

– Microwave electrical discharges

– Dielectric-barrier discharges (DBDs)

• Other mechanism

– Laser produced plasma

– Pulsed-power generated plasma – it will be introduced later.
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Diagnostics

• Single/double Langmuir probe – ne, Te

• Interferometer – ne

• Schlieren – dne/dx

• Faraday rotator – B

• Bdot probe – B

• Charged particle – B

• Spectroscopy – Te, ne

• Thomson scattering – Te, ne, Ti, ni

• Faraday cup – dni/dt

• Retarding Potential Analyzer - vi

66

• Intensified CCD – 2D image

• Framing camera – 2D image

• Streak camera – 1D image

• VISAR – shock velocity

• Neutron time of flight (NToF) 

– Neutron yield, Ti

• Thomson parabola – e/m

• Data analysis using Pulse 

Shaping

• Stimulated Brillouin scattering

– Laser pulse compression



All plasmas are separated from the walls surrounding 
them by a sheath

• When ions and electrons hit the wall, they recombine and are lost.

• Since electrons have much higher thermal velocities than ions, they are 

lost faster and leave the plasma with a net positive charge.

• Debye shielding will confine the potential variation to a layer of the order 

of several Debye lengths in thickness.

• A potential barrier is formed to confine electrons electrostatically.

• The flux of electrons is just equal to the flux of ions reaching the wall.

Sheath



The planar sheath equation
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The Bohm sheath criterion

• Needs to be solved numerically

• The right-hand side must be positive for all χ .
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The Bohm sheath criterion - continued

• Ions must enter the sheath region with a velocity greater than the 

acoustic velocity vs.

• There must be a finite electric field in the plasma.

• The scale of the sheath region is usually much smaller than the scale of 

the main plasma region in which the ions are accelerated.
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The potential variation in a plasma-wall system can be 
divided into three parts

• Sheath: 

– ~Debye length, ne is appreciable.

– A dark layers where no electrons 

were present to excite atoms to 

emission.

– It has been measured by the 

electrostatic deflection of a thin 

electron beam shot parallel to a wall

𝝓 ≥
𝟏

𝟐

𝑲𝑻𝒆

𝒆
 .

• Presheath: ions are accelerated 

to the required velocity u0 by a 

potential drop

𝒖𝟎

𝒎𝒖𝟎
𝟐 > 𝑲𝑻𝒆

𝟏

𝟐
𝒎𝒖𝟎

𝟐 = 𝒆𝝓 ,



Electrostatic probes

• The electron current can be neglected if the probe is sufficiently negative 

relative to the plasma to repel most electrons.

• The plasma density can be obtained once the temperature is known.

𝑰 = 𝒏𝒔𝒆𝑨
𝑲𝑻𝒆

𝒎

Τ𝟏 𝟐

|𝝓| ≃
𝟏

𝟐

𝑲𝑻𝒆

𝒆

𝒏𝒔 = 𝒏𝟎𝐞𝐱𝐩
𝐞𝛟

𝑲𝑻𝒆
= 𝒏𝟎𝒆 Τ−𝟏 𝟐 = 𝟎. 𝟔𝟏𝒏𝟎

𝐁𝐨𝐡𝐦 𝐜𝐮𝐫𝐫𝐞𝐧𝐭: 𝑰𝑩 ≃ 𝟎. 𝟓𝒏𝟎𝒆𝑨
𝑲𝑻𝒆

𝒎

Τ𝟏 𝟐

𝒎𝒖𝟎
𝟐 > 𝑲𝑻𝒆 𝑱 = 𝒆𝒏𝒖

𝒖𝟎

𝑰

𝒏𝒔𝒏𝟎



Electrostatic probes

• The electron current can be neglected if the probe is sufficiently negative 

relative to the plasma to repel most electrons.

• The plasma density can be obtained once the temperature is known.

𝑰 = 𝒏𝒔𝒆𝑨
𝑲𝑻𝒆

𝒎

Τ𝟏 𝟐

|𝝓| ≃
𝟏

𝟐

𝑲𝑻𝒆

𝒆

𝒏𝒔 = 𝒏𝟎𝐞𝐱𝐩
𝐞𝛟

𝑲𝑻𝒆
= 𝒏𝟎𝒆 Τ−𝟏 𝟐 = 𝟎. 𝟔𝟏𝒏𝟎

𝐁𝐨𝐡𝐦 𝐜𝐮𝐫𝐫𝐞𝐧𝐭: 𝑰𝑩 ≃ 𝟎. 𝟓𝒏𝟎𝒆𝑨
𝑲𝑻𝒆

𝒎

Τ𝟏 𝟐

𝒎𝒖𝟎
𝟐 > 𝑲𝑻𝒆 𝑱 = 𝒆𝒏𝒖

𝒖𝟎

𝑰

𝒏𝒔𝒏𝟎
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A plasma sheaths is formed when plasma is contact to 
a surface

74

Langmuir probe



Floating voltage is determined when ion flux is 
balanced by electron flux 

75

• Wall flux of ions:

• Wall flux of electrons due to random motion:

• Balance between electron and ion flux (current)

(Boltzman equation)𝒏𝒆𝒘 = 𝒏𝟎𝐞𝐱𝐩
𝒆𝜱𝒘

𝑲𝑻𝒆

𝑰 = 𝐞𝐀 𝜞𝒊 − 𝜞𝒆 = 𝟎

𝜱𝒘 = −
𝑲𝑻𝒆

𝟐𝒆
𝐥𝐧

𝒎𝒊𝑻𝒆

𝒎𝒆𝑻𝒊

𝜞𝒊 =
𝟏

𝟒
𝒏𝟎𝒗

_

𝒊 = 𝒏𝟎

𝟖𝑲𝑻𝒊

𝝅𝒎𝒊

𝜞𝒆 =
𝟏

𝟒
𝒏𝒆𝒘𝒗

_

𝒆 = 𝒏𝟎𝐞𝐱𝐩
𝒆𝜱𝒘

𝑲𝑻𝒆

𝟖𝑲𝑻𝒆

𝝅𝒎𝒆



Floating voltage can also be calculated using Bohm’s 
velocity

• Wall flux of ions using Bohm’s velocity:

76

𝒖𝟎 =
𝑲𝑻𝒆

𝒎𝒊

𝜞𝒊 = 𝒏𝒔𝒖𝟎

𝒏𝒆𝒘 = 𝒏𝒔𝐞𝐱𝐩
𝒆𝜱𝒘

𝑲𝑻𝒆

𝜱𝒘𝑩 = −
𝑲𝑻𝒆

𝟐𝒆
𝐥𝐧

𝒎𝒊

𝟐𝝅𝒎𝒆

• Wall flux of electrons due to random motion:

𝜞𝒆 =
𝟏

𝟒
𝒏𝒘𝒗

_

𝒆 =
𝟏

𝟒
𝒏𝒔𝐞𝐱𝐩

𝒆𝜱𝒘

𝑲𝑻𝒆

𝟖𝑲𝑻𝒆

𝝅𝒎𝒆

• Balance between electron and ion flux (current)

𝑰 = 𝐞𝐀 𝜞𝒊 − 𝜞𝒆 = 𝟎

𝜱𝒘 = −
𝑲𝑻𝒆

𝟐𝒆
𝐥𝐧

𝒎𝒊𝑻𝒆

𝒎𝒆𝑻𝒊

𝒖𝟎



Electron temperature can be determined by the slope of 
the I-V curve between ion and electron saturation

77

• Ion saturation current:

• Total current: 

Assuming: 

𝑰𝐢𝐬 = 𝐀𝐉𝐢𝐬 = 𝐞𝐀𝚪𝐢𝐬

𝑰 = 𝑰𝐢𝐬 + 𝑰𝒆 = 𝑰𝐢𝐬 +
𝟏

𝟒
𝒏𝒔𝐞𝐱𝐩

𝐞𝐕

𝑲𝑻𝒆
𝒗
_

𝒆𝐞𝐀 𝑽 ≡ 𝜱

𝒅𝑰𝐢𝐬

𝒅𝑽
≪

𝐝𝐈

𝐝𝐕

𝒅𝑰

𝐝𝐕
=

𝒅𝑰𝐢𝐬

𝒅𝑽
+

𝟏

𝟒

𝒆

𝑲𝑻𝒆
𝒏𝒔𝐞𝐱𝐩

𝐞𝐕

𝑲𝑻𝒆
𝒗
_

𝒆𝐞𝐀 =
𝒅𝑰𝐢𝐬

𝒅𝑽
+

𝒆

𝑲𝑻𝒆
𝑰𝒆 =

𝒅𝑰𝐢𝐬

𝒅𝑽
+

𝒆

𝑲𝑻𝒆
𝑰 − 𝑰𝐢𝐬

𝑻𝒆 =
𝒆 𝑰 − 𝑰𝐢𝐬

Τ𝐝𝐈 𝐝𝐕

= 𝒆𝑨
𝟏

𝟒
𝒏𝒊𝒗

_

𝒊

=
𝐞𝐀𝒏𝒊

𝟒

𝟖𝑲𝑻𝒊

𝝅𝒎𝒊

≈
𝒆

𝑲𝑻𝒆
𝑰 − 𝑰𝐢𝐬

𝒏𝒊 =
𝟒𝑰𝐢𝐬

𝐞𝐀

𝝅𝒎𝒊

𝟖𝑲𝑻𝒊



Electron temperature can be obtained alternatively by 
finding the slope of I-V curve in Log-Linear plot

78

• Electron saturation

𝑽 = 𝑽𝒑 𝑰𝐞𝐬 =
𝟏

𝟒
𝒏𝒔𝐞𝐱𝐩

𝐞𝐕𝒑

𝑲𝑻𝒆
𝒗
_

𝒆𝐞𝐀

𝑰 = 𝑰𝒆 + 𝑰𝐢𝐬 ≈ 𝑰𝐞𝐬 =
𝟏

𝟒
𝒏𝒔𝐞𝐱𝐩

𝐞𝐕

𝑲𝑻𝒆
𝒗
_

𝒆𝐞𝐀

=
𝟏

𝟒
𝒏𝒔𝐞𝐱𝐩

𝐞𝐕 − 𝐞𝐕𝒑 + 𝐞𝐕𝒑

𝑲𝑻𝒆
𝒗
_

𝒆𝐞𝐀

=
𝟏

𝟒
𝒏𝒔𝐞𝐱𝐩

𝐞𝐕𝒑

𝑲𝑻𝒆
𝐞𝐱𝐩 𝒆

𝑽 − 𝑽𝒑

𝑲𝑻𝒆
𝒗
_

𝒆𝐞𝐀

= 𝑰𝐞𝐬𝐞𝐱𝐩 𝒆
𝑽 − 𝑽𝒑

𝑲𝑻𝒆

𝑻𝒆 =
𝒆 𝑽 − 𝑽𝒑

𝑲 𝐥𝐧𝐈𝐞𝐬 − 𝐥𝐧𝐈



Plasma density can be obtained by finding the electron 
saturation current

79

• Electron saturation current:

𝑰𝐞𝐬 =
𝟏

𝟒
𝒏𝒔𝐞𝐱𝐩

𝐞𝐕𝒑

𝑲𝑻𝒆
𝒗
_

𝒆𝐞𝐀

𝒏𝟎 =
𝟒𝑰𝐞𝐬

𝐞𝐀

𝝅𝒎𝒆

𝟖𝑲𝑻𝒆

=
𝟏

𝟒
𝒏𝟎𝐞𝐀

𝟖𝑲𝑻𝒆

𝝅𝒎𝒆



Two Langmuir probes can be operated simultaneously

80

Single Probe Double Probe



Two Langmuir probes can be operated simultaneously

81

Single Probe Double Probe

~Single Probe @ 

floating potential



Double Langmuir probe is not disturbed by the discharge

82

𝑰 = 𝑰𝟏𝐞 − 𝑰𝟏𝐢 = 𝑰𝟐𝐢 − 𝑰𝟐𝐞

𝑰𝟏𝐞 = 𝑰 + 𝑰𝟏𝐢 𝑰𝟐𝐞 = 𝑰𝟐𝐢 − 𝑰

𝑰𝟏𝐞 = 𝑨𝟏

𝒗
_

𝐞𝒆

𝟒
𝒏𝐬𝐞𝐱𝐩

𝐞𝐕𝟏

𝑲𝑻𝐞

𝑰𝟐𝐞 = 𝑨𝟐

𝒗
_

𝐞𝒆

𝟒
𝒏𝐬𝐞𝐱𝐩

𝐞𝐕𝟐

𝑲𝑻𝐞

𝑰 + 𝑰𝟏𝐢

𝑰𝟐𝐢 − 𝑰
=

𝑨𝟏

𝑨𝟐
𝐞𝐱𝐩

𝒆 𝑽𝟏 − 𝑽𝟐

𝑲𝑻𝐞

𝑰 = 𝑰𝐢𝐭𝐚𝐧𝐡
𝒆𝑽

𝟐𝑲𝑻𝐞

𝒅𝑰

𝐝𝐕
|𝒗=𝟎 =

𝒆𝑰𝐢

𝟐𝑲𝑻𝐞

=
𝑨𝟏

𝑨𝟐
𝐞𝐱𝐩

𝒆𝑽

𝑲𝑻𝐞

• The net current never exceeds the ion saturation current, minimizing the 

disturbance to the discharge.



An electromagnetic wave is described using Maxwell’s 
equation

83

Conductivity: 

Plane wave: 

Interferometer



Dispersion relation is determined by the determinant of 
the matrix of coefficient

84

Dielectric tensor: 



Two mode can propagate in the plasma

85

Assuming the wave propagates along the z direction and isotropic medium:

Longitudinal wave Transverse wave



The reflective index is determined by the dielectric

86

• Longitudinal wave:

• Transverse wave:

Reflective index: 



Conductivity tensor can be determined from equation of 
motion for electron

87

z

x

y



Dielectric tensor is obtained from conductivity tensor

88



Assuming the wave is on the yz plane

89

let

z

x

y



Reflective index

90



Wave is circular polarized propagating along the 
magnetic field

91

z

x

y

• Parallel to B0

Left hang circular (LHC) or right hang circular (RHC) polarized.



Electric field is not necessary parallel to the 
propagating direction which is perpendicular to B0

92

z

x

y

• Perpendicular to B0

Ordinary wave (O-wave)

Extraordinary wave (E-wave)



The electric field of an extraordinary wave rotates 
elliptically

93

z

x

y

E

z

x

y

E

Ordinary wave (O-wave) Extraordinary wave (E-wave)



Electromagnetic wave can be used to measure the 
density or the magnetic field in the plasma

94

• Nonmagnetized isotropic plasma (interferometer needed):

Note:

• Magnetized isotropic plasma (Polarization detected needed): 

Faraday rotation: linear polarization rotation caused by the difference 

between the speed of LHC and RHC polarized wave.

Parallel to B0

𝒀 ≡
𝜴

𝝎
≡ 𝟎



Electromagnetic wave can be used to measure the 
density or the magnetic field in the plasma

95

• Nonmagnetized isotropic plasma (interferometer needed):

Note:

• Magnetized isotropic plasma (Polarization detected needed): 

Faraday rotation: linear polarization rotation caused by the difference 

between the speed of LHC and RHC polarized wave.

Parallel to B0

𝒀 ≡
𝜴

𝝎
≡ 𝟎



There are two main style of interferometer

96

Mach-zehnder interferometerMichelson interferometer



Interference pattern are due to the phase difference 
between two different path

97



The intensity on screen depends on the phase different 
between two paths

98



The phase different depends on the line integral of the 
electron density along the path

99

Note that                    is assumed, 



The phase is determined by comparing to the pattern 
without the phase shift

100

1 2 3 4 5 6 7

1 2 34 5 6 7



Fourier transform can be used to retrieve the data from 
the interferometer image

101

𝒄𝒐𝒔 𝒙 =
𝒆𝐢𝐱 + 𝒆−𝐢𝐱

𝟐

= 𝑰𝟎 𝒙, 𝒚 +
𝟏

𝟐
𝒎 𝒙, 𝒚 𝒆 ሿ𝒊[𝟐𝝅𝝂𝟎𝒙+𝝓 𝒙,𝒚 + 𝒆− ሿ𝒊[𝟐𝝅𝝂𝟎𝒙+𝝓 𝒙,𝒚

= 𝑰𝟎 𝒙, 𝒚 +
𝟏

𝟐
𝒎 𝒙, 𝒚 𝒆𝐢𝛟 𝒙,𝒚 𝒆𝐢𝟐𝛑𝝂𝟎𝒙 +

𝟏

𝟐
𝒎 𝒙, 𝒚 𝒆−𝐢𝛟 𝒙,𝒚 𝒆−𝐢𝟐𝛑𝝂𝟎𝒙

= 𝑰𝟎 𝒙, 𝒚 + 𝐜 𝒙, 𝒚 𝒆𝐢𝟐𝛑𝝂𝟎𝒙 + 𝒄∗ 𝒙, 𝒚 𝒆−𝐢𝟐𝛑𝝂𝟎𝒙

𝒄 𝒙, 𝒚 ≡
𝟏

𝟐
𝒎 𝒙, 𝒚 𝒆𝐢𝛟 𝒙,𝒚

ෝ𝒈 𝒇𝒙, 𝒚 ≡ ሿ𝐅𝐓[𝒈 𝒙, 𝒚

ෝ𝒈 𝒇𝒙 − 𝝂𝟎, 𝒚 = 𝐅𝐓 𝒈 𝒙, 𝒚 𝒆𝐢𝟐𝛑𝝂𝟎𝒙

෠𝑰 𝒇𝒙, 𝒚 = ෠𝑰𝟎 𝒇𝒙, 𝒚 + ො𝒄 𝒇𝒙 − 𝝂𝟎, 𝒚 + ො𝒄∗ 𝒇𝒙 + 𝝂𝟎, 𝒚

𝐈 𝒙, 𝒚 = 𝑰𝟎 𝒙, 𝒚 + 𝒎 𝒙, 𝒚 ሿ𝐜𝐨𝐬[𝟐𝝅𝝂𝟎𝒙 + 𝝓 𝒙, 𝒚

𝝓 𝒙, 𝒚 = 𝐭𝐚𝐧−𝟏
ሿ𝐈𝐦[𝒄 𝒙, 𝒚

ሿ𝐑𝐞[𝒄 𝒙, 𝒚

M. Hipp etc., Measurement 36 (2004), 53.



Basic knowledge of Fourier transform
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x

g(x)
ෝ𝒈 𝒇𝒙

𝒇𝒙

𝐠 𝒙 = 𝒄𝒐𝒔 𝟐𝝅𝝂𝟎𝒙

=
𝒆𝐢𝟐𝝅𝝂𝟎𝒙 + 𝒆−𝐢𝟐𝝅𝝂𝟎𝒙

𝟐x

𝐡 𝒙 = 𝝓 𝒙 × 𝒆𝐢𝟐𝝅𝝂𝟎𝒙

ෝ𝒈 𝒇𝒙

𝒇𝒙𝝂𝟎−𝝂𝟎

෡𝒉 𝒇𝒙

𝒇𝒙
𝝂𝟎

x

𝝓 𝒙

𝒇𝒙

෡𝝓 𝒇𝒙

෡𝒉 𝒇𝒙 = 𝐅𝐓 𝝓 𝒙 𝒆𝐢𝟐𝛑𝝂𝟎𝒙

= ෡𝝓 𝒇𝒙 − 𝝂𝟎



Procedure of retrieving data

103

𝑰 𝒙 = 𝑰𝟎 𝒙 + 𝒎 𝒙 ሿ𝐜𝐨𝐬[𝟐𝝅𝝂𝟎𝒙 + 𝝓 𝒙 = 𝑰𝟎 𝒙 + 𝐜 𝒙 𝒆𝐢𝟐𝛑𝝂𝟎𝒙 + 𝒄∗ 𝒙 𝒆−𝐢𝟐𝛑𝝂𝟎𝒙

x

𝒄 𝒙

𝒇𝒙

ො𝒄 𝒇𝒙

x

𝑰 𝒙

෠𝑰 𝒇𝒙

𝒇𝒙
𝝂𝟎−𝝂𝟎

෠𝑰 𝒇𝒙

𝒇𝒙 x

𝒄 𝒙

𝒄 𝒙, 𝒚 ≡
𝟏

𝟐
𝒆𝐢𝛟 𝒙,𝒚Filter

Shift FT-1

M. Hipp etc., Measurement 36 (2004), 53.

෠𝑰 𝒇𝒙 = ෠𝑰𝟎 𝒇𝒙 + ො𝒄 𝒇𝒙 − 𝝂𝟎 + ො𝒄∗ 𝒇𝒙 + 𝝂𝟎

෠𝑰 𝒇𝒙

𝒇𝒙
𝝂𝟎−𝝂𝟎

ො𝒄 𝒇𝒙 − 𝝂𝟎ො𝒄∗ 𝒇𝒙 + 𝝂𝟎

෠𝑰𝟎 𝒇𝒙



Example of retrieving data from 1D interferometer
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x

𝑰
𝒙

෠ 𝑰
𝒇

𝒙
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Filter Filtered & Shifted

FT

𝒇𝒙

෠ 𝑰
𝒇

𝒙

ො 𝒄
𝒇

𝒙



The retrieved data need to be modified if the phase 
change is too much
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FT-1&

𝒇𝒙

x
𝝓

𝒙

x

𝝓
𝒙

𝝓 𝒙 = 𝒕𝒂𝒏−𝟏
ሿ𝑰𝒎[𝒄 𝒙

ሿ𝑹𝒆[𝒄 𝒙

ො𝒄
𝒇

𝒙



0 20000 40000 60000 80000 100000

0

1

2

3

4

The final phase difference needs to be determined 
manually since it may exceeds 2π
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Example of retrieving data from 2D interferometer

107

෠𝑰 𝒇𝒙, 𝒚 = ො𝒄 𝒇𝒙 − 𝝂𝟎, 𝒚 + ො𝒄∗ 𝒇𝒙 + 𝝂𝟎, 𝒚𝐈 𝒙, 𝒚 = ሿ𝐜𝐨𝐬[𝟐𝝅𝝂𝟎𝒙 + 𝝓 𝒙, 𝒚

Filter Filtered & Shifted Retrieved data

FT-1 &

𝝓 𝒙, 𝒚 = −𝐭𝐚𝐧−𝟏
ሿ𝐈𝐦[𝒄 𝒙, 𝒚

ሿ𝐑𝐞[𝒄 𝒙, 𝒚



The retrieved data may need to be modified if the phase 
change is too large

108

Retrieved data 1D profile

Modified result

• Noise came from low spatial resolution.



Schlieren imaging system can detect density gradient 

109

G. C. Burdiak, Cylindrical liner z-pinches as drivers 

for converging strong shock experiments

Laser

Screen for 

inteferometry

Plasma

Screen for 

schlieren

Schlieren imaging



Angular spectrum of plane waves can be used for 
diagnostic

110

f

f

Lens

Lens

Schlieren imaging



Rays with different angles go through different focal 
points on the focal points

111

LensObject plane
Fourier plane

Image plane



Parallel beams are deflected to different angles with 
grating with different spatial frequencies

112

Lens

ff

f

Lens

f

• Grating with low 

spatial frequency

• Grating with high 

spatial frequency



A pinhole or a dot acts like a low-pass / high-pass filter

113

• Using pinhole: 

Low-pass filter

• Using dot: 

    High-pass filter

Lens

ff

Lens

f

pinhole

f

Shadowgraph image

Lens
Lensdot

ff ff



A symmetric Schlieren image can be obtained if the 
knife edge is replaced by a “floating dot”

114

Laser

Plasma Screen for 

schlieren

Knife 

edge

Laser

Plasma
Screen for 

schlieren

Floating 

dot

• Knife edge

• Floating dot



Angular filter refractometry (AFR) maps the refraction of 
the probe beam at TCC to contours in the image plane

115

Angular filter refractometry



Angular spectrum of plane waves can be used for 
diagnostic

116

f

Lens

Interferometer



Angular spectrum of plane waves can be used for 
diagnostic

117

f

f

Lens

Lens



Rays with different angles go through different focal 
points on the focal points

118

LensObject plane
Fourier plane

Image plane



Rays with different angles can be selected by blocking 
different focal points

119

LensObject plane
Fourier plane

Image plane



Rays with different angles go through different focal 
points on the focal points

120

LensObject plane
Fourier plane

Image plane



Rays with different angles go through different focal 
points on the focal points

121

LensObject plane Fourier plane Image plane



Angular filter refractometry (AFR) maps the refraction of 
the probe beam at TCC to contours in the image plane

122



Channeling of multi-kilojoule high-intensity laser beams 
in an inhomogeneous plasma was observed using AFR

123S. Ivancic et al., Phys. Rev. E 91 , 051101 (2015)



Electromagnetic wave can be used to measure the 
density or the magnetic field in the plasma

124

• Nonmagnetized isotropic plasma (interferometer needed):

Note:

• Magnetized isotropic plasma (Polarization detected needed): 

Faraday rotation: linear polarization rotation caused by the difference 

between the speed of LHC and RHC polarized wave.

Parallel to B0

𝒀 ≡
𝜴

𝝎
≡ 𝟎



Circular polarization
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Linear polarization rotates as the wave propagates with 
different speed in LHC and RHC polarization
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x

y

x

y

֊𝑬 𝒛 =
𝑬𝟎

𝟐
ෝ𝒙 + 𝒊ෝ𝒚 𝒆𝐢𝛟𝑹 + ෝ𝒙 − 𝒊ෝ𝒚 𝒆𝐢𝛟𝑳

=
𝑬𝟎

𝟐
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𝟐
𝐂𝐨𝐬+ෝ𝒚 𝐬𝐢𝐧

𝚫𝛟

𝟐



A linear polarized wave can be decomposed into one 
left-handed circular polarized wave and a righ-handed 
circular polarized wave
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The rotation angle of the polarization depends on the 
linear integral of magnetic field and electron density

128



The rotation angle of the polarization depends on the 
linear integral of magnetic field and electron density

129

l

α



Magnetic field can be generated when the temperature 
and density gradients are not parallel to each other

130P M Nilson et al., Central Laser Facility Annual Report 2004/2005



Polarimetry diagnostic can be used to measure the 
magnetic field

131

Wollaston prism

A. Davies et al., Rev. Sci. Instrum. 85, 11E611 (2014)



Self-generated field was suggested when multi-kilojoule 
high-intensity laser beams illuminated on an 
inhomogeneous plasma   

132



Polarization camera capture the polarization of the 
image with a single camera

133

https://www.sony-semicon.com/en/technology/industry/polarsens.html

https://thinklucid.com/tech-briefs/polarization-explained-sony-polarized-

sensor/?srsltid=AU7gw4UHQ0EyA_Vebr3K9QvoJWByBIlSxVEbmM-9J11IefMAH3cBMPAF



Time-resolved imaging system with temporal resolution 
in the order of nanoseconds was implemented

134

B field 

measurement

Density 

measurement

Plasma edge 

detection

Plasma image

Timing 

determination

Side 

view



The magnetic field can be measured by measuring the 
deflected angle of charged particles

135

B

q θ



Magnetic field was measured using protons

136O. V. Gotchev et al., Phys. Rev. Lett. 103, 215004 (2009)



Protons can be generated from fusion product or 
copper foil illuminated by short pulse laser

137

C. K. Li et al., Rev. Sci. Instrum. 77, 10E725 (2006)

L. Gao, PhD Thesis

Target normal sheath acceleration (TNSA)

𝐷 +  𝐷 ⟶  𝑇 1.01MeV  +  𝑝 3.02MeV

𝐷 +  He3  ⟶  He4 3.6MeV  +  𝑝 14.7MeV



Protons can leave tracks on CR39 or film

138

CR 39

F. H. Seguin et al., Rev. Sci. Instrum. 74, 975 (2003)

C. K. Li et al., Phys. Plasmas 16,056304 (2009)

L. Gao, PhD Thesis

N. L. Kugland et al., Nature Phys. B, 809 (2012)

Radiochromic film pack



Track diameter on the CR39 is depended on the particle 
energy that incidents

139

CR 39

F. H. Seguin et al., Rev. Sci. Instrum. 74, 975 (2003)

Etched with NaOH with 

different etching time.

Low energy 

particle

High energy 

particle



Time dependent magnetic field can be measured using 
B-dot probe

140

B

A

S. Bose et al., Eur. J. Phys. 40, 015803 (2019)

E. T. Everson et al., Rev. Sci. Instrum. 80, 113505 (2009)

֊𝑩 = ֊𝑩 𝒕 𝜵 × ֊𝑬 = −
𝝏 ֊𝑩

𝝏𝒕

න𝒅 ֊𝑨 𝜵 × ֊𝑬 = ර ֊𝑬 𝒅
֊
𝒍 = 𝑽 = − ඲ 𝒅 ֊𝑨

𝝏 ֊𝑩

𝝏𝒕

𝑽~ − 𝑨
𝝏𝑩

𝝏𝒕
𝑩 = − ඲

𝑽

𝑨
𝒅𝒕~ −

𝟏

𝑨
න𝑽𝒅𝒕



Time dependent magnetic field can be measured using 
B-dot probe

141

B

A

Courtesy by 林耕宇.



The signal from the B-dot probe is integrated and 
amplified

142Courtesy by 柯智瀚.



B-dot probe experiments (update needed)

143

• Without integrator

• With integrator

Cheng-Han Du’s experimental report.



A Thomson parabola uses parallel electric and 
magnetic fields to deflect particles onto parabolic 
curves that resolve q/m

144



A faraday cup measures the flux of charge particles

145

Faraday cup

Op Amp

R

Vout=-I x R

Secondary e-

I

𝒅𝑵

𝐝𝐭
=

𝑰

𝒒

Op Amp

R

Vout=I x R

I

𝒅𝑵

𝐝𝐭
=

𝑰

𝒒



Retarding potential analyzer measures the energy / 
velocity distribution function

146

Retarding Potential Analyzer

H.-K. Fang, 2015 NCKU Ph. D. Thesis, Ion measurements 

of ionosphere plasma in space plasma operation chamber

Va
E

f(E)



The photon energy spectrum provides valuable 
information

• Plasma conditions can be determined from the photon spectrum

– visible light: absorption and laser-plasma interactions

– x rays: electron temperature, density, plasma flow, material mixing

• There are three basic tools for determining the spectrum detected

– filtering

– grating spectrometer

– Bragg spectrometer

147



Spectrum can be obtained using grating

148

• Bragg condition in the crystal is used for X-ray.

• Grating is used to disperse the light

d



Temperature and density can be obtained from the 
emission

149

Line emission

Bremsstrahlung emission

R. Florido et al., High Energy Dens. Phys. 6, 70 (2010)



Information of x-ray transmission or reflectivity over a 
surface can be obtained from the Center for X-Ray Optics

• http://henke.lbl.gov/optical_constants/

150



A band pass filter is obtained by combing a filter and a 
mirror 

151

Be, 15 um

Au

2o



X rays can not be concentrated by lenses

• X-ray refractive indices are less than unity,

• For those with lower refractive indices, the absorption is also strong

• X-ray mirrors can be made through 

– Bragg reflection

– External total reflection with  a small grazing angle

152



The simplest imaging device is a pinhole camera

153http://hedpschool.lle.rochester.edu/1000_proc2013.php



2D images can be taken using charge injection device 
(CID) or charge coupled device (CCD) 

154

http://people.whitman.edu/~dunnivfm/FAASICPMS_Ebook/CH2/2_2_9.html

https://en.wikipedia.org/wiki/Charge-coupled_device

CID CCD

• Color mask is used for color image



Charges are transferred along the array for readout in CCD

155

https://www.elprocus.com/know-about-the-working-principle-of-charge-coupled-device/

http://www.siliconimaging.com/ARTICLES/CMOS%20PRIMER.htm

CCD readout:



Signal is readout individually in CMOS sensor

156http://www.digitalbolex.com/global-shutter/



The number of electrons can be increased through 
photomultipliers or microchannel plate (MCP)

157http://www.kip.uni-heidelberg.de/~coulon/Lectures/DetectorsSoSe10/



X-rays are imaged using photocathode, MCP, phosphor, 
and CCD
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• Images can be gated using fast high voltage pulses.

High Temperature

Plasma

Accelerating grid Phosphor

• CsI is used right now.

• Prof. Chou @ Photonics, 

NCKU is developing 

50nm Au foil for us.



A negative high-voltage pulse is used in our x-ray 
pinhole camera
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• The x-ray camera with a shutter opening time of ≤ 10 ns will be built.

High Temperature

Plasma

Accelerating grid Phosphor

4 kV



A pinhole camera was designed and was built

160



Emission from an x pinch

161P.-Y. Chang et al., Rev. Sci. Instrum. 93, 043505 (2022)



Electronic detectors provide rapid readout

162http://hedpschool.lle.rochester.edu/1000_proc2013.php



A framing camera provides a series of time-gated 2-D 
images, similar to a movie camera

163http://hedpschool.lle.rochester.edu/1000_proc2013.php



A framing camera detector consists of a microchannel 
plate (MCP) in front of a phosphor screen

164http://hedpschool.lle.rochester.edu/1000_proc2013.php



Two-dimensional time-resolved images are recorded 
using x-ray framing cameras

165http://hedpschool.lle.rochester.edu/1000_proc2013.php



X-ray framing cameras for recording two-dimensional 
time-resolved images will be built by the end of 2021

166

MCP arrays

Pinhole arrays

Photocathode

CCD

Slides from 2013 HEDP Summer School

(http://hedpschool.lle.rochester.edu/1000_proc2013.php)

Framing camera



Each pinhole camera will be triggered separately
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A streak camera provides temporal resolution of 1-D 
data

168http://hedpschool.lle.rochester.edu/1000_proc2013.php



𝑽′ ≡
𝑽𝐭𝐨𝐭

𝒕𝐭𝐨𝐭
= 𝟎. 𝟎𝟔 Τ𝐤𝐕 𝐧𝐬

A temporal resolution higher than 15 ps is expected

169

𝒂 =
𝑭

𝒎
=

𝐪𝐄

𝒎
=

𝒒𝑽

𝒎𝒅

• Let d=10 mm, l=20 mm, s=50 mm, Ek=1 keV, V=-200 ~ 200 V

𝒗⟂ = 𝒂𝒕 =
𝒒𝑽

𝒎𝒅

𝒍

𝒗||

𝒚 = 𝒔 𝐓𝐚𝐧𝜽 = 𝒔
𝑽⟂

𝑽||
=

𝟏

𝟐𝑬𝒌

𝒍

𝒅
𝒔𝒒𝑽 =

𝟏

𝟐𝑬𝒌

𝒍

𝒅
𝒔𝒒 𝑽𝟎 + 𝑽′𝒕

Imaging system

• Visible light: 

regular lens

• X rays: pinhole

Slit
d

l s

ytot

y

𝒚𝐭𝐨𝐭 = 𝟏𝟓𝐦𝐦

𝛅𝐭 = 𝛅𝐲
𝟐𝑬𝒌𝒅

𝒍𝒔𝒒𝑽′ = 𝟏𝟓 𝐩𝐬 𝐟𝐨𝐫 𝛅𝐲 = 𝟒𝟓𝛍𝐦

𝒚𝐭𝐨𝐭 = 𝟏𝟓𝐦𝐦

• Temporal resolution:

• 𝛅𝐭 will be adjusted by changing 𝑬𝒌.



A streak camera with temporal resolution of 15 ps has 
been developed

170

Sweeping electrodes

Slit

Photocathode

MCP

CCD

Pinhole



Shell trajectories can be measured using framing 
camera or streak camera

171

Framing camera



Comparison of images from framing camera versus 
streak camera

172



The optical density can be measured using the 
absorption of a backlighter

173G. Fiksel et al., Phys. Plasmas 19, 062704 (2012)



Shock velocities are measured using time-resolved 
Velocity Interferometer System for Any Reflector (VISAR)

174

t

t

http://hedpschool.lle.rochester.edu/1000_proc2013.php



Shock velocities are measured using time-resolved 
Velocity Interferometer System for Any Reflector (VISAR)

175

t

P. M. Celliers et al., Rev. Sci. Insytum. 75, 4916 (2004)



Neutron average temperature is obtained using Neutron 
Time of Flight (NToF)

176

s
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v
T. J. Murphy et al., Rev. Sci. Instrum. 72, 773 (2001)
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The OMEGA Facility is carrying out ICF experiments
using a full suite of target diagnostics

177



A peak current of ~135 kA with a rise time of ~1.6 us is 
provided by the pulsed-power system

Capacitance (μF) 5

Vcharge (kV) 20

Energy (kJ) 1

Inductance (nH) 204 ±  4

Rise time 

(quarter period, ns)

1592 ±  3

Ipeak (kA) 135 ±  1

• EUV generation using 

discharged-produced plasma:

• PP-PP-002 Chenghan Du

• PP-PP-003 Jia-Kai Liu

178



A suit of diagnostics in the range of (soft) x-ray are 
being built

179

To vacuum 

pump

Probe laser

Streak 

camera

Framing 

camera

Time-integrated 

pinhole camera

Experiments

• Pinhole camera:

  - Magnification: 1x

  - Exposure time: 1 us

• Streak camera:

  - Magnification: 1x

  - Temporal resolution: 15 ps

• Framing camera:

 -  Magnification: 0.3x

 - Temporal resolution: ~ns 

using 4 individual MCPs

• Laser probing:

 - For interferometer, schlieren, 

shadowgraphy, Thomson 

scattering.

 - Temporal resolution: ~300 ps 

using stimulated brillouin 

scattering (SBS) pulse 

compression in water

• CsI are used as the photocathode for all x-

ray imaging system.

• Au photocathode may be used in the future. 



B field measurement

Density measurement

Plasma edge detection

Time-resolved imaging system with temporal resolution 
in the order of nanoseconds was implemented

180



The pulsed-power system with diagnostic system

181

UPS
Rail-gap 

switch

Visible-light 

camera system 

(Side view)

Interferometer
Rail-gap 

switch

Turbo 

Pump
Vacuum 

chamber

532 nm Q-switch 

Laser In
Trigger-Pulse 

System

Visible-light camera 

system (Top view)

To Schlieren 

/Shadowgraph/

Polarimetry



A plasma jet can be generated by a conical-wire array 
due to the nonuniform z-pinch effect

I

B
F

1. Wire ablation : corona plasma is generated by wire ablations.

2. Precursor : corona plasma is pushed by the റ𝑱 × 𝑩 force and 

accumulated on the axis forming a precursor.

3. Plasma jet is formed by the nonuniform z-pinch effect due to the radius 

difference between the top and the bottom of the array.

D. J. Ampleforda, et al., Phys. Plasmas 14, 102704 (2007) 

G. Birkhoff, et al., J. Applied Physics 19, 563 (1948)

𝑽𝐣 = 𝑽𝐚𝐛

𝟏 + 𝐜𝐨𝐬 𝜽

𝐬𝐢𝐧 𝜽

𝑽𝐚𝐛

182



Our conical-wire array consists of 4 tungsten wires with 
an inclination angle of 30° with respect to the axis

Y.-C. Lin, NCKU Master Thesis 2021 183

• Material : Tungsten.

• Number of wires : 4.

• Diameter : 20 μm.

5mm

1 cm

• Conical-wire array

𝜽 = 𝟑𝟎°



Self-emission of the plasma jet in the UV to soft x-ray 
regions was captured by the pinhole camera

• Image in UV/soft x ray • Image in visible light

• Pinhole diameter: 

    0.5 mm, i.e., spatial

resolution: 1 mm.

(Brightness is increased 

by 40 %.)

(Enhanced by scaling the 

intensity range linearly 

from 0 − 64 to 0 − 255.)

Y.-C. Lin, NCKU Master Thesis 2021 184



Plasma jet propagation was observed using 
laser diagnostics

• Shadowgraph 

images:

930 ±  20 ns 975 ±  2 ns 985 ±  3 ns 2945 ±  2 ns
185



Length of the plasma jet at different time was obtained 
by the Schlieren images at different times

• Schlieren images:

• Shadowgraph images:

930 ±  20 ns 975 ±  2 ns 985 ±  3 ns
186



The measured plasma jet speed is 170 ± 70 km/s with 
the corresponding Mach number greater than 5

VZ

VR

𝑴 =
𝑽𝒁

𝑽𝑹
≥

𝒁

𝒓
≈

𝟏𝟗 − 𝟏𝟒  𝐦𝐦

𝟐 𝐦𝐦
𝟐

= 𝟓

~19 mm

14 mm

~2 mm

Vz = 170 ± 70 km/s

𝑽𝐚𝐛 = 𝑽𝐣

𝐬𝐢𝐧 𝜽

𝟏 + 𝐜𝐨𝐬 𝜽
= 𝟓𝟎 ± 𝟐𝟎 𝐤𝐦/𝐬
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Plasma disk can be formed when two head-on plasma 
jets collide with each other

• Astronomers Find a ‘Break’ in One of 

the Milky Way’s Spiral Arms.

188Jet Propulsion Laboratory [NASA/JPL] Astronomers Find a ‘Break’ in One of the Milky Way’s Spiral Arms (Aug 17, 2021)



Plasma disk can be formed when two head-on plasma 
jets collide with each other

189

• Schlieren

• Interferometer

620.9 ns611.6 ns 760.9 ns481.0 ns348.5 ns



Energetic charged particles losses most of its energy 
right before it stops

190http://www.kip.uni-heidelberg.de/~coulon/Lectures/DetectorsSoSe10/



A particle loses most of its energy right before it stops

191http://www.shi.co.jp/quantum/eng/product/proton/proton.html

Bragg peak



There are two suggested website for getting the 
information of proton stopping power in different materials

192

http://www.nist.gov/pml/data/star/ http://www.srim.org/



The thickness of a filter can be decided from the range 
data from NIST website 

193

𝒅𝑬

𝐝𝐱
= 𝒇 𝑬 ⇒  𝒙 = න

𝑬𝒊

𝑬𝒇

𝐝𝐄

𝒇 𝑬



Proton therapy takes the advantage of using Bragg peak 

194http://www.shi.co.jp/quantum/eng/product/proton/proton.html



A pulse signal is converted to a voltage signal using an 
integrator

195

https://www.quarktwin.com/blogs/diode/the-working-principle-and-applications-of-photodiodes/125

Allan Xi Chen, etc., J. Nucl. Eng. 6, 15 (2025)

Incident photons/particles

• The 5-pF capacitor is charged by the current from the PIN detector.

• The 5-pF capacitor is discharged by the 20-MΩ resistor.

≈Area

Height

~𝐞 Τ−𝒕 𝝉 𝝉 = 𝑹𝑪

AmplifierIntegrator

𝑪

𝑹

Pulse shaping



Pulse Shaping is commonly used in nuclear and 
particle physics electronics

196H. Spieler, AIP Conf. Proc. 674, 76 (2003)

• Improve Signal-to-noise ratio S/N 

- Restrict bandwidth to match 

measurement time.

     => Increase pulse width.

• Improve pulse-pair resolution

     => Decrease pulse width.



Expected data profile

197Allan Xi Chen, etc., Physics Open 21, 100234(2024)



CR-RCn pulse shaping combines a high-pass filter and 
n low-pass filter

198

Lecture Notes - VII. Heidelberger Graduate Lectures in Physics by H. Spieler (2001)

https://www-physics.lbl.gov/%7Espieler/Heidelberg_Notes_2001/index.html



Pulses become gaussian-like after multiple integrators

199

• Integrating with the same time 

constant 𝝉
• Integrating with the reduced  

time constant
𝝉𝐧 =

𝝉𝟏

𝒏
 

𝑻𝐩 = 𝒏𝝉



CR is the high pass filter while RC is the low pass filter
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Vi VO

CH

RH

VI VO

RH

CH

𝑽𝐨 = 𝑽𝐢

𝑹𝐇

𝟏
𝒋𝝎𝑪𝐇

+ 𝑹𝐇

= 𝑽𝐢

𝟏

𝟏
𝒋𝝎𝑹𝐇𝑪𝐇

+ 𝟏

• CR circuit: • RC circuit:

𝑽𝐨 ≈ 𝑽𝐢

𝐅𝐨𝐫 𝝎𝝉𝐇 ≫ 𝟏, 𝐢. 𝐞. ,

𝟐𝝅𝒇

𝒇𝐇
≫ 𝟏 𝐨𝐫 𝒇 ≫ 𝒇𝐇 𝐨𝐫 𝝉𝐇 ≫ 𝒕

• High-pass filter! 𝑽𝐨 ≈ 𝑽𝐢

𝐅𝐨𝐫 𝝎𝝉𝐋 ≪ 𝟏, 𝐢. 𝐞. ,

𝟐𝝅𝒇

𝒇𝐋
≪ 𝟏 𝐨𝐫 𝒇 ≪ 𝒇𝐋 𝐨𝐫 𝒕 ≪ 𝝉𝐋

• Low-pass filter!

𝑽𝐨 = 𝑽𝐢

𝟏
𝒋𝝎𝑪𝐋

𝟏
𝒋𝝎𝑪𝐋

+ 𝑹𝐋

= 𝑽𝐢

𝟏
𝒋𝝎𝑹𝐋𝑪𝐋

𝟏
𝒋𝝎𝑹𝐋𝑪𝐋

+ 𝟏

= 𝑽𝒊

𝟏

𝟏
𝒋𝝎𝝉𝐇

+ 𝟏 = 𝑽𝐢

𝟏
𝒋𝝎𝝉𝐋

𝟏
𝒋𝝎𝝉𝐋

+ 𝟏

𝝉𝐇 = 𝑹𝐇𝑪𝐇
𝝉𝐋 = 𝑹𝐋𝑪𝐋



CR is the high pass filter while RC is the low pass filter
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Vi VO

CH

RH

VI VO

RH

CH

• CR circuit: • RC circuit:

𝝉𝐇 = 𝑹𝐇𝑪𝐇
𝝉𝐋 = 𝑹𝐋𝑪𝐋

𝑽𝐢 − 𝑽𝐜 − 𝑽𝐨 = 𝟎 𝑽𝐨 = 𝒊𝑹𝐇

𝑽𝐜 =
𝟏

𝑪𝐇
න𝒊𝒅𝒕 =

𝟏

𝑪𝐇
න

𝑽𝒐

𝑹𝐇
𝒅𝒕

ሶ𝑽𝐢 =
𝑽𝐨

𝝉𝐇
+ ሶ𝑽𝐨

𝑽𝒐 𝒕 = 𝒆 Τ−𝒕 𝝉𝐇 න
𝟎

𝒕

ሶ𝑽𝐢 𝒕′ 𝒆 Τ𝒕′ 𝝉𝐇𝒅𝒕′

𝑽𝐢 − 𝑽𝐑 − 𝑽𝐨 = 𝟎 𝒊 = 𝑪𝐋
ሶ𝑽𝐨

𝑽𝐑 = 𝒊𝑹𝐋 = 𝑹𝐋𝑪𝐋
ሶ𝑽𝐨

𝑽𝐢 = 𝝉𝐋
ሶ𝑽𝐨 + 𝑽𝐨

𝑽𝐨 𝒕 = 𝒆 Τ−𝒕 𝝉𝐋
𝟏

𝝉𝐋
න

𝟎

𝒕

𝑽𝐢 𝒕′ 𝒆 Τ𝒕′ 𝝉𝐋𝒅𝒕′



A step function becomes an exponential decay after the 
high-pass filter
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Vi VO

CH

RH

• CR circuit:

𝝉𝐇 = 𝑹𝐇𝑪𝐇

𝑽𝐨 𝒕 = 𝒆 Τ−𝒕 𝝉𝐇 න
𝟎

𝒕

ሶ𝑽𝐢 𝒕′ 𝒆 Τ𝒕′ 𝝉𝐇𝒅𝒕′

𝑽𝐢 𝒕 = ቊ
𝟎 𝒕 < 𝟎

𝑽𝐢𝟎 𝒕 ≥ 𝟎

ሶ𝑽𝐢 𝒕 = 𝑽𝐢𝟎𝜹 𝒕

𝑽𝐨 𝒕 = 𝒆 Τ−𝒕 𝝉𝐇 න
𝟎

𝒕

𝑽𝐢𝟎𝜹 𝒕′ 𝒆 Τ𝒕′ 𝝉𝐇𝒅𝒕′

= 𝑽𝐢𝟎𝒆 Τ−𝒕 𝝉𝐇 ቚ𝒆 Τ𝒕′ 𝝉𝐇

𝒕′=𝟎
= 𝑽𝐢𝟎𝒆 Τ−𝒕 𝝉𝐇

𝑽𝐢𝟎 𝑽𝐢𝟎



CR is the high pass filter while RC is the low pass filter
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VI VO

RH

CH

• RC circuit:

𝝉𝐋 = 𝑹𝐋𝑪𝐋

𝑽𝐨 𝒕 = 𝒆 Τ−𝒕 𝝉𝐋
𝟏

𝝉𝐋
න

𝟎

𝒕

𝑽𝐢 𝒕′ 𝒆 Τ𝒕′ 𝝉𝐋𝒅𝒕′

𝑽𝐢 𝒕 = 𝑽𝐢𝟎𝒆 Τ−𝒕 𝝉𝐇

𝑽𝐨 𝒕 ~
𝟏

𝝉𝐋
න

𝟎

𝒕

𝑽𝐢 𝒕′ 𝒅𝒕′ =
𝟏

𝝉𝐋
න

𝟎

𝒕

𝑽𝐢𝟎𝒆 Τ−𝒕′ 𝝉𝐇𝒅𝒕′

𝐅𝐨𝐫 𝒕 ≪ 𝝉𝑳 𝒆 Τ−𝒕 𝝉𝐋~𝒆 Τ𝒕 𝝉𝐋~𝟏

=
𝝉𝐇

𝝉𝐋
𝑽𝐢𝟎 𝟏 − 𝒆 Τ−𝒕 𝝉𝐇

𝑽𝐨 𝒕 = 𝒆 Τ−𝒕 𝝉𝐋
𝟏

𝝉𝐋
න

𝟎

𝒕

𝑽𝐢𝟎𝒆 Τ−𝒕′ 𝝉𝐇𝒆 Τ𝒕′ 𝝉𝐋𝒅𝒕′

= 𝒆 Τ−𝒕 𝝉𝐋
𝟏

𝝉𝐋
න

𝟎

𝒕

𝑽𝐢𝟎𝒆 Τ𝒕′ 𝝉𝐞𝐟𝐟𝒅𝒕′

𝟏

𝝉𝐞𝐟𝐟
=

𝟏

𝝉𝐋
−

𝟏

𝝉𝐇
<

𝟏

𝝉𝐋

= 𝒆 Τ−𝒕 𝝉𝐋
𝝉𝐞𝐟𝐟

𝝉𝐋
𝑽𝐢𝟎 𝒆 Τ𝒕 𝝉𝐇 − 𝟏



CR-RCn pulse shaping combines a high-pass filter and 
n low-pass filter
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Lecture Notes - VII. Heidelberger Graduate Lectures in Physics by H. Spieler (2001)

https://www-physics.lbl.gov/%7Espieler/Heidelberg_Notes_2001/index.html



Finite difference method is used to numerically 
applying the CR-RC pulse shaping
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Vi VO

CH

RH

VI VO

RH

CH

• CR circuit: • RC circuit:

𝝉𝐇 = 𝑹𝐇𝑪𝐇
𝝉𝐋 = 𝑹𝐋𝑪𝐋

ሶ𝑽𝐢 =
𝑽𝐨

𝝉𝐇
+ ሶ𝑽𝐨

𝑽𝐢 = 𝝉𝐋
ሶ𝑽𝐨 + 𝑽𝐨

𝑽𝐢 𝒕𝐣 − 𝑽𝐢 𝒕𝐣−𝟏

𝜟𝒕
≈

𝑽𝐨 𝒕𝐣−𝟏

𝝉𝐇
+

𝑽𝐨 𝒕𝐣 − 𝑽𝐨 𝒕𝐣−𝟏

𝜟𝒕

≈
𝑽𝐨 𝒕𝐣

𝝉𝐇
+

𝑽𝐨 𝒕𝐣 − 𝑽𝐨 𝒕𝐣−𝟏

𝜟𝒕

𝑽𝐨 𝒕𝐣 = 𝜶𝐂𝐑𝑽𝐨 𝒕𝐣−𝟏 + 𝜶𝐂𝐑 𝑽𝐢 𝒕𝐣 − 𝑽𝐢 𝒕𝐣−𝟏

𝜶𝐂𝐑 ≡

𝝉𝐇
𝜟𝒕

𝝉𝐇
𝜟𝒕 + 𝟏

=

𝑹𝐇𝑪𝐇
𝜟𝒕

𝑹𝐇𝑪𝐇
𝜟𝒕 + 𝟏

𝒕𝐣
time𝒕𝐣+𝟏𝒕𝐣−𝟏

𝒅𝑽

𝒅𝒕
= lim

𝜟𝒕→𝟎

𝑽 𝒕𝐣 − 𝑽 𝒕𝐣−𝟏

𝜟𝒕

≈
𝑽 𝒕𝐣 − 𝑽 𝒕𝐣−𝟏

𝜟𝒕



Finite difference method is used to numerically 
applying the CR-RC pulse shaping
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Vi VO

CH

RH

VI VO

RH

CH

• CR circuit: • RC circuit:

𝝉𝐇 = 𝑹𝐇𝑪𝐇
𝝉𝐋 = 𝑹𝐋𝑪𝐋

ሶ𝑽𝐢 =
𝑽𝐨

𝝉𝐇
+ ሶ𝑽𝐨

𝑽𝐢 = 𝝉𝐋
ሶ𝑽𝐨 + 𝑽𝐨

𝑽𝐢 𝒕𝐣 ≈ 𝝉𝐋

𝑽𝐨 𝒕𝐣 − 𝑽𝐨 𝒕𝐣−𝟏

𝜟𝒕
+ 𝑽𝐨 𝒕𝐣−𝟏

𝑽𝐨 𝒕𝐣 = 𝟏 − 𝜶𝐑𝐂 𝑽𝐨 𝒕𝐣−𝟏 + 𝜶𝐑𝐂𝑽𝐢 𝒕𝐣

𝜶𝐑𝐂 ≡
𝟏

𝝉𝐋
𝜟𝒕 + 𝟏

=
𝟏

𝑹𝐋𝑪𝐋
𝜟𝒕 + 𝟏

𝒕𝐣
time𝒕𝐣+𝟏𝒕𝐣−𝟏

≈ 𝝉𝐋

𝑽𝐨 𝒕𝐣 − 𝑽𝐨 𝒕𝐣−𝟏

𝜟𝒕
+ 𝑽𝐨 𝒕𝐣



Iteration can be used to have more orders of CR-RCn 
pulse shaping
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V1 V2 V3 Vn+1

CR RCn

1 → 2 2 → 3 → 4 → … → n+1

…

𝑽𝟐 𝒕𝐣 = 𝜶𝐂𝐑𝑽𝟐 𝒕𝐣−𝟏 + 𝜶𝐂𝐑 𝑽𝟏 𝒕𝐣 − 𝑽𝟏 𝒕𝐣−𝟏 𝜶𝐂𝐑 ≡

𝝉𝐇
𝜟𝒕

𝝉𝐇
𝜟𝒕 + 𝟏

=

𝑹𝐇𝑪𝐇
𝜟𝒕

𝑹𝐇𝑪𝐇
𝜟𝒕 + 𝟏

𝑽𝟑 𝒕𝐣 = 𝟏 − 𝜶𝐑𝐂,𝟐 𝑽𝟑 𝒕𝐣−𝟏 + 𝜶𝐑𝐂,𝟐𝑽𝟐 𝒕𝐣

𝑽𝐦 𝒕𝐣 = 𝟏 − 𝜶𝐑𝐂,𝐦−𝟏 𝑽𝐦 𝒕𝐣−𝟏 + 𝜶𝐑𝐂,𝐦−𝟏𝑽𝐦−𝟏 𝒕𝐣

𝜶𝐑𝐂,𝐦 ≡
𝟏

𝝉𝐋,𝐦

𝜟𝒕 + 𝟏

𝑽𝐧+𝟏 𝒕𝐣 = 𝟏 − 𝜶𝐑𝐂,𝐧 𝑽𝐧+𝟏 𝒕𝐣−𝟏 + 𝜶𝐑𝐂,𝐧𝑽𝐧 𝒕𝐣
…

…
𝝉𝐋,𝐦 =

𝝉𝐋

𝐦 − 𝟏
 

𝝉𝐋 = 𝑹𝐋𝑪𝐋

𝒎 ≥ 𝟐



Let’s try using excel first
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𝜶𝐂𝐑 ≡ 𝟎. 𝟖𝟓

𝜶𝐑𝐂,𝟐 ≡ 𝟎. 𝟏𝟓

𝑽𝟐 𝒕𝐣 = 𝜶𝐂𝐑𝑽𝟐 𝒕𝐣−𝟏 + 𝜶𝐂𝐑 𝑽𝟏 𝒕𝐣 − 𝑽𝟏 𝒕𝐣−𝟏

𝑽𝟑 𝒕𝐣 = 𝟏 − 𝜶𝐑𝐂,𝟐 𝑽𝟑 𝒕𝐣−𝟏 + 𝜶𝐑𝐂,𝟐𝑽𝟐 𝒕𝐣

𝑽𝐦 𝒕𝐣 = 𝟏 − 𝜶𝐑𝐂,𝐦−𝟏 𝑽𝐦 𝒕𝐣−𝟏 + 𝜶𝐑𝐂,𝐦−𝟏𝑽𝐦−𝟏 𝒕𝐣

𝑽𝐧+𝟏 𝒕𝐣 = 𝟏 − 𝜶𝐑𝐂,𝐧 𝑽𝐧+𝟏 𝒕𝐣−𝟏 + 𝜶𝐑𝐂,𝐧𝑽𝐧 𝒕𝐣

𝜶𝐂𝐑 ≡

𝝉𝐇
𝜟𝒕

𝝉𝐇
𝜟𝒕 + 𝟏

= 𝟎. 𝟖𝟓

𝜶𝐑𝐂,𝐦 ≡
𝟏

𝝉𝐋,𝐦

𝜟𝒕 + 𝟏
= 𝟎. 𝟏𝟓

𝝉𝐋,𝐦 =
𝝉𝐋

𝒎 − 𝟏
 

𝝉𝐋

𝜟𝒕
=

𝟎. 𝟖𝟓

𝟎. 𝟏𝟓

𝜶𝐑𝐂,𝐦 ≡
𝟏

𝟎. 𝟖𝟓
𝟎. 𝟏𝟓

𝟏
𝒎 − 𝟏 + 𝟏

𝜟𝒕 = 𝟔𝟒 𝐧𝐬

𝝉𝐋,𝐦 = 𝟑𝟔𝟐. 𝟕/(𝒎 − 𝟏) 𝐧𝐬

𝝉𝐇 = 𝟑𝟔𝟐. 𝟕 𝐧𝐬



Let’s try using excel first
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𝜶𝐂𝐑 ≡ 𝟎. 𝟖𝟓

 

 

 

 

 

 

 

                   

  
  

   
  

   
  

  

         

              

 

 

 

 

 

 

 

                   

  
  

   
  

   
  

  

         

              

                

𝜶𝐑𝐂,𝐦 ≡
𝟏

𝟎. 𝟖𝟓
𝟎. 𝟏𝟓

𝟏
𝒎 + 𝟏

𝜶𝐑𝐂,𝟐 ≡ 𝟎. 𝟏𝟓

𝜟𝒕 = 𝟔𝟒 𝐧𝐬

𝝉𝐋,𝐦 = 𝟑𝟔𝟐. 𝟕/(𝒎 − 𝟏) 𝐧𝐬

𝝉𝐇 = 𝟑𝟔𝟐. 𝟕 𝐧𝐬



When the pulse is not sharp enough, no significant 
gaussian feature is observed
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𝜶𝐂𝐑 ≡ 𝟎. 𝟖𝟓

   

   

   

   

   

   

   

   

   

   

   
                

  
   

  
   

  

         

  

    

    

    

    

 

   

   

   

   

 

                

  
  

   
  

   
  

  

         

           

𝜶𝐑𝐂,𝐦 ≡
𝟏

𝟎. 𝟖𝟓
𝟎. 𝟏𝟓

𝟏
𝒎 − 𝟏 + 𝟏

𝜟𝒕 = 𝟔𝟒 𝐧𝐬

𝝉𝐇 = 𝟑𝟔𝟐. 𝟕 𝐧𝐬

• What’s the source?

𝝉𝐋,𝐦 = 𝟑𝟔𝟐. 𝟕/(𝒎 − 𝟏) 𝐧𝐬



Saha equation gives the relative proportions of atoms 
of a certain species that are in two different states of 
ionization in thermal equilibrium

• nr+1, nr: Density of atoms in ionization state r+1, r (m-3)

• ne: Density of electrons (m-3)

• Gr+1, Gr: Partition function of ionization state r+1, r

• ge=2: Statistical weight of the electron

• me: Mass of the electron

• χr: Ionization potential of ground level of state r to reach to the ground 

level of state r+1

• T: Temperature

• h: Planck’s constant

• K: Boltzmann constant

𝒏𝒓+𝟏𝒏𝒆

𝒏𝒓
=

𝑮𝒓+𝟏𝒈𝒆

𝑮𝒓

𝟐𝝅𝒎𝒆𝑲𝑻 Τ𝟑 𝟐

𝒉𝟑 𝐞𝐱𝐩 −
𝝌𝒓

𝑲𝑻
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Supplement to Ch. 6 of Astrophysics Processes by Hale Bradt 

(http://homepages.spa.umn.edu/~kd/Ast4001-2015/NOTES/n052-saha-bradt.pdf)

Saha equation



Some backgrounds of quantum mechanics

• Planck blackbody function:

• Boltzmann formula:

– gi, gj: statistical weight

 (J: angular momenta quantum number)

– Number in the ith state to the total atom:

G: partition function of statistical weight for 

the atom, taking into account all its excited 

states.
http://hyperphysics.phy-astr.gsu.edu/hbase/mod6.html

𝒖 𝝂, 𝑻 =
𝟖𝝅𝒉𝝂𝟑

𝒄𝟑

𝟏

𝒆 Τ𝐡𝛎 𝐊𝐓 − 𝟏
Τ𝑾 𝒎𝟑 𝐇𝐳

𝒈𝒊

𝒈𝒋
=

𝟐𝑱𝒊 + 𝟏

𝟐𝑱𝒋 + 𝟏

𝒏𝒊

𝒏𝒋
=

𝒈𝒊𝒆
Τ−𝝐𝒊 𝐊𝐓

𝒈𝒋𝒆 Τ−𝝐𝒋 𝐊𝐓
=

𝒈𝒊

𝒈𝒋
𝒆−𝒉 Τ𝝂𝐢𝐣 𝐊𝐓

𝒏𝒊

𝒏
=

𝒏𝒊

𝜮𝒏𝒋
≡

𝒈𝒊𝒆
Τ−𝝐𝒊 𝐊𝐓

𝑮
𝑮 ≡ 𝜮𝒈𝒋𝒆 Τ−𝝐𝒋 𝐊𝐓

212



Einstein coefficient

• Probability of electron energy transition:

– Excitation (↑): 

– De-excitation (↓): 

• In thermal equilibrium:

• The Einstein coefficients are independent of T or ν.

𝐡𝛎

j

i

• Photoexcitation:

• Induced radiation:

𝐡𝛎

j

i
𝟐 𝐡𝛎

• Spontaneous radiation:

𝐡𝛎

j

i

𝑷𝐣𝐢 = 𝑩𝐣𝐢𝒖 𝝂, 𝑻

𝑷𝐢𝐣 = 𝑨𝐢𝐣 + 𝑩𝐢𝐣𝒖 𝝂, 𝑻

𝒏𝒊 𝑨𝐢𝐣 + 𝑩𝐢𝐣𝒖 = 𝒏𝒋𝑩𝐣𝐢𝒖

𝒖 = 𝒂 𝒆𝒙 − 𝟏 −𝟏

𝒈𝒊

𝒈𝒋
𝒆−𝒙 𝑨𝐢𝐣 + 𝑩𝐢𝐣𝒖 = 𝑩𝐣𝐢𝒖

𝒂 𝒆𝒙𝑩𝐣𝐢 −
𝒈𝒊

𝒈𝒋
𝑩𝐢𝐣 = 𝒆𝒙 − 𝟏

𝒈𝒊

𝒈𝒋
𝑨𝐢𝐣

𝒙 → 𝟎, 𝒆𝒙 → 𝟏

𝑩𝐢𝐣

𝑩𝐣𝐢
=

𝒈𝒋

𝒈𝒊

𝒙 → ∞, 𝒆𝒙 → ∞

𝒂𝑩𝐣𝐢 =
𝒈𝒊

𝒈𝒋
𝑨𝐢𝐣

𝑨𝐢𝐣

𝑩𝐢𝐣
=

𝟖𝝅𝒉𝝂𝟑

𝒄𝟑

𝒂 ≡
𝟖𝛑𝐡𝝂𝟑

𝒄𝟑

𝒙 ≡
𝐡𝛎

𝐊𝐓
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Saha equation is derived using the transition between 
different ionization states

• Required photon energy for transition (1) 

from the ground state of r ionization 

state to the ground state of r+1 

ionization state:

• Required photon energy for transition (2) 

from the energy level k of r ionization 

state to the energy level j of r+1 

ionization state:

𝐡𝛎 = 𝝌𝒓 + 𝝐𝒓+𝟏,𝒋 − 𝝐𝒓,𝒌 +
𝒑𝟐

𝟐𝒎

𝐡𝛎 = 𝝌𝒓 +
𝒑𝟐

𝟐𝒎
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Saha equation is derived using the transition between 
different ionization states

• Photoionization:

• Induced radiation:

• Spontaneous emission:

𝑹𝐩𝐢 = 𝒏𝒓,𝒌𝒖 𝝂 𝑩𝒓,𝒌→𝒓+𝟏,𝒋

𝑹𝐬𝐫 = 𝒏𝒓+𝟏,𝒋𝒏𝒆,𝒑 𝒑 𝑨𝒓+𝟏,𝒋→𝒓,𝒌

𝑹𝐢𝐫 = 𝒏𝒓+𝟏,𝒋𝒏𝒆,𝒑 𝒑 𝒖 𝝂 𝑩𝒓+𝟏,𝒋→𝒓,𝒌

𝒏𝒓+𝟏,𝒋𝒏𝒆,𝒑𝑨𝒓+𝟏,𝒋→𝒓,𝒌 + 𝒏𝒓+𝟏,𝒋𝒏𝒆,𝒑𝒖𝑩𝒓+𝟏,𝒋→𝒓,𝒌

• In thermal equilibrium: 

= 𝒏𝒓,𝒌𝒖𝑩𝒓,𝒌→𝒓+𝟏,𝒋

• Einstein coefficients:

𝑩𝒓,𝒌→𝒓+𝟏,𝒋

𝑩𝒓+𝟏,𝒋→𝒓,𝒌
=

𝒈𝒓+𝟏,𝒋

𝒈𝒓,𝒌

𝒈𝒆𝟒𝝅𝒑𝟐

𝒉𝟑

𝑨𝒓+𝟏,𝒋→𝒓,𝒌

𝑩𝒓+𝟏,𝒋→𝒓,𝒌
=

𝟖𝝅𝒉𝝂𝟑

𝒄𝟑
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Saha equation - continued

𝒏𝒓+𝟏,𝒋𝒏𝒆,𝒑𝑨𝒓+𝟏,𝒋→𝒓,𝒌 + 𝒏𝒓+𝟏,𝒋𝒏𝒆,𝒑𝒖𝑩𝒓+𝟏,𝒋→𝒓,𝒌 = 𝒏𝒓,𝒌𝒖𝑩𝒓,𝒌→𝒓+𝟏,𝒋

𝒏𝒓+𝟏,𝒋𝒏𝒆,𝒑

𝑨𝒓+𝟏,𝒋→𝒓,𝒌

𝑩𝒓+𝟏,𝒋→𝒓,𝒌
+ 𝒏𝒓+𝟏,𝒋𝒏𝒆,𝒑𝒖 = 𝒏𝒓,𝒌𝒖

𝑩𝒓,𝒌→𝒓+𝟏,𝒋

𝑩𝒓+𝟏,𝒋→𝒓,𝒌

𝒏𝒓+𝟏,𝒋𝒏𝒆,𝒑

𝒏𝒓,𝒌
=

𝑨𝒓+𝟏,𝒋→𝒓,𝒌

𝒖𝑩𝒓+𝟏,𝒋→𝒓,𝒌
+ 𝟏

−𝟏
𝑩𝒓,𝒌→𝒓+𝟏,𝒋

𝑩𝒓+𝟏,𝒋→𝒓,𝒌

𝒏𝒆,𝒑 𝒑 =
𝒏𝒆𝟒𝝅𝒑𝟐

𝟐𝛑𝐦𝐊𝐓 Τ𝟑 𝟐
𝐞𝐱𝐩 −

𝒑𝟐

𝟐𝐦𝐊𝐓

𝒏𝒓+𝟏,𝒋𝒏𝒆

𝒏𝒓,𝒌
=

𝟐𝛑𝐦𝐊𝐓 Τ𝟑 𝟐

𝟒𝝅𝒑𝟐 𝐞𝐱𝐩
𝒑𝟐

𝟐𝐦𝐊𝐓

𝒄𝟑

𝟖𝝅𝒉𝝂𝟑 𝒆 Τ𝐡𝛎 𝐊𝐓 − 𝟏
𝟖𝝅𝒉𝝂𝟑

𝒄𝟑 + 𝟏

−𝟏
𝒈𝒓+𝟏,𝒋

𝒈𝒓,𝒌

𝒈𝒆𝟒𝝅𝒑𝟐

𝒉𝟑

𝒏𝒓+𝟏,𝒋𝒏𝒆

𝒏𝒓,𝒌
=

𝟐𝛑𝐦𝐊𝐓 Τ𝟑 𝟐

𝒉𝟑

𝒈𝒓+𝟏,𝒋𝒈𝒆

𝒈𝒓,𝒌
𝐞𝐱𝐩

𝟏

𝐊𝐓

𝒑𝟐

𝟐𝒎
− 𝐡𝛎

𝑩𝒓,𝒌→𝒓+𝟏,𝒋

𝑩𝒓+𝟏,𝒋→𝒓,𝒌
=

𝒈𝒓+𝟏,𝒋

𝒈𝒓,𝒌

𝒈𝒆𝟒𝝅𝒑𝟐

𝒉𝟑

𝑨𝒓+𝟏,𝒋→𝒓,𝒌

𝑩𝒓+𝟏,𝒋→𝒓,𝒌
=

𝟖𝝅𝒉𝝂𝟑

𝒄𝟑
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Saha equation - continued

𝒏𝒓+𝟏,𝒋𝒏𝒆

𝒏𝒓,𝒌
=

𝟐𝛑𝐦𝐊𝐓 Τ𝟑 𝟐

𝒉𝟑

𝒈𝒓+𝟏,𝒋𝒈𝒆

𝒈𝒓,𝒌
𝐞𝐱𝐩

𝟏

𝐊𝐓

𝒑𝟐

𝟐𝒎
− 𝐡𝛎

𝒏𝒓,𝒌

𝒏𝒓
=

𝒈𝒓,𝒌𝒆 Τ−𝝐𝒓,𝒌 𝐊𝐓

𝑮𝒓

𝑮𝒓 = 𝜮𝒈𝒓,𝒌𝒆 Τ−𝝐𝒓,𝒌 𝐊𝐓

𝒏𝒓+𝟏,𝒋

𝒏𝒓+𝟏
=

𝒈𝒓+𝟏,𝒋𝒆 Τ−𝝐𝒓+𝟏,𝒋 𝐊𝐓

𝑮𝒓+𝟏

𝑮𝒓+𝟏 = 𝜮𝒈𝒓+𝟏,𝒋𝒆 Τ−𝝐𝒓+𝟏,𝒋 𝐊𝐓

𝒏𝒓+𝟏𝒏𝒆

𝒏𝒓
=

𝑮𝒓+𝟏𝒈𝒆

𝑮𝒓

𝟐𝝅𝒎𝒆𝑲𝑻 Τ𝟑 𝟐

𝒉𝟑 𝐞𝐱𝐩 −
𝝌𝒓

𝑲𝑻

𝒏𝒓+𝟏,𝒋𝒏𝒆

𝒏𝒓,𝒌
=

𝟐𝛑𝐦𝐊𝐓 Τ𝟑 𝟐

𝒉𝟑

𝒈𝒓+𝟏,𝒋𝒈𝒆

𝒈𝒓,𝒌
𝐞𝐱𝐩

𝟏

𝐊𝐓

𝒑𝟐

𝟐𝒎
− 𝝌𝒓 − 𝝐𝒓+𝟏,𝒋 + 𝝐𝒓,𝒌 −

𝒑𝟐

𝟐𝒎

𝒏𝒓+𝟏,𝒋𝒏𝒆

𝒏𝒓,𝒌
=

𝟐𝛑𝐦𝐊𝐓 Τ𝟑 𝟐

𝒉𝟑

𝒈𝒓+𝟏,𝒋𝐞𝐱𝐩 −
𝝐𝒓+𝟏,𝒋

𝐊𝐓 𝒈𝒆

𝒈𝒓,𝒌𝐞𝐱𝐩 −
𝝐𝒓,𝒌

𝐊𝐓

𝐞𝐱𝐩 −
𝝌𝒓

𝐊𝐓
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Saha equation – example: hydrogen plasma of the sun

• Photosphere of the sun – hydrogen atoms in an optically thick gas in 

thermal equilibrium at temperature T=6400 K.

– Neutral hydrogen (r state / ground state)

– Ionized state (r+1 state)

– Other information:

𝑮𝒓 = 𝚺𝐠𝒓,𝒌 = 𝒈𝒓,𝟎 + 𝒈𝒓,𝟏𝐞𝐱𝐩 −
𝝐𝒓,𝟏

𝐊𝐓
+ ⋯ = 𝟐 + 𝟖𝐞𝐱𝐩 −

𝟏𝟎. 𝟐𝐞𝐕

𝟎. 𝟓𝟔𝐞𝐕
+ ⋯

= 𝟐 + 𝟗. 𝟖 × 𝟏𝟎−𝟖 + ⋯ ≈ 𝟐

𝑮𝒓+𝟏 = 𝚺𝐠𝒓+𝟏,𝒋 = 𝒈𝒓+𝟏,𝟎 + 𝒈𝒓+𝟏,𝟏𝐞𝐱𝐩 −
𝝐𝒓+𝟏,𝟏

𝐊𝐓
+ ⋯ ≈ 𝟏

𝒈𝒆 = 𝟐 𝝌𝒓 = 𝟏𝟑. 𝟔𝐞𝐕; 𝐊𝐓 = 𝟎. 𝟓𝟔𝐞𝐕 𝒏𝒓+𝟏 = 𝒏𝒆

𝒏𝒓+𝟏
𝟐

𝒏𝒓
= 𝟐. 𝟒𝟏 × 𝟏𝟎𝟐𝟏

𝟏 × 𝟐

𝟐
𝟔𝟒𝟎𝟎 Τ𝟑 𝟐𝐞𝐱𝐩 −

𝟏𝟑. 𝟔

𝟎. 𝟓𝟔
= 𝟑. 𝟓 × 𝟏𝟎𝟏𝟔𝒎−𝟑
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It is mostly neutral in the photosphere of the sun

• Assuming 50 % ionization:

• At lower densities n at the same temperature, there should be fewer 

collisions leading to recombination and thus the plasma to be more than 

50 % ionization.

• In the photosphere of the sun:

 Less than 50 % ionization

• Use the total number density to estimate the ionization percentage:

𝒏𝒓+𝟏 = 𝒏𝒓 = 𝟑. 𝟓 × 𝟏𝟎𝟏𝟔𝒎−𝟑 𝒏 = 𝒏𝒓+𝟏 + 𝒏𝒓 = 𝟕 × 𝟏𝟎𝟏𝟔𝒎−𝟑

𝝆 ∼ 𝟑 × 𝟏𝟎−𝟒 Τ𝐤𝐠 𝒎𝟑 → 𝒏 = 𝟐 × 𝟏𝟎𝟐𝟑𝒎−𝟑 ≫ 𝟕 × 𝟏𝟎𝟏𝟔𝒎−𝟑

𝒏𝒓+𝟏 + 𝒏𝒓 = 𝟐 × 𝟏𝟎𝟐𝟑

𝒏𝒓+𝟏

𝒏𝒓
= 𝟒 × 𝟏𝟎−𝟒@𝟔𝟒𝟎𝟎𝑲
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   𝒎 𝒆 ⁢   𝒅 ⁢  𝒗 ⇀  𝐝 𝐭 = −  𝒆 𝒄 ⁢  𝒗 ⇀ ⨯  𝑩 ⇀


   𝑩 ⇀ = 𝑩 ⁢  𝒛 ^


   𝒎 𝒆 ⁢    𝒗 · 𝒙 = −  𝒆 𝒄 ⁢ 𝑩 ⁢  𝒗 𝒚


   𝒎 𝒆 ⁢    𝒗 · 𝒚 =  𝒆 𝒄 ⁢ 𝑩 ⁢  𝒗 𝒙


   𝒎 𝒆 ⁢    𝒗 · 𝒛 = 𝟎


     𝒗 ¨ 𝒙 = −   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄 ⁢    𝒗 · 𝒚 = −    (   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄 ) 𝟐 ⁢  𝒗 𝒙


     𝒗 ¨ 𝒚 = −   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄 ⁢    𝒗 · 𝒙 = −    (   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄 ) 𝟐 ⁢  𝒗 𝒚


   𝝎  𝐜 𝐞 =   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄


   𝒎 𝒆 ⁢   𝒅 ⁢  𝒗 ⇀  𝐝 𝐭 = −  𝒆 𝒄 ⁢  𝒗 ⇀ ⨯  𝑩 ⇀ − 𝒆 ⁢  𝑬 ⇀


   𝑬 ⇀ =   𝑬 𝟎 [  𝒙 ^ ⁢ 𝐜 𝐨 𝐬 ⁢  ( 𝛚 𝐭 ) +  𝒚 ^ ⁢ 𝐬 𝐢 𝐧 ⁢  ( 𝛚 𝐭 ) ]


   𝒎 𝒆 ⁢    𝒗 · 𝒙 = −  𝒆 𝒄 ⁢ 𝑩 ⁢  𝒗 𝒚 +  𝑬 𝟎 ⁢ 𝐜 𝐨 𝐬 ⁢  ( 𝛚 𝐭 )


   𝒎 𝒆 ⁢    𝒗 · 𝒚 =  𝒆 𝒄 ⁢ 𝑩 ⁢  𝒗 𝒙 +  𝑬 𝟎 ⁢ 𝐬 𝐢 𝐧 ⁢  ( 𝛚 𝐭 )


   𝒎 𝒆 ⁢    𝒗 · 𝒛 = 𝟎


     𝒗 ¨ 𝒙 = −   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄 ⁢    𝒗 · 𝒚 −    𝑬 𝟎   𝒎 𝒆 ⁢ 𝝎 ⁢ 𝐬 𝐢 𝐧 ⁢  ( 𝛚 𝐭 ) = −    𝝎  𝐜 𝐞 𝟐 ⁢  𝒗 𝒙 −    𝑬 𝟎   𝒎 𝒆 ⁢  (  𝝎  𝐜 𝐞 + 𝝎 ) ⁢ 𝐬 𝐢 𝐧 ⁢  ( 𝛚 𝐭 )


     𝒗 ¨ 𝒚 = −   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄 ⁢    𝒗 · 𝒙 +    𝑬 𝟎   𝒎 𝒆 ⁢ 𝝎 ⁢ 𝐜 𝐨 𝐬 ⁢  ( 𝛚 𝐭 ) = −    𝝎  𝐜 𝐞 𝟐 ⁢  𝒗 𝒚 +    𝑬 𝟎   𝒎 𝒆 ⁢  (  𝝎  𝐜 𝐞 + 𝝎 ) ⁢ 𝐜 𝐨 𝐬 ⁢  ( 𝛚 𝐭 )


   𝝎  𝐜 𝐞 =   𝒆 ⁢ 𝑩   𝒎 𝒆 ⁢ 𝒄


   𝑩 ⇀ =  𝑩 𝟎 ⁢  𝒛 ^


   𝑬 𝐱 =  𝑬 𝐨 ⁢ 𝐞 𝐱 𝐩 ⁢  ( − 𝒊 𝝎 𝒕 )


   𝑬 𝒚 = ± 𝒊  𝑬 𝐱 = 𝒊  𝑬 𝐨 ⁢ 𝐞 𝐱 𝐩 ⁢  ( − 𝒊 𝝎 𝒕 ) =  𝑬 𝐨 ⁢ 𝐞 𝐱 𝐩 ⁢  ( ± 𝒊 ⁢  𝝅 𝟐 ) 𝐞 𝐱 𝐩 ⁢  ( − 𝒊 𝝎 𝒕 ) =  𝑬 𝐨 ⁢ 𝐞 𝐱 𝐩  [ − 𝒊 ⁢  ( 𝝎 𝒕 ±  𝝅 𝟐 ) ]


   𝑬 ⃑ =  𝑬 𝐨 ⁢  𝒙 ^ =    𝑬 𝐨 𝟐  [  (  𝒙 ^ + 𝒊 ⁢  𝒚 ^ ) +  (  𝒙 ^ − 𝒊 ⁢  𝒚 ^ ) ]


   𝑬  𝐜 𝐮 𝐭 𝐨 𝐟 𝐟 ≈  𝑰 𝐩 +   𝟑 . 𝟏 𝟕 𝑼 𝐩


   𝑰 𝐩   :   𝐢 𝐨 𝐧 𝐢 𝐳 𝐚 𝐭 𝐢 𝐨 𝐧   𝐩 𝐨 𝐭 𝐞 𝐧 𝐭 𝐢 𝐚 𝐥


   𝑼 𝐩   : 𝐩 𝐨 𝐧 𝐝 𝐞 𝐫 𝐨 𝐦 𝐨 𝐭 𝐢 𝐯 𝐞   𝐞 𝐧 𝐞 𝐫 𝐠 𝐲


   𝟏 𝟐 ⁢ 𝒎 ⁢  𝒖 𝟐 =  𝟏 𝟐 ⁢ 𝒎 ⁢    𝒖 𝟎 𝟐 − 𝒆 ⁢ 𝝓 ⁢  ( 𝒙 )


  𝒖 =    (    𝒖 𝟎 𝟐 −   𝟐 ⁢ 𝐞 𝛟 𝒎 )   𝟏 / 𝟐


   𝒏 𝟎 ⁢  𝒖 𝟎 =  𝒏 𝒊 ⁢  ( 𝒙 ) ⁢ 𝒖 ⁢  ( 𝒙 )


   𝒏 𝒊 ⁢  ( 𝒙 ) =  𝒏 𝟎 ⁢    ( 𝟏 −   𝟐 ⁢ 𝒆 ⁢ 𝝓  𝒎 ⁢    𝒖 𝟎 𝟐 )    − 𝟏 / 𝟐


   𝒏 𝒆 ⁢  ( 𝒙 ) =  𝒏 𝟎 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝛟  𝑲 ⁢  𝑻 𝒆 )


   𝝐 𝟎 ⁢    𝒅 𝟐 ⁢ 𝝓    𝐝 𝐱 𝟐 = 𝒆 ⁢  (  𝒏 𝒆 −  𝒏 𝒊 )


  𝝌 ≡ −   𝐞 𝛟  𝑲 ⁢  𝑻 𝒆   ,   𝝃 ≡  𝒙   𝝀 𝑫   ,   𝑴 ≡    𝒖 𝟎     ( 𝑲 ⁢    𝑻 𝒆 / 𝒎 )   𝟏 / 𝟐


  𝝌 ′′ =    ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )    − 𝟏 / 𝟐 −  𝒆  − 𝝌


   𝑻 𝒊 = 𝟎


   𝒏 𝟎


   𝒏 𝒊 ⁢  ( 𝒙 )


  𝒖 ⁢  ( 𝒙 )


   𝒖 𝟎


  = 𝒆 ⁢  𝒏 𝟎  [ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝛟  𝑲 ⁢  𝑻 𝒆 ) −    ( 𝟏 −   𝟐 ⁢ 𝒆 ⁢ 𝝓  𝒎 ⁢    𝒖 𝟎 𝟐 )    − 𝟏 / 𝟐 ]


   𝝀 𝑫 =    (   𝑲 ⁢  𝑻 𝒆  𝟒 ⁢ 𝝅 ⁢ 𝒏 ⁢  𝒆 𝟐 )   𝟏 / 𝟐


  𝝌 ′′ =    ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )    − 𝟏 / 𝟐 −  𝒆  − 𝝌


  𝝌 ′ ⁢ 𝝌 ′′ = 𝝌 ′ ⁢    ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )    − 𝟏 / 𝟐 − 𝝌 ′ ⁢  𝒆  − 𝝌


   𝒅  𝐝 𝛏  (     𝝌 ′ 𝟐 𝟐 ) =   𝐝 𝛘  𝐝 𝛏 ⁢    ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )    − 𝟏 / 𝟐 −   𝐝 𝛘  𝐝 𝛏 ⁢  𝒆  − 𝝌


    ∫   𝝌 𝟎 ′  𝝌 ′  ⅆ  (     𝝌 ′ 𝟐 𝟐 ) =   ∫ 𝟎 𝝌     ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )    − 𝟏 / 𝟐 ⁢ ⅆ 𝝌 −   ∫ 𝟎 𝝌   𝒆  − 𝝌 ⁢ ⅆ 𝝌


   𝟏 𝟐 ⁢  (   𝝌 ′ 𝟐 −    𝝌 𝟎 ′ 𝟐 ) =  𝑴 𝟐  [    ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )   𝟏 / 𝟐 − 𝟏 ] +  𝒆  − 𝝌 − 𝟏


   𝝌 𝟎 = 𝟎   ,    𝝌 𝟎 ′ = 𝟎 ,   @   𝝃 = 𝟎


   𝟏 𝟐 ⁢  (   𝝌 ′ 𝟐 −    𝝌 𝟎 ′ 𝟐 ) =  𝑴 𝟐  [    ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )   𝟏 / 𝟐 − 𝟏 ] +  𝒆  − 𝝌 − 𝟏


  𝐟 𝐨 𝐫     ⁢  | 𝝌 | ⁢   ≪ 𝟏


     ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )   𝟏 / 𝟐 − 𝟏 = 𝟏 +  𝝌   𝑴 𝟐 −  𝟏 𝟐 ⁢    (  𝝌   𝑴 𝟐 ) 𝟐 + … − 𝟏 ≈  𝝌   𝑴 𝟐 −  𝟏 𝟐 ⁢    (  𝝌   𝑴 𝟐 ) 𝟐


   𝒆  − 𝝌 − 𝟏 = 𝟏 − 𝝌 +  𝟏 𝟐 ⁢  𝝌 𝟐 + … − 𝟏 ≈ − 𝝌 +  𝟏 𝟐 ⁢  𝝌 𝟐


   𝑴 𝟐  [    ( 𝟏 +   𝟐 ⁢ 𝝌   𝑴 𝟐 )   𝟏 / 𝟐 − 𝟏 ] +  𝒆 𝝌 − 𝟏 ≈  𝑴 𝟐  [  𝝌   𝑴 𝟐 −  𝟏 𝟐 ⁢    (  𝝌   𝑴 𝟐 ) 𝟐 ] − 𝝌 +  𝟏 𝟐 ⁢  𝝌 𝟐 =  𝟏 𝟐 ⁢  𝝌 𝟐 ⁢  ( −  𝟏   𝑴 𝟐 + 𝟏 ) > 𝟎


   𝑴 𝟐 > 𝟏     ⁢ 𝐨 𝐫


  ⁢ 𝒎 ⁢    𝒖 𝟎 𝟐 > 𝑲 ⁢  𝑻 𝒆


   | 𝝓 | ≥  𝟏 𝟐 ⁢   𝑲 ⁢  𝑻 𝒆 𝒆     .


   𝒖 𝟎


  ⁢ 𝒎 ⁢    𝒖 𝟎 𝟐 > 𝑲 ⁢  𝑻 𝒆


   𝟏 𝟐 𝒎 ⁢    𝒖 𝟎 𝟐 =  | 𝒆 𝝓 | ,


  𝑰 =  𝒏 𝒔 ⁢ 𝒆 ⁢ 𝑨 ⁢    (   𝑲 ⁢  𝑻 𝒆 𝒎 )   𝟏 / 𝟐


  | 𝝓 | ≃  𝟏 𝟐 ⁢   𝑲 ⁢  𝑻 𝒆 𝒆


   𝒏 𝒔 =  𝒏 𝟎 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝛟  𝑲 ⁢  𝑻 𝒆 ) =  𝒏 𝟎 ⁢  𝒆    − 𝟏 / 𝟐 = 𝟎 . 𝟔 𝟏  𝒏 𝟎


  𝐁 𝐨 𝐡 𝐦   𝐜 𝐮 𝐫 𝐫 𝐞 𝐧 𝐭 :    𝑰 𝑩 ≃ 𝟎 . 𝟓  𝒏 𝟎 ⁢ 𝒆 ⁢ 𝑨 ⁢    (   𝑲 ⁢  𝑻 𝒆 𝒎 )   𝟏 / 𝟐


  ⁢ 𝒎 ⁢    𝒖 𝟎 𝟐 > 𝑲 ⁢  𝑻 𝒆


  𝑱 = 𝒆 ⁢ 𝒏 𝒖


   𝒖 𝟎


  𝑰


   𝒏 𝒔


   𝒏 𝟎


  𝑰 =  𝒏 𝒔 ⁢ 𝒆 ⁢ 𝑨 ⁢    (   𝑲 ⁢  𝑻 𝒆 𝒎 )   𝟏 / 𝟐


  | 𝝓 | ≃  𝟏 𝟐 ⁢   𝑲 ⁢  𝑻 𝒆 𝒆


   𝒏 𝒔 =  𝒏 𝟎 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝛟  𝑲 ⁢  𝑻 𝒆 ) =  𝒏 𝟎 ⁢  𝒆    − 𝟏 / 𝟐 = 𝟎 . 𝟔 𝟏  𝒏 𝟎


  𝐁 𝐨 𝐡 𝐦   𝐜 𝐮 𝐫 𝐫 𝐞 𝐧 𝐭 :    𝑰 𝑩 ≃ 𝟎 . 𝟓  𝒏 𝟎 ⁢ 𝒆 ⁢ 𝑨 ⁢    (   𝑲 ⁢  𝑻 𝒆 𝒎 )   𝟏 / 𝟐


  ⁢ 𝒎 ⁢    𝒖 𝟎 𝟐 > 𝑲 ⁢  𝑻 𝒆


  𝑱 = 𝒆 ⁢ 𝒏 𝒖


   𝒖 𝟎


  𝑰


   𝒏 𝒔


   𝒏 𝟎


   𝒏  𝒆 ⁢ 𝒘 =  𝒏 𝟎 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝒆 ⁢  𝜱 𝒘  𝑲 ⁢  𝑻 𝒆 )


  𝑰 = 𝐞 𝐀 ⁢  (  𝜞 𝒊 −  𝜞 𝒆 ) = 𝟎


   𝜱 𝒘 = −   𝑲 ⁢  𝑻 𝒆  𝟐 ⁢ 𝒆 ⁢ 𝐥 𝐧 ⁢  (    𝒎 𝒊 ⁢  𝑻 𝒆   𝒎 𝒆 ⁢  𝑻 𝒊 )


   𝜞 𝒊 =  𝟏 𝟒 ⁢  𝒏 𝟎 ⁢    𝒗 _ 𝒊 =  𝒏 𝟎 ⁢    𝟖 ⁢ 𝑲 ⁢  𝑻 𝒊  𝝅 ⁢  𝒎 𝒊


   𝜞 𝒆 =  𝟏 𝟒 ⁢  𝒏  𝒆 ⁢ 𝒘 ⁢    𝒗 _ 𝒆 =  𝒏 𝟎 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝒆 ⁢  𝜱 𝒘  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝟖 ⁢ 𝑲 ⁢  𝑻 𝒆  𝝅 ⁢  𝒎 𝒆


   𝒖 𝟎 =    𝑲 ⁢  𝑻 𝒆   𝒎 𝒊


   𝜞 𝒊 =  𝒏 𝒔 ⁢  𝒖 𝟎


   𝒏  𝒆 ⁢ 𝒘 =  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝒆 ⁢  𝜱 𝒘  𝑲 ⁢  𝑻 𝒆 )


   𝜱  𝒘 𝑩 = −   𝑲 ⁢  𝑻 𝒆  𝟐 ⁢ 𝒆 ⁢ 𝐥 𝐧 ⁢  (    𝒎 𝒊  𝟐 ⁢ 𝝅 ⁢  𝒎 𝒆 )


   𝜞 𝒆 =  𝟏 𝟒 ⁢  𝒏 𝒘 ⁢    𝒗 _ 𝒆 =  𝟏 𝟒 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝒆 ⁢  𝜱 𝒘  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝟖 ⁢ 𝑲 ⁢  𝑻 𝒆  𝝅 ⁢  𝒎 𝒆


  𝑰 = 𝐞 𝐀 ⁢  (  𝜞 𝒊 −  𝜞 𝒆 ) = 𝟎


   𝜱 𝒘 = −   𝑲 ⁢  𝑻 𝒆  𝟐 ⁢ 𝒆 ⁢ 𝐥 𝐧 ⁢  (    𝒎 𝒊 ⁢  𝑻 𝒆   𝒎 𝒆 ⁢  𝑻 𝒊 )


   𝒖 𝟎


   𝑰  𝐢 𝐬 =   𝐀 𝐉  𝐢 𝐬 =   𝐞 𝐀 𝚪  𝐢 𝐬


  𝑰 =  𝑰  𝐢 𝐬 +  𝑰 𝒆 =  𝑰  𝐢 𝐬 +  𝟏 𝟒 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝐕  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝒗 _ 𝒆 ⁢ 𝐞 𝐀


  𝑽 ≡ 𝜱


    𝒅 ⁢  𝑰  𝐢 𝐬  𝒅 ⁢ 𝑽 ⁢ ≪   𝐝 𝐈  𝐝 𝐕


    𝒅 𝑰  𝐝 𝐕 =   𝒅 ⁢  𝑰  𝐢 𝐬  𝒅 ⁢ 𝑽 +  𝟏 𝟒 ⁢  𝒆  𝑲 ⁢  𝑻 𝒆 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝐕  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝒗 _ 𝒆 ⁢ 𝐞 𝐀 =   𝒅 ⁢  𝑰  𝐢 𝐬  𝒅 ⁢ 𝑽 +  𝒆  𝑲 ⁢  𝑻 𝒆 ⁢  𝑰 𝒆 =   𝒅 ⁢  𝑰  𝐢 𝐬  𝒅 ⁢ 𝑽 +  𝒆  𝑲 ⁢  𝑻 𝒆 ⁢  ( 𝑰 −  𝑰  𝐢 𝐬 )


   𝑻 𝒆 =   𝒆 ⁢  ( 𝑰 −  𝑰  𝐢 𝐬 )    𝐝 𝐈 /  𝐝 𝐕


  = 𝒆 ⁢ 𝑨 ⁢  𝟏 𝟒 ⁢  𝒏 𝒊 ⁢    𝒗 _ 𝒊 =   𝐞 𝐀 ⁢  𝒏 𝒊 𝟒 ⁢    𝟖 ⁢ 𝑲 ⁢  𝑻 𝒊  𝝅 ⁢  𝒎 𝒊


  ≈  𝒆  𝑲 ⁢  𝑻 𝒆 ⁢  ( 𝑰 −  𝑰  𝐢 𝐬 )


   𝒏 𝒊 =   𝟒 ⁢  𝑰  𝐢 𝐬  𝐞 𝐀 ⁢    𝝅 ⁢  𝒎 𝒊  𝟖 ⁢ 𝑲 ⁢  𝑻 𝒊


  𝑽 =  𝑽 𝒑


   𝑰  𝐞 𝐬 =  𝟏 𝟒 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (     𝐞 𝐕 𝒑  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝒗 _ 𝒆 ⁢ 𝐞 𝐀


  𝑰 =  𝑰 𝒆 +  𝑰  𝐢 𝐬 ≈  𝑰  𝐞 𝐬 =  𝟏 𝟒 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝐕  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝒗 _ 𝒆 ⁢ 𝐞 𝐀 =  𝟏 𝟒 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝐞 𝐕 −   𝐞 𝐕 𝒑 +   𝐞 𝐕 𝒑  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝒗 _ 𝒆 ⁢ 𝐞 𝐀 =  𝟏 𝟒 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (     𝐞 𝐕 𝒑  𝑲 ⁢  𝑻 𝒆 ) ⁢ 𝐞 𝐱 𝐩 ⁢  ( 𝒆 ⁢   𝑽 −  𝑽 𝒑  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝒗 _ 𝒆 ⁢ 𝐞 𝐀 =  𝑰  𝐞 𝐬 ⁢ 𝐞 𝐱 𝐩 ⁢  ( 𝒆 ⁢   𝑽 −  𝑽 𝒑  𝑲 ⁢  𝑻 𝒆 )


   𝑻 𝒆 =   𝒆 ⁢  ( 𝑽 −  𝑽 𝒑 )  𝑲 ⁢  (   𝐥 𝐧 𝐈  𝐞 𝐬 − 𝐥 𝐧 𝐈 )


   𝑰  𝐞 𝐬 =  𝟏 𝟒 ⁢  𝒏 𝒔 ⁢ 𝐞 𝐱 𝐩 ⁢  (     𝐞 𝐕 𝒑  𝑲 ⁢  𝑻 𝒆 ) ⁢    𝒗 _ 𝒆 ⁢ 𝐞 𝐀


   𝒏 𝟎 =   𝟒 ⁢  𝑰  𝐞 𝐬  𝐞 𝐀 ⁢    𝝅 ⁢  𝒎 𝒆  𝟖 ⁢   𝑲 𝑻 𝒆


  =  𝟏 𝟒 ⁢  𝒏 𝟎 ⁢ 𝐞 𝐀 ⁢    𝟖 ⁢ 𝑲 ⁢  𝑻 𝒆  𝝅 ⁢  𝒎 𝒆


  𝑰 =  𝑰  𝟏 ⁢ 𝐞 −  𝑰  𝟏 ⁢ 𝐢 =  𝑰  𝟐 ⁢ 𝐢 −  𝑰  𝟐 ⁢ 𝐞


   𝑰  𝟏 ⁢ 𝐞 = 𝑰 +  𝑰  𝟏 ⁢ 𝐢


   𝑰  𝟐 ⁢ 𝐞 =  𝑰  𝟐 ⁢ 𝐢 − 𝑰


   𝑰  𝟏 ⁢ 𝐞 =  𝑨 𝟏 ⁢      𝒗 _ 𝐞 ⁢ 𝒆 𝟒 ⁢  𝒏 𝐬 ⁢ 𝐞 𝐱 𝐩 ⁢  (     𝐞 𝐕 𝟏  𝑲 ⁢  𝑻 𝐞 )


   𝑰  𝟐 ⁢ 𝐞 =  𝑨 𝟐 ⁢      𝒗 _ 𝐞 ⁢ 𝒆 𝟒 ⁢  𝒏 𝐬 ⁢ 𝐞 𝐱 𝐩 ⁢  (     𝐞 𝐕 𝟐  𝑲 ⁢  𝑻 𝐞 )


    𝑰 +  𝑰  𝟏 ⁢ 𝐢   𝑰  𝟐 ⁢ 𝐢 − 𝑰 =    𝑨 𝟏   𝑨 𝟐 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝒆  (  𝑽 𝟏 −  𝑽 𝟐 )    𝑲 𝑻 𝐞 )


  𝑰 =  𝑰 𝐢 ⁢ 𝐭 𝐚 𝐧 𝐡 ⁢  (   𝒆 𝑽  𝟐 ⁢   𝑲 𝑻 𝐞 )


    𝒅 𝑰  𝐝 𝐕  |  𝒗 = 𝟎 =   𝒆  𝑰 𝐢    𝟐 𝑲 𝑻 𝐞


  =    𝑨 𝟏   𝑨 𝟐 ⁢ 𝐞 𝐱 𝐩 ⁢  (   𝒆 𝑽    𝑲 𝑻 𝐞 )


   ( 𝒀 ≡  𝜴 𝝎 ≡ 𝟎 )


   ( 𝒀 ≡  𝜴 𝝎 ≡ 𝟎 )


  𝒄 𝒐 𝒔 ⁢  ( 𝒙 ) =    𝒆  𝐢 𝐱 +  𝒆  − 𝐢 𝐱 𝟐


  =  𝑰 𝟎 ⁢  ( 𝒙 , 𝒚 ) +  𝟏 𝟐 ⁢ 𝒎 ⁢  ( 𝒙 , 𝒚 ) ⁢  (  𝒆   𝒊 [ 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 + 𝝓 ⁢  ( 𝒙 , 𝒚 ) ] +  𝒆  −  𝒊 [ 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 + 𝝓 ⁢  ( 𝒙 , 𝒚 ) ] )


  =  𝑰 𝟎 ⁢  ( 𝒙 , 𝒚 ) +  𝟏 𝟐 ⁢ 𝒎 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝒆  𝐢 𝛟 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝒆  𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙 +  𝟏 𝟐 ⁢ 𝒎 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝒆  − 𝐢 𝛟 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝒆  − 𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙


  =  𝑰 𝟎 ⁢  ( 𝒙 , 𝒚 ) + 𝐜 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝒆  𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙 +  𝒄 ∗ ⁢  ( 𝒙 , 𝒚 )  𝒆  − 𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙


  𝒄 ⁢  ( 𝒙 , 𝒚 ) ≡  𝟏 𝟐 ⁢ 𝒎 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝒆  𝐢 𝛟 ⁢  ( 𝒙 , 𝒚 )


   𝒈 ^ ⁢  (  𝒇 𝒙 , 𝒚 ) ≡  𝐅 𝐓 [ 𝒈 ⁢  ( 𝒙 , 𝒚 ) ]


   𝒈 ^ ⁢  (  𝒇 𝒙 −  𝝂 𝟎 , 𝒚 ) = 𝐅 𝐓  [ 𝒈 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝒆  𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙 ]


   𝑰 ^ ⁢  (  𝒇 𝒙 , 𝒚 ) =    𝑰 ^ 𝟎 ⁢  (  𝒇 𝒙 , 𝒚 ) +  𝒄 ^ ⁢  (  𝒇 𝒙 −  𝝂 𝟎 , 𝒚 ) +    𝒄 ^ ∗ ⁢  (  𝒇 𝒙 +  𝝂 𝟎 , 𝒚 )


  𝐈  ( 𝒙 , 𝒚 ) =  𝑰 𝟎 ⁢  ( 𝒙 , 𝒚 ) + 𝒎 ⁢  ( 𝒙 , 𝒚 ) ⁢  𝐜 𝐨 𝐬 [ 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 + 𝝓 ⁢  ( 𝒙 , 𝒚 ) ]


  𝝓 ⁢  ( 𝒙 , 𝒚 ) =   𝐭 𝐚 𝐧  − 𝟏  (    𝐈 𝐦 [ 𝒄 ⁢  ( 𝒙 , 𝒚 ) ]   𝐑 𝐞 [ 𝒄 ⁢  ( 𝒙 , 𝒚 ) ] )


   𝒈 ^ ⁢  (  𝒇 𝒙 )


   𝒇 𝒙


  𝐠 ⁢  ( 𝒙 ) = 𝒄 𝒐 𝒔 ⁢  ( 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 ) =    𝒆  𝐢 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 +  𝒆  − 𝐢 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 𝟐


  𝐡  ( 𝒙 ) = 𝝓 ⁢  ( 𝒙 ) ×  𝒆  𝐢 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙


   𝒈 ^ ⁢  (  𝒇 𝒙 )


   𝒇 𝒙


   𝝂 𝟎


    − 𝝂 𝟎


   𝒉 ^ ⁢  (  𝒇 𝒙 )


   𝒇 𝒙


   𝝂 𝟎


  𝝓 ⁢  ( 𝒙 )


   𝒇 𝒙


   𝝓 ^ ⁢  (  𝒇 𝒙 )


   𝒉 ^ ⁢  (  𝒇 𝒙 ) = 𝐅 𝐓  [ 𝝓 ⁢  ( 𝒙 ) ⁢  𝒆  𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙 ]


  =  𝝓 ^ ⁢  (  𝒇 𝒙 −  𝝂 𝟎 ⁢ )


  𝑰  ( 𝒙 ) =  𝑰 𝟎 ⁢  ( 𝒙 ) + 𝒎 ⁢  ( 𝒙 ) ⁢  𝐜 𝐨 𝐬 [ 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 + 𝝓 ⁢  ( 𝒙 ) ] =  𝑰 𝟎 ⁢  ( 𝒙 ) + 𝐜 ⁢  ( 𝒙 ) ⁢  𝒆  𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙 +  𝒄 ∗ ⁢  ( 𝒙 )  𝒆  − 𝐢 𝟐 𝛑 ⁢  𝝂 𝟎 ⁢ 𝒙


  𝒄 ⁢  ( 𝒙 )


   𝒇 𝒙


   𝒄 ^ ⁢  (  𝒇 𝒙 )


  𝑰 ⁢  ( 𝒙 )


   𝑰 ^ ⁢  (  𝒇 𝒙 )


   𝒇 𝒙


   𝝂 𝟎


    − 𝝂 𝟎


   𝑰 ^ ⁢  (  𝒇 𝒙 )


   𝒇 𝒙


  𝒄 ⁢  ( 𝒙 )


  𝒄 ⁢  ( 𝒙 , 𝒚 ) ≡  𝟏 𝟐 ⁢  𝒆  𝐢 𝛟 ⁢  ( 𝒙 , 𝒚 )


   𝑰 ^ ⁢  (  𝒇 𝒙 ) =    𝑰 ^ 𝟎 ⁢  (  𝒇 𝒙 ) +  𝒄 ^ ⁢  (  𝒇 𝒙 −  𝝂 𝟎 ) +    𝒄 ^ ∗ ⁢  (  𝒇 𝒙 +  𝝂 𝟎 )


   𝑰 ^ ⁢  (  𝒇 𝒙 )


   𝒇 𝒙


   𝝂 𝟎


    − 𝝂 𝟎


   𝒄 ^ ⁢  (  𝒇 𝒙 −  𝝂 𝟎 )


     𝒄 ^ ∗ ⁢  (  𝒇 𝒙 +  𝝂 𝟎 )


     𝑰 ^ 𝟎 ⁢  (  𝒇 𝒙 )


  𝑰 ⁢  ( 𝒙 )


   |  𝑰 ^ ⁢  (  𝒇 𝒙 ) |


   𝒇 𝒙


   𝒇 𝒙


   𝒇 𝒙


   |  𝑰 ^ ⁢  (  𝒇 𝒙 ) |


   |  𝒄 ^ ⁢  (  𝒇 𝒙 ) |


   𝒇 𝒙


  𝝓 ⁢  ( 𝒙 )


  𝝓 ⁢  ( 𝒙 )


  𝝓 ⁢  ( 𝒙 ) =   𝒕 𝒂 𝒏  − 𝟏  (    𝑰 𝒎 [ 𝒄 ⁢  ( 𝒙 ) ]   𝑹 𝒆 [ 𝒄 ⁢  ( 𝒙 ) ] )


   |  𝒄 ^ ⁢  (  𝒇 𝒙 ) |


   𝑰 ^ ⁢  (  𝒇 𝒙 , 𝒚 ) =  𝒄 ^ ⁢  (  𝒇 𝒙 −  𝝂 𝟎 , 𝒚 ) +    𝒄 ^ ∗ ⁢  (  𝒇 𝒙 +  𝝂 𝟎 , 𝒚 )


  𝐈  ( 𝒙 , 𝒚 ) =  𝐜 𝐨 𝐬 [ 𝟐 ⁢ 𝝅 ⁢  𝝂 𝟎 ⁢ 𝒙 + 𝝓 ⁢  ( 𝒙 , 𝒚 ) ]


  𝝓 ⁢  ( 𝒙 , 𝒚 ) = −   𝐭 𝐚 𝐧  − 𝟏  (    𝐈 𝐦 [ 𝒄 ⁢  ( 𝒙 , 𝒚 ) ]   𝐑 𝐞 [ 𝒄 ⁢  ( 𝒙 , 𝒚 ) ] )


   ( 𝒀 ≡  𝜴 𝝎 ≡ 𝟎 )


   𝑬 ⇀ ⁢  ( 𝒛 ) =    𝑬 𝟎 𝟐  [  (  𝒙 ^ + 𝒊 ⁢  𝒚 ^ ) ⁢  𝒆    𝐢 𝛟 𝑹 +  (  𝒙 ^ − 𝒊 ⁢  𝒚 ^ ) ⁢  𝒆    𝐢 𝛟 𝑳 ]


  =    𝑬 𝟎 𝟐  [  𝒙 ^ ⁢  (  𝒆    𝐢 𝛟 𝑹 +  𝒆    𝐢 𝛟 𝑳 ) +  𝐲 ^ 𝒊 ⁢  (  𝒆    𝐢 𝛟 𝑹 −  𝒆    𝐢 𝛟 𝑳 ) ]


  =    𝑬 𝟎 𝟐  [  𝒙 ^ ⁢  (  𝒆  𝒊 ⁢  (  𝝓 _ +   𝚫 𝛟 𝟐 ) +  𝒆  𝒊 ⁢  (  𝝓 _ −   𝚫 𝛟 𝟐 ) ) +  𝒚 ^ ⁢ 𝒊 ⁢  (  𝒆  𝒊 ⁢  (  𝝓 _ +   𝚫 𝛟 𝟐 ) −  𝒆  𝒊 ⁢  (  𝝓 _ −   𝚫 𝛟 𝟐 ) ) ]


  =  𝑬 𝟎 ⁢  𝒆  𝒊 ⁢  𝝓 _  [  𝒙 ^ ⁢  (    𝒆  𝒊 ⁢   𝚫 𝛟 𝟐 +  𝒆  − 𝒊 ⁢   𝚫 𝛟 𝟐 𝟐 ) +  𝒚 ^ ⁢ 𝒊 ⁢  (    𝒆  𝒊 ⁢   𝚫 𝛟 𝟐 −  𝒆  − 𝒊 ⁢   𝚫 𝛟 𝟐 𝟐 ) ]


  =  𝑬 𝟎 ⁢  𝒆  𝒊 ⁢  𝝓 _  [  𝒙 ^ ⁢   𝐜 𝐨 𝐬 ⁡   (   𝚫 𝛟 𝟐 ) 𝐂 𝐨 𝐬 ⁢ +  𝒚 ^ ⁢   𝐬 𝐢 𝐧 ⁡   (   𝚫 𝛟 𝟐 ) ]


  D   +   D           ⟶   T ⁢  ( 1 . 01 MeV )       +   p ⁢  ( 3 . 02 MeV )


  D   +    He 3   ⟶    He 4 ⁢  ( 3 . 6 MeV )   +   p ⁢  ( 14 . 7 MeV )


   𝑩 ⇀ =  𝑩 ⇀ ⁢  ( 𝒕 )


  𝜵 ×  𝑬 ⇀ = −   𝝏  𝑩 ⇀  𝝏 𝒕


   ∫  ⅆ  𝑨 ⇀ ⁢ 𝜵 ×  𝑬 ⇀ =  ∮   𝑬 ⇀ ⁢ 𝒅 ⁢  𝒍 ⇀ = 𝑽 = −  ∫  ⅆ  𝑨 ⇀ ⁢   𝝏  𝑩 ⇀  𝝏 𝒕


  𝑽 ~ − 𝑨 ⁢   𝝏 𝑩  𝝏 𝒕


  𝑩 = −  ∫   𝑽 𝑨 ⁢ 𝒅 𝒕 ~ −  𝟏 𝑨 ⁢  ∫  𝑽 𝒅 𝒕


    𝒅 𝑵  𝐝 𝐭 =  𝑰 𝒒


    𝒅 𝑵  𝐝 𝐭 =  𝑰 𝒒


  𝑽 ′ ≡    𝑽  𝐭 𝐨 𝐭   𝒕  𝐭 𝐨 𝐭 = 𝟎 . 𝟎 𝟔   𝐤 𝐕 /  𝐧 𝐬


  𝒂 =  𝑭 𝒎 =   𝐪 𝐄 𝒎 =   𝒒 ⁢ 𝑽  𝒎 ⁢ 𝒅


   𝒗 ⟂ = 𝒂 ⁢ 𝒕 =   𝒒 ⁢ 𝑽  𝒎 ⁢ 𝒅 ⁢  𝒍   𝒗  | |


  𝒚 = 𝒔 ⁢   𝐓 𝐚 𝐧 ⁢ 𝜽 = 𝒔 ⁢    𝑽 ⟂   𝑽  | | =  𝟏  𝟐 ⁢  𝑬 𝒌 ⁢  𝒍 𝒅 ⁢ 𝒔 ⁢ 𝒒 ⁢ 𝑽 =  𝟏  𝟐 ⁢  𝑬 𝒌 ⁢  𝒍 𝒅 ⁢ 𝒔 ⁢ 𝒒 ⁢  (  𝑽 𝟎 + 𝑽 ′ ⁢ 𝒕 )


   𝒚  𝐭 𝐨 𝐭 = 𝟏 𝟓 ⁢ 𝐦 𝐦


  𝛅 𝐭 = 𝛅 𝐲 ⁢   𝟐 ⁢  𝑬 𝒌 ⁢ 𝒅  𝒍 ⁢ 𝒔 ⁢ 𝒒 ⁢  𝑽 ′ = 𝟏 𝟓 ⁢   𝐩 𝐬       ⁢ 𝐟 𝐨 𝐫       ⁢ 𝛅 𝐲 = 𝟒 𝟓 ⁢ 𝛍 𝐦


   𝒚  𝐭 𝐨 𝐭 = 𝟏 𝟓 ⁢ 𝐦 𝐦


  𝛅 𝐭


   𝑬 𝒌


   𝑱 ⃑ ×  𝑩 ⃑


   𝑽 𝐣 =  𝑽  𝐚 𝐛   𝟏 +   𝐜 𝐨 𝐬 ⁡ 𝜽    𝐬 𝐢 𝐧 ⁡ 𝜽


   𝑽  𝐚 𝐛


  𝜽 = 𝟑 𝟎 °


  𝑴 =    𝑽 𝒁   𝑽 𝑹 ≥  𝒁 𝒓 ≈    ( 𝟏 𝟗 − 𝟏 𝟒 )   𝐦 𝐦    𝟐   𝐦 𝐦 𝟐 = 𝟓


   𝑽  𝐚 𝐛 =  𝑽 𝐣     𝐬 𝐢 𝐧 ⁡ 𝜽  𝟏 +   𝐜 𝐨 𝐬 ⁡ 𝜽 = 𝟓 𝟎   ± 𝟐 𝟎   𝐤 𝐦 / 𝐬


    𝒅 𝑬  𝐝 𝐱 = 𝒇 ⁢  ( 𝑬 ) ⇒   𝒙 =   ∫   𝑬 𝒊   𝑬 𝒇    𝐝 𝐄  𝒇 ⁢  ( 𝑬 )


  ≈


  ~  𝐞    − 𝒕 / 𝝉


  𝝉 = 𝑹 𝑪


  𝑪


  𝑹


  𝝉


   𝝉 𝐧 =    𝝉 𝟏 𝒏  


   𝑻 𝐩 = 𝒏 𝝉


   𝑽 𝐨 =  𝑽 𝐢 ⁢    𝑹 𝐇   𝟏    𝒋 𝝎 𝑪 𝐇 +  𝑹 𝐇 =  𝑽 𝐢 ⁢  𝟏   𝟏    𝒋 𝝎 𝑹 𝐇 ⁢  𝑪 𝐇 + 𝟏


   𝑽 𝐨 ≈  𝑽 𝐢


  𝐅 𝐨 𝐫     𝝎 𝝉 𝐇 ≫ 𝟏 ,   𝐢 . 𝐞 . ,


    𝟐 𝝅 𝒇   𝒇 𝐇 ≫ 𝟏   𝐨 𝐫   𝒇 ≫  𝒇 𝐇       𝐨 𝐫        𝝉 𝐇 ≫ 𝒕


   𝑽 𝐨 ≈  𝑽 𝐢


  𝐅 𝐨 𝐫     𝝎 𝝉 𝐋 ≪ 𝟏 ,   𝐢 . 𝐞 . ,


    𝟐 𝝅 𝒇   𝒇 𝐋 ≪ 𝟏   𝐨 𝐫   𝒇 ≪  𝒇 𝐋       𝐨 𝐫       𝒕 ≪  𝝉 𝐋


   𝑽 𝐨 =  𝑽 𝐢 ⁢    𝟏    𝒋 𝝎 𝑪 𝐋   𝟏    𝒋 𝝎 𝑪 𝐋 +  𝑹 𝐋 =  𝑽 𝐢 ⁢    𝟏    𝒋 𝝎 𝑹 𝐋 ⁢  𝑪 𝐋   𝟏    𝒋 𝝎 𝑹 𝐋 ⁢  𝑪 𝐋 + 𝟏


  =  𝑽 𝒊 ⁢  𝟏   𝟏    𝒋 𝝎 𝝉 𝐇 + 𝟏


  =  𝑽 𝐢 ⁢    𝟏    𝒋 𝝎 𝝉 𝐋   𝟏    𝒋 𝝎 𝝉 𝐋 + 𝟏


   𝝉 𝐇 =  𝑹 𝐇  𝑪 𝐇


   𝝉 𝐋 =  𝑹 𝐋  𝑪 𝐋


   𝝉 𝐇 =  𝑹 𝐇  𝑪 𝐇


   𝝉 𝐋 =  𝑹 𝐋  𝑪 𝐋


   𝑽 𝐢 −  𝑽 𝐜 −  𝑽 𝐨 = 𝟎


   𝑽 𝐨 =   𝒊 𝑹 𝐇


   𝑽 𝐜 =  𝟏   𝑪 𝐇 ⁢  ∫  𝒊 𝒅 𝒕 =  𝟏   𝑪 𝐇 ⁢  ∫     𝑽 𝒐   𝑹 𝐇 ⁢ 𝒅 𝒕


     𝑽 . 𝐢 =    𝑽 𝐨   𝝉 𝐇 +    𝑽 . 𝐨


   𝑽 𝒐 ⁢  ( 𝒕 ) =  𝒆    − 𝒕 /   𝝉 𝐇   ∫ 𝟎 𝒕     𝑽 . 𝐢 ⁢  ( 𝒕 ′ ) ⁢  𝒆    𝒕 ′ /   𝝉 𝐇 ⁢ 𝒅 𝒕 ′


   𝑽 𝐢 −  𝑽 𝐑 −  𝑽 𝐨 = 𝟎


  𝒊 =  𝑪 𝐋    𝑽 . 𝐨


   𝑽 𝐑 = 𝒊  𝑹 𝐋 =  𝑹 𝐋  𝑪 𝐋    𝑽 . 𝐨


   𝑽 𝐢 =  𝝉 𝐋    𝑽 . 𝐨 +  𝑽 𝐨


   𝑽 𝐨 ⁢  ( 𝒕 ) =  𝒆    − 𝒕 /   𝝉 𝐋  𝟏   𝝉 𝐋   ∫ 𝟎 𝒕   𝑽 𝐢 ⁢ ⁢  ( 𝒕 ′ ) ⁢  𝒆    𝒕 ′ /   𝝉 𝐋 ⁢ 𝒅 𝒕 ′


   𝝉 𝐇 =  𝑹 𝐇  𝑪 𝐇


   𝑽 𝐨 ⁢  ( 𝒕 ) =  𝒆    − 𝒕 /   𝝉 𝐇   ∫ 𝟎 𝒕     𝑽 . 𝐢 ⁢  ( 𝒕 ′ ) ⁢  𝒆    𝒕 ′ /   𝝉 𝐇 ⁢ 𝒅 𝒕 ′


   𝑽 𝐢 ⁢  ( 𝒕 ) =  {    𝟎  𝒕 < 𝟎    𝑽  𝐢 𝟎  𝒕 ≥ 𝟎


     𝑽 . 𝐢  ( 𝒕 ) =  𝑽  𝐢 𝟎 𝜹  ( 𝒕 )


   𝑽 𝐨 ⁢  ( 𝒕 ) =  𝒆    − 𝒕 /   𝝉 𝐇   ∫ 𝟎 𝒕   𝑽  𝐢 𝟎 𝜹  ( 𝒕 ′ ) ⁢  𝒆    𝒕 ′ /   𝝉 𝐇 ⁢ 𝒅 𝒕 ′


  =  𝑽  𝐢 𝟎  𝒆    − 𝒕 /   𝝉 𝐇     𝒆    𝒕 ′ /   𝝉 𝐇 |   𝒕 ′ = 𝟎 =  𝑽  𝐢 𝟎  𝒆    − 𝒕 /   𝝉 𝐇


   𝑽  𝐢 𝟎


   𝑽  𝐢 𝟎


   𝝉 𝐋 =  𝑹 𝐋  𝑪 𝐋


   𝑽 𝐨 ⁢  ( 𝒕 ) =  𝒆    − 𝒕 /   𝝉 𝐋  𝟏   𝝉 𝐋   ∫ 𝟎 𝒕   𝑽 𝐢 ⁢ ⁢  ( 𝒕 ′ ) ⁢  𝒆    𝒕 ′ /   𝝉 𝐋 ⁢ 𝒅 𝒕 ′


   𝑽 𝐢 ⁢  ( 𝒕 ) =  𝑽  𝐢 𝟎  𝒆    − 𝒕 /   𝝉 𝐇


   𝑽 𝐨 ⁢  ( 𝒕 ) ~  𝟏   𝝉 𝐋   ∫ 𝟎 𝒕   𝑽 𝐢 ⁢ ⁢  (  𝒕 ′ ) ⁢ 𝒅  𝒕 ′ =  𝟏   𝝉 𝐋   ∫ 𝟎 𝒕   𝑽  𝐢 𝟎  𝒆    −  𝒕 ′ /   𝝉 𝐇 𝒅  𝒕 ′


  𝐅 𝐨 𝐫   𝒕 ≪  𝝉 𝑳


   𝒆    − 𝒕 /   𝝉 𝐋 ~  𝒆   𝒕 /   𝝉 𝐋 ~ 𝟏


  =    𝝉 𝐇   𝝉 𝐋  𝑽  𝐢 𝟎  ( 𝟏 −  𝒆    − 𝒕 /   𝝉 𝐇 )


   𝑽 𝐨 ⁢  ( 𝒕 ) =  𝒆    − 𝒕 /   𝝉 𝐋  𝟏   𝝉 𝐋   ∫ 𝟎 𝒕   𝑽  𝐢 𝟎  𝒆    − 𝒕 ′ /   𝝉 𝐇 ⁢  𝒆    𝒕 ′ /   𝝉 𝐋 ⁢ 𝒅 𝒕 ′


  =  𝒆    − 𝒕 /   𝝉 𝐋  𝟏   𝝉 𝐋   ∫ 𝟎 𝒕   𝑽  𝐢 𝟎  𝒆    𝒕 ′ /   𝝉  𝐞 𝐟 𝐟 ⁢ 𝒅 𝒕 ′


   𝟏   𝝉  𝐞 𝐟 𝐟 =  𝟏   𝝉 𝐋 −  𝟏   𝝉 𝐇 <  𝟏   𝝉 𝐋


  =  𝒆    − 𝒕 /   𝝉 𝐋    𝝉  𝐞 𝐟 𝐟   𝝉 𝐋  𝑽  𝐢 𝟎  (  𝒆   𝒕 /   𝝉 𝐇 − 𝟏 )


   𝝉 𝐇 =  𝑹 𝐇  𝑪 𝐇


   𝝉 𝐋 =  𝑹 𝐋  𝑪 𝐋


     𝑽 . 𝐢 =    𝑽 𝐨   𝝉 𝐇 +    𝑽 . 𝐨


   𝑽 𝐢 =  𝝉 𝐋    𝑽 . 𝐨 +  𝑽 𝐨


     𝑽 𝐢 ⁢  (  𝒕 𝐣 ) −  𝑽 𝐢 ⁢  (  𝒕  𝐣 − 𝟏 )  𝜟 𝒕 ≈    𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 )   𝝉 𝐇 +    𝑽 𝐨 ⁢  (  𝒕 𝐣 ) −  𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 )  𝜟 𝒕


  ≈    𝑽 𝐨 ⁢  (  𝒕 𝐣 )   𝝉 𝐇 +    𝑽 𝐨 ⁢  (  𝒕 𝐣 ) −  𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 )  𝜟 𝒕


   𝑽 𝐨 ⁢  (  𝒕 𝐣 ) =  𝜶  𝐂 𝐑 ⁢  𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐂 𝐑 ⁢  [  𝑽 𝐢 ⁢  (  𝒕 𝐣 ) −  𝑽 𝐢 ⁢  (  𝒕  𝐣 − 𝟏 ) ]


   𝜶  𝐂 𝐑 ≡      𝝉 𝐇  𝜟 𝒕     𝝉 𝐇  𝜟 𝒕 + 𝟏 =      𝑹 𝐇 ⁢  𝑪 𝐇  𝜟 𝒕     𝑹 𝐇 ⁢  𝑪 𝐇  𝜟 𝒕 + 𝟏


   𝒕 𝐣


   𝒕  𝐣 + 𝟏


   𝒕  𝐣 − 𝟏


    𝒅 𝑽 ⁢  𝒅 𝒕 =    lim  𝜟 𝒕 → 𝟎 ⁡    𝑽 ⁢  (  𝒕 𝐣 ) − 𝑽 ⁢  (  𝒕  𝐣 − 𝟏 )  𝜟 𝒕


  ≈   𝑽 ⁢  (  𝒕 𝐣 ) − 𝑽 ⁢  (  𝒕  𝐣 − 𝟏 )  𝜟 𝒕


   𝝉 𝐇 =  𝑹 𝐇  𝑪 𝐇


   𝝉 𝐋 =  𝑹 𝐋  𝑪 𝐋


     𝑽 . 𝐢 =    𝑽 𝐨   𝝉 𝐇 +    𝑽 . 𝐨


   𝑽 𝐢 =  𝝉 𝐋    𝑽 . 𝐨 +  𝑽 𝐨


   𝑽 𝐢 ⁢  (  𝒕 𝐣 ) ≈  𝝉 𝐋    𝑽 𝐨 ⁢  (  𝒕 𝐣 ) −  𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 )  𝜟 𝒕 +  𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 )


   𝑽 𝐨 ⁢  (  𝒕 𝐣 ) =  ( 𝟏 −  𝜶  𝐑 𝐂 ) ⁢  𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐑 𝐂  𝑽 𝐢 ⁢  (  𝒕 𝐣 )


   𝜶  𝐑 𝐂 ≡  𝟏     𝝉 𝐋  𝜟 𝒕 + 𝟏 =  𝟏     𝑹 𝐋 ⁢  𝑪 𝐋  𝜟 𝒕 + 𝟏


   𝒕 𝐣


   𝒕  𝐣 + 𝟏


   𝒕  𝐣 − 𝟏


  ≈  𝝉 𝐋    𝑽 𝐨 ⁢  (  𝒕 𝐣 ) −  𝑽 𝐨 ⁢  (  𝒕  𝐣 − 𝟏 )  𝜟 𝒕 +  𝑽 𝐨 ⁢  (  𝒕 𝐣 )


   𝑽 𝟐 ⁢  (  𝒕 𝐣 ) =  𝜶  𝐂 𝐑 ⁢  𝑽 𝟐 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐂 𝐑 ⁢  [  𝑽 𝟏 ⁢  (  𝒕 𝐣 ) −  𝑽 𝟏 ⁢  (  𝒕  𝐣 − 𝟏 ) ]


   𝜶  𝐂 𝐑 ≡      𝝉 𝐇  𝜟 𝒕     𝝉 𝐇  𝜟 𝒕 + 𝟏 =      𝑹 𝐇 ⁢  𝑪 𝐇  𝜟 𝒕     𝑹 𝐇 ⁢  𝑪 𝐇  𝜟 𝒕 + 𝟏


   𝑽 𝟑 ⁢  (  𝒕 𝐣 ) =  ( 𝟏 −  𝜶  𝐑 𝐂 , 𝟐 ) ⁢  𝑽 𝟑 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐑 𝐂 , 𝟐  𝑽 𝟐 ⁢  (  𝒕 𝐣 )


   𝑽 𝐦 ⁢  (  𝒕 𝐣 ) =  ( 𝟏 −  𝜶  𝐑 𝐂 , 𝐦 − 𝟏 ) ⁢  𝑽 𝐦 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐑 𝐂 , 𝐦 − 𝟏  𝑽  𝐦 − 𝟏 ⁢  (  𝒕 𝐣 )


   𝜶  𝐑 𝐂 , 𝐦 ≡  𝟏     𝝉  𝐋 , 𝐦  𝜟 𝒕 + 𝟏


   𝑽  𝐧 + 𝟏 ⁢  (  𝒕 𝐣 ) =  ( 𝟏 −  𝜶  𝐑 𝐂 , 𝐧 ) ⁢  𝑽  𝐧 + 𝟏 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐑 𝐂 , 𝐧  𝑽 𝐧 ⁢  (  𝒕 𝐣 )


   𝝉  𝐋 , 𝐦 =    𝝉 𝐋  𝐦 − 𝟏  


   𝝉 𝐋 =  𝑹 𝐋 ⁢  𝑪 𝐋


  𝒎 ≥ 𝟐


   𝜶  𝐂 𝐑 ≡ 𝟎 . 𝟖 𝟓


   𝜶  𝐑 𝐂 , 𝟐 ≡ 𝟎 . 𝟏 𝟓


   𝑽 𝟐 ⁢  (  𝒕 𝐣 ) =  𝜶  𝐂 𝐑 ⁢  𝑽 𝟐 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐂 𝐑 ⁢  [  𝑽 𝟏 ⁢  (  𝒕 𝐣 ) −  𝑽 𝟏 ⁢  (  𝒕  𝐣 − 𝟏 ) ]


   𝑽 𝟑 ⁢  (  𝒕 𝐣 ) =  ( 𝟏 −  𝜶  𝐑 𝐂 , 𝟐 ) ⁢  𝑽 𝟑 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐑 𝐂 , 𝟐  𝑽 𝟐 ⁢  (  𝒕 𝐣 )


   𝑽 𝐦 ⁢  (  𝒕 𝐣 ) =  ( 𝟏 −  𝜶  𝐑 𝐂 , 𝐦 − 𝟏 ) ⁢  𝑽 𝐦 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐑 𝐂 , 𝐦 − 𝟏  𝑽  𝐦 − 𝟏 ⁢  (  𝒕 𝐣 )


   𝑽  𝐧 + 𝟏 ⁢  (  𝒕 𝐣 ) =  ( 𝟏 −  𝜶  𝐑 𝐂 , 𝐧 ) ⁢  𝑽  𝐧 + 𝟏 ⁢  (  𝒕  𝐣 − 𝟏 ) +  𝜶  𝐑 𝐂 , 𝐧  𝑽 𝐧 ⁢  (  𝒕 𝐣 )


   𝜶  𝐂 𝐑 ≡      𝝉 𝐇  𝜟 𝒕     𝝉 𝐇  𝜟 𝒕 + 𝟏 = 𝟎 . 𝟖 𝟓


   𝜶  𝐑 𝐂 , 𝐦 ≡  𝟏     𝝉  𝐋 , 𝐦  𝜟 𝒕 + 𝟏 = 𝟎 . 𝟏 𝟓


   𝝉  𝐋 , 𝐦 =    𝝉 𝐋  𝒎 − 𝟏  


     𝝉 𝐋  𝜟 𝒕 =   𝟎 . 𝟖 𝟓  𝟎 . 𝟏 𝟓


   𝜶  𝐑 𝐂 , 𝐦 ≡  𝟏    𝟎 . 𝟖 𝟓  𝟎 . 𝟏 𝟓  𝟏  𝒎 − 𝟏 + 𝟏


  𝜟 𝒕 = 𝟔 𝟒   𝐧 𝐬


   𝝉  𝐋 , 𝐦 = 𝟑 𝟔 𝟐 . 𝟕 / ( 𝒎 − 𝟏 )   𝐧 𝐬


   𝝉 𝐇 = 𝟑 𝟔 𝟐 . 𝟕   𝐧 𝐬


   𝜶  𝐂 𝐑 ≡ 𝟎 . 𝟖 𝟓


   𝜶  𝐑 𝐂 , 𝐦 ≡  𝟏    𝟎 . 𝟖 𝟓  𝟎 . 𝟏 𝟓  𝟏 𝒎 + 𝟏


   𝜶  𝐑 𝐂 , 𝟐 ≡ 𝟎 . 𝟏 𝟓


  𝜟 𝒕 = 𝟔 𝟒   𝐧 𝐬


   𝝉  𝐋 , 𝐦 = 𝟑 𝟔 𝟐 . 𝟕 / ( 𝒎 − 𝟏 )   𝐧 𝐬


   𝝉 𝐇 = 𝟑 𝟔 𝟐 . 𝟕   𝐧 𝐬


   𝜶  𝐂 𝐑 ≡ 𝟎 . 𝟖 𝟓


   𝜶  𝐑 𝐂 , 𝐦 ≡  𝟏    𝟎 . 𝟖 𝟓  𝟎 . 𝟏 𝟓  𝟏  𝒎 − 𝟏 + 𝟏


  𝜟 𝒕 = 𝟔 𝟒   𝐧 𝐬


   𝝉 𝐇 = 𝟑 𝟔 𝟐 . 𝟕   𝐧 𝐬


   𝝉  𝐋 , 𝐦 = 𝟑 𝟔 𝟐 . 𝟕 / ( 𝒎 − 𝟏 )   𝐧 𝐬


     𝒏  𝒓 + 𝟏 ⁢  𝒏 𝒆   𝒏 𝒓 =    𝑮  𝒓 + 𝟏 ⁢  𝒈 𝒆   𝑮 𝒓 ⁢      ( 𝟐 ⁢ 𝝅 ⁢  𝒎 𝒆 ⁢ 𝑲 ⁢ 𝑻 )   𝟑 / 𝟐   𝒉 𝟑 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝝌 𝒓  𝑲 ⁢ 𝑻 )


  𝒖 ⁢  ( 𝝂 , 𝑻 ) =   𝟖 ⁢ 𝝅 ⁢ 𝒉 ⁢  𝝂 𝟑   𝒄 𝟑 ⁢  𝟏   𝒆    𝐡 𝛎 /  𝐊 𝐓 − 𝟏 ⁢  (  𝑾 /   𝒎 𝟑 ⁢ 𝐇 𝐳 )


     𝒈 𝒊   𝒈 𝒋 =   𝟐 ⁢  𝑱 𝒊 + 𝟏  𝟐 ⁢  𝑱 𝒋 + 𝟏


     𝒏 𝒊   𝒏 𝒋 =    𝒈 𝒊 ⁢  𝒆    −  𝝐 𝒊 /  𝐊 𝐓   𝒈 𝒋 ⁢  𝒆    −  𝝐 𝒋 /  𝐊 𝐓 =    𝒈 𝒊   𝒈 𝒋 ⁢  𝒆  − 𝒉 ⁢    𝝂  𝐢 𝐣 /  𝐊 𝐓


     𝒏 𝒊 𝒏 =    𝒏 𝒊  𝜮 ⁢  𝒏 𝒋 ≡    𝒈 𝒊 ⁢  𝒆    −  𝝐 𝒊 /  𝐊 𝐓 𝑮


  𝑮 ≡ 𝜮 ⁢  𝒈 𝒋 ⁢  𝒆    −  𝝐 𝒋 /  𝐊 𝐓


  𝐡 𝛎


  𝐡 𝛎


  𝟐   𝐡 𝛎


  𝐡 𝛎


   𝑷  𝐣 𝐢 =  𝑩  𝐣 𝐢 ⁢ 𝒖 ⁢  ( 𝝂 , 𝑻 )


   𝑷  𝐢 𝐣 =  𝑨  𝐢 𝐣 +  𝑩  𝐢 𝐣 ⁢ 𝒖 ⁢  ( 𝝂 , 𝑻 )


   𝒏 𝒊 ⁢  (  𝑨  𝐢 𝐣 +  𝑩  𝐢 𝐣 ⁢ 𝒖 ) =  𝒏 𝒋 ⁢  𝑩  𝐣 𝐢 ⁢ 𝒖


  𝒖 = 𝒂 ⁢    (  𝒆 𝒙 − 𝟏 )  − 𝟏


     𝒈 𝒊   𝒈 𝒋 ⁢  𝒆  − 𝒙 ⁢  (  𝑨  𝐢 𝐣 +  𝑩  𝐢 𝐣 ⁢ 𝒖 ) =  𝑩  𝐣 𝐢 ⁢ 𝒖


  𝒂 ⁢  (  𝒆 𝒙 ⁢  𝑩  𝐣 𝐢 −    𝒈 𝒊   𝒈 𝒋 ⁢  𝑩  𝐢 𝐣 ) =  (  𝒆 𝒙 − 𝟏 ) ⁢    𝒈 𝒊   𝒈 𝒋 ⁢  𝑨  𝐢 𝐣


  𝒙 → 𝟎 ,  𝒆 𝒙 → 𝟏


     𝑩  𝐢 𝐣   𝑩  𝐣 𝐢 =    𝒈 𝒋   𝒈 𝒊


  𝒙 → ∞ ,  𝒆 𝒙 → ∞


  𝒂 ⁢  𝑩  𝐣 𝐢 =    𝒈 𝒊   𝒈 𝒋 ⁢  𝑨  𝐢 𝐣


     𝑨  𝐢 𝐣   𝑩  𝐢 𝐣 =   𝟖 ⁢ 𝝅 ⁢ 𝒉 ⁢  𝝂 𝟑   𝒄 𝟑


  𝒂 ≡   𝟖 ⁢ 𝛑 𝐡 ⁢  𝝂 𝟑   𝒄 𝟑


  𝒙 ≡   𝐡 𝛎  𝐊 𝐓


  𝐡 𝛎 =  𝝌 𝒓 +  𝝐  𝒓 + 𝟏 , 𝒋 −  𝝐  𝒓 , 𝒌 +    𝒑 𝟐  𝟐 ⁢ 𝒎


  𝐡 𝛎 =  𝝌 𝒓 +    𝒑 𝟐  𝟐 ⁢ 𝒎


   𝑹  𝐩 𝐢 =  𝒏  𝒓 , 𝒌 ⁢ 𝒖 ⁢  ( 𝝂 ) ⁢  𝑩  𝒓 , 𝒌 → 𝒓 + 𝟏 , 𝒋


   𝑹  𝐬 𝐫 =  𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢  ( 𝒑 ) ⁢  𝑨  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌


   𝑹  𝐢 𝐫 =  𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢  ( 𝒑 ) ⁢ 𝒖 ⁢  ( 𝝂 ) ⁢  𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌


   𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢  𝑨  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 +  𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢ 𝒖 ⁢  𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌


  =  𝒏  𝒓 , 𝒌 ⁢ 𝒖 ⁢  𝑩  𝒓 , 𝒌 → 𝒓 + 𝟏 , 𝒋


     𝑩  𝒓 , 𝒌 → 𝒓 + 𝟏 , 𝒋   𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 =    𝒈  𝒓 + 𝟏 , 𝒋   𝒈  𝒓 , 𝒌 ⁢    𝒈 𝒆 ⁢ 𝟒 ⁢ 𝝅 ⁢  𝒑 𝟐   𝒉 𝟑 ⁢


     𝑨  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌   𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 =   𝟖 ⁢ 𝝅 ⁢ 𝒉 ⁢  𝝂 𝟑   𝒄 𝟑


   𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢  𝑨  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 +  𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢ 𝒖 ⁢  𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 =  𝒏  𝒓 , 𝒌 ⁢ 𝒖 ⁢  𝑩  𝒓 , 𝒌 → 𝒓 + 𝟏 , 𝒋


   𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢    𝑨  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌   𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 +  𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑 ⁢ 𝒖 =  𝒏  𝒓 , 𝒌 ⁢ 𝒖 ⁢    𝑩  𝒓 , 𝒌 → 𝒓 + 𝟏 , 𝒋   𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌


     𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏  𝒆 , 𝒑   𝒏  𝒓 , 𝒌 =    (    𝑨  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌  𝒖 ⁢  𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 + 𝟏 )  − 𝟏 ⁢    𝑩  𝒓 , 𝒌 → 𝒓 + 𝟏 , 𝒋   𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌


   𝒏  𝒆 , 𝒑 ⁢  ( 𝒑 ) ⁢ =    𝒏 𝒆 ⁢ 𝟒 ⁢ 𝝅 ⁢  𝒑 𝟐     ( 𝟐 ⁢ 𝛑 𝐦 𝐊 𝐓 )   𝟑 / 𝟐 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝒑 𝟐  𝟐 ⁢ 𝐦 𝐊 𝐓 ) ⁢


     𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏 𝒆   𝒏  𝒓 , 𝒌 =      ( 𝟐 ⁢ 𝛑 𝐦 𝐊 𝐓 )   𝟑 / 𝟐  𝟒 ⁢ 𝝅 ⁢  𝒑 𝟐 ⁢ 𝐞 𝐱 𝐩  (    𝒑 𝟐  𝟐 ⁢ 𝐦 𝐊 𝐓 )    [    𝒄 𝟑  𝟖 ⁢ 𝝅 ⁢ 𝒉 ⁢  𝝂 𝟑 ⁢  (  𝒆    𝐡 𝛎 /  𝐊 𝐓 − 𝟏 ) ⁢   𝟖 ⁢ 𝝅 ⁢ 𝒉 ⁢  𝝂 𝟑   𝒄 𝟑 + 𝟏 ]  − 𝟏 ⁢    𝒈  𝒓 + 𝟏 , 𝒋   𝒈  𝒓 , 𝒌 ⁢    𝒈 𝒆 ⁢ 𝟒 ⁢ 𝝅 ⁢  𝒑 𝟐   𝒉 𝟑


     𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏 𝒆   𝒏  𝒓 , 𝒌 =      ( 𝟐 ⁢ 𝛑 𝐦 𝐊 𝐓 )   𝟑 / 𝟐   𝒉 𝟑 ⁢    𝒈  𝒓 + 𝟏 , 𝒋 ⁢  𝒈 𝒆   𝒈  𝒓 , 𝒌 ⁢ 𝐞 𝐱 𝐩  [  𝟏  𝐊 𝐓 ⁢  (    𝒑 𝟐  𝟐 ⁢ 𝒎 − 𝐡 𝛎 ) ]


     𝑩  𝒓 , 𝒌 → 𝒓 + 𝟏 , 𝒋   𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 =    𝒈  𝒓 + 𝟏 , 𝒋   𝒈  𝒓 , 𝒌 ⁢    𝒈 𝒆 ⁢ 𝟒 ⁢ 𝝅 ⁢  𝒑 𝟐   𝒉 𝟑 ⁢


     𝑨  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌   𝑩  𝒓 + 𝟏 , 𝒋 → 𝒓 , 𝒌 =   𝟖 ⁢ 𝝅 ⁢ 𝒉 ⁢  𝝂 𝟑   𝒄 𝟑


     𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏 𝒆   𝒏  𝒓 , 𝒌 =      ( 𝟐 ⁢ 𝛑 𝐦 𝐊 𝐓 )   𝟑 / 𝟐   𝒉 𝟑 ⁢    𝒈  𝒓 + 𝟏 , 𝒋 ⁢  𝒈 𝒆   𝒈  𝒓 , 𝒌 ⁢ 𝐞 𝐱 𝐩  [  𝟏  𝐊 𝐓 ⁢  (    𝒑 𝟐  𝟐 ⁢ 𝒎 − 𝐡 𝛎 ) ]


     𝒏  𝒓 , 𝒌   𝒏 𝒓 =    𝒈  𝒓 , 𝒌 ⁢  𝒆    −  𝝐  𝒓 , 𝒌 /  𝐊 𝐓   𝑮 𝒓


   𝑮 𝒓 = 𝜮 ⁢  𝒈  𝒓 , 𝒌 ⁢  𝒆    −  𝝐  𝒓 , 𝒌 /  𝐊 𝐓


     𝒏  𝒓 + 𝟏 , 𝒋   𝒏  𝒓 + 𝟏 =    𝒈  𝒓 + 𝟏 , 𝒋 ⁢  𝒆    −  𝝐  𝒓 + 𝟏 , 𝒋 /  𝐊 𝐓   𝑮  𝒓 + 𝟏


   𝑮  𝒓 + 𝟏 = 𝜮 ⁢  𝒈  𝒓 + 𝟏 , 𝒋 ⁢  𝒆    −  𝝐  𝒓 + 𝟏 , 𝒋 /  𝐊 𝐓


     𝒏  𝒓 + 𝟏 ⁢  𝒏 𝒆   𝒏 𝒓 =    𝑮  𝒓 + 𝟏 ⁢  𝒈 𝒆   𝑮 𝒓 ⁢      ( 𝟐 ⁢ 𝝅 ⁢  𝒎 𝒆 ⁢ 𝑲 ⁢ 𝑻 )   𝟑 / 𝟐   𝒉 𝟑 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝝌 𝒓  𝑲 ⁢ 𝑻 )


     𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏 𝒆   𝒏  𝒓 , 𝒌 =      ( 𝟐 ⁢ 𝛑 𝐦 𝐊 𝐓 )   𝟑 / 𝟐   𝒉 𝟑 ⁢    𝒈  𝒓 + 𝟏 , 𝒋 ⁢  𝒈 𝒆   𝒈  𝒓 , 𝒌 ⁢ 𝐞 𝐱 𝐩  [  𝟏  𝐊 𝐓 ⁢  (    𝒑 𝟐  𝟐 ⁢ 𝒎 −  𝝌 𝒓 −  𝝐  𝒓 + 𝟏 , 𝒋 +  𝝐  𝒓 , 𝒌 −    𝒑 𝟐  𝟐 ⁢ 𝒎 ) ]


     𝒏  𝒓 + 𝟏 , 𝒋 ⁢  𝒏 𝒆   𝒏  𝒓 , 𝒌 =      ( 𝟐 ⁢ 𝛑 𝐦 𝐊 𝐓 )   𝟑 / 𝟐   𝒉 𝟑 ⁢    𝒈  𝒓 + 𝟏 , 𝒋 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝝐  𝒓 + 𝟏 , 𝒋  𝐊 𝐓 ) ⁢  𝒈 𝒆   𝒈  𝒓 , 𝒌 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝝐  𝒓 , 𝒌  𝐊 𝐓 ) ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝝌 𝒓  𝐊 𝐓 )


   𝑮 𝒓 =   𝚺 𝐠  𝒓 , 𝒌 =  𝒈  𝒓 , 𝟎 +  𝒈  𝒓 , 𝟏 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝝐  𝒓 , 𝟏  𝐊 𝐓 ) + … = 𝟐 + 𝟖 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −   𝟏 𝟎 . 𝟐 𝐞 𝐕  𝟎 . 𝟓 𝟔 𝐞 𝐕 ) + … = 𝟐 + 𝟗 . 𝟖 ×   𝟏 𝟎  − 𝟖 + … ≈ 𝟐


   𝑮  𝒓 + 𝟏 =   𝚺 𝐠  𝒓 + 𝟏 , 𝒋 =  𝒈  𝒓 + 𝟏 , 𝟎 +  𝒈  𝒓 + 𝟏 , 𝟏 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −    𝝐  𝒓 + 𝟏 , 𝟏  𝐊 𝐓 ) + … ≈ 𝟏


   𝒈 𝒆 = 𝟐


   𝝌 𝒓 = 𝟏 𝟑 . 𝟔 𝐞 𝐕 ; 𝐊 𝐓 = 𝟎 . 𝟓 𝟔 𝐞 𝐕


   𝒏  𝒓 + 𝟏 =  𝒏 𝒆


       𝒏  𝒓 + 𝟏 𝟐   𝒏 𝒓 = 𝟐 . 𝟒 𝟏 ×   𝟏 𝟎  𝟐 𝟏 ⁢   𝟏 × 𝟐 𝟐 ⁢    ( 𝟔 𝟒 𝟎 𝟎 )   𝟑 / 𝟐 ⁢ 𝐞 𝐱 𝐩 ⁢  ( −   𝟏 𝟑 . 𝟔  𝟎 . 𝟓 𝟔 ) = 𝟑 . 𝟓 ×   𝟏 𝟎  𝟏 𝟔 ⁢  𝒎  − 𝟑


   𝒏  𝒓 + 𝟏 =  𝒏 𝒓 = 𝟑 . 𝟓 ×   𝟏 𝟎  𝟏 𝟔 ⁢  𝒎  − 𝟑


  𝒏 =  𝒏  𝒓 + 𝟏 +  𝒏 𝒓 = 𝟕 ×   𝟏 𝟎  𝟏 𝟔 ⁢  𝒎  − 𝟑


  𝝆 ∼ 𝟑 ×   𝟏 𝟎  − 𝟒 ⁢   𝐤 𝐠 /   𝒎 𝟑 → 𝒏 = 𝟐 ×   𝟏 𝟎  𝟐 𝟑 ⁢  𝒎  − 𝟑 ≫ 𝟕 ×   𝟏 𝟎  𝟏 𝟔 ⁢  𝒎  − 𝟑


   𝒏  𝒓 + 𝟏 +  𝒏 𝒓 = 𝟐 ×   𝟏 𝟎  𝟐 𝟑


     𝒏  𝒓 + 𝟏   𝒏 𝒓 = 𝟒 ×   𝟏 𝟎  − 𝟒 @ 𝟔 𝟒 𝟎 𝟎 ⁢ 𝑲

